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Preface

The increasing complexity of automotive systems and the high number of
variants make the exploitation of available degrees of freedom more difficult.
Model based control is generally advocated as a solution or at least as a
support in this direction, but modeling is not a simple issue, at least for some
problems in automotive applications, e.g. in emissions based control. Classical
first principle methods are extremely helpful because they provide a good
insight into the operation of the systems, but frequently require too much
effort and/or do not achieve the required precision and/or are not suitable for
online use. There is much know-how available in the identification community
to improve this, either by purely parameter estimation based approaches or
by mixed models, but this know-how is frequently not tailored for the needs
of the automotive community, and the cooperation is actually quite limited.

Against this background, a workshop organized by the Austrian Center
of Competence in Mechatronics (ACCM) took place at the Johannes Ke-
pler University Linz (Austria) from July 15-16, 2010, which brought together
users, in particular from the industry, identification experts, in particular
from the academy, and experts in both worlds. The contents of this book
are peer reviewed versions of the workshop contributions and are structured
into four parts, starting with an assessment of the need for (nonlinear) iden-
tification methods, followed by a presentation of suitable methods, then a
discussion on the importance of data is addressed and finally the description
of several applications of identification methods for automotive systems is
presented.

Neither the workshop nor this collection of contributions would have been
possible without the support of several people (in particular of Daniela Hum-
mer and Michaela Beneder). Thanks are due also to the reviewers of the single
chapters who have done an important and essential work.
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E. Höckerdal
B. Houska

S. Jakubek
H. Jammoussi
R. Johansson
J.P. Jones
I. Kolmanovsky
A. Marconato
T. McKelvey
A. Ohata

D. Pachner
T. Polóni
K. Röpke
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Karsten Röpke, Wolf Baumann, Bert-Uwe Köhler,
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Chapter 1

System Identification for Automotive
Systems: Opportunities and Challenges

Daniel Alberer, H̊akan Hjalmarsson, and Luigi del Re

Abstract. Without control many essential targets of the automotive industry
could not be achieved. As control relies directly or indirectly on models and
model quality directly influences the control performance, especially in feed-
forward structures as widely used in the automotive world, good models are
needed. Good first principle models would be the first choice, and their deter-
mination is frequently difficult or even impossible. Against this background
methods and tools developed by the system identification community could
be used to obtain fast and reliably models, but a large gap seems to exist: nei-
ther these methods are sufficiently well known in the automotive community,
nor enough attention is paid by the system identification community to the
needs of the automotive industry. This introduction summarizes the state of
the art and highlights possible critical issues for a future cooperation as they
arose from an ACCM Workshop on Identification for Automotive Systems
recently held in Linz, Austria.

1.1 Introduction

It is well known that every control includes in some way a model of the plant
to be controlled - even tuning a PID control according to the Ziegler-Nichols
rules includes a phase of “identification” of a very simple model, though not
every technician is aware of it.
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Automotive industry, in particular engine control, is characterized by mul-
tiple, conflicting and extremely tight requirements together with a very high
cost pressure. As a consequence, control needs to achieve extremely high
performance with little sensor information and this leads to feedforward con-
trol structures calibrated on test benches with measurement possibilities not
available in production (see Figure 1.1). At the end, the real problem – a
constrained optimization of mostly unmeasurable quantities – is replaced by
a much simpler tracking problem on measurable quantities. Of course, all
possible conditions and deviations must be taken into account – tradition-
ally, this has been done by measuring a huge number of cases and saving
the control parameters, essentially the inverse system model, in an enormous
number of maps.

The economy of scale, especially of passenger cars, has made this method –
essentially the experimental calibration of countless maps in the feedforward
structure – affordable, at least so far.

Nevertheless, there is a wide consensus that new approaches are needed,
and they are coming. In a simplified form, they can be classified in three
categories:

• Automation of calibration by (static) Design Of Experiments (DOE)
• Automation of the tuning of first principle models and
• Direct modeling by system identification (or universal approximators)

Fig. 1.1 Structure of actual control systems in development and production

The first category, as presented, e.g., in chapter 10, has already received
much attention from the industrial community as it does not really represent a
change of the classical calibration procedure, but uses systematic experiment
design to improve its speed and possibly the quality of the resulting controller.

First principle models are usually the first choice for control system en-
gineers, as they yield both physical insight and a good control design basis.
Unfortunately first principle models are approximations, and tuning their
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parameters in order to have the model behavior to correctly reproduce mea-
surements usually leads to aggregate parameters, whose numerical values
take into account as far as possible the unmodeled dynamics and distributed
nature of the real system. This approach, however, is quite useful for many
applications, a wide presentation being given, e.g., by chapter 15.

For a control engineer with less need of a physical understanding of the
underlying reality the third option, direct modeling, seems to be the most
natural one. Indeed, critical target quantities, like emissions, frequently can-
not be modeled satisfactorily with physical models, e.g., particulate emissions
need a large set of chemical equations for their description, typically some
hundreds, which can be solved only if the chemical and physical conditions
are known - at every place in the combustion chamber and at every instant.

Building dynamical systems from experimental data is known as system
identification. There are two principal ways to identify a model from data:
Black-box modeling, where a model is selected from a set of general purpose
models through some model fitting procedure, and gray-box modeling, where
physical insight is used when constructing the model set and where model
parameters often have physical meaning.

Generally speaking, gray-box modeling is often considered superior as such
models often have better generalization abilities than black-box models, i.e.,
they often perform better when confronted with new experimental condi-
tions. The reason being that, unlike black-box models, they are based on the
underlying physics of the system.

As indicated in Figure 1.2, the process of system identification is iterative
in nature. Having designed an experiment and collected data, a model set
has to be selected together with a criterion of fit and a model (or a set of
possible models) has to be calculated. The model then has to be validated
and if the model does not pass the validation test, previous choices have to be
revised. All steps are quite involved and in addition closely linked, but well
established and efficient methods exist for linear models. Using linear meth-
ods for nonlinear systems, possibly in a multimodel setup, e.g., in the form
of gain scheduling, is a wide-spread practice, and works in many practical
cases, also because feedback improves the linearity of the controlled system
[8]. Unfortunately, this does not help much in the case of most automotive
applications, due to their essentially feedforward structure. In other words:
the nonlinearity must be explicitly accounted for.

While nonlinear system identification has not yet reached the same matu-
rity as its linear counterpart, there do exist many approaches, which can be
roughly divided into uniform approximators and gray-box models.

Uniform approximators, like neural networks, but also, e.g., bilinear sys-
tems or their counterpart in discrete time, the state affine systems [1],
are essentially those functions which fulfill the conditions of the Stone-
Weierstrass theorem [17], i.e., are able to approximate to any degrees of
precision another function at least over a limited set. The usual price to be
paid for is the increase of parameters, with the consequences well known from



4 D. Alberer, H. Hjalmarsson, and L. del Re

Fig. 1.2 System identification – an iterative procedure.

overparametrization in the linear framework, in particular the exploding num-
ber of parameters, but additionally with the non-convexity problems usually
arising from the nonlinear nature of the system. Nonlinearity has also another
critical effect on the identification procedure [6]: while in the linear case all
signals with a few common features, essentially zero mean value and sufficient
bandwidth, lead to the same parameter estimation after a sufficiently long
time, the same is not true for nonlinear systems: different signals tend to lead
to different parameters and thus to different models.

Against this background, the choice of the right data becomes possibly the
most critical issue in nonlinear identification, especially if coupled with lim-
ited measuring time, as it is always the case in real life. Of course, different
numerical approaches, like the use of regularization, can improve its perfor-
mance, but at the end the data is the limiting factor. Not surprisingly, the
commercially available automatic tuning methods do rely almost completely
on DOE and very little on the specific model approach.

The other way to cope with nonlinearity is the already mentioned use of
gray-box models. If it is possible to export known nonlinearities [11, 4], it



1 System Identification for Automotive Systems 5

becomes possible to split the problem into two parts, on one side a (quasi)
linear estimation of an unknown dynamics derived from a more complex
setup.

In the rest of this chapter we shall shortly analyze the state of the art in
data driven system identification and locate the specific contributions pre-
sented in this book.

1.2 Methods for System Identification of Automotive
Systems

While system identification is a well explored field described in several text-
books (see, e.g., [10]), the same is not yet the case for nonlinear identification.
While more than 15 years old, the reference [15] still provides a good overview
of techniques for nonlinear black-box modeling. In recent years so-called ker-
nel methods, a class of methods very popular in statistical learning theory,
have been adapted to identification of nonlinear dynamical models, see, e.g.,
[3].

There are a number of model characteristics that significantly affect which
identification methods are suitable, and the associated computational com-
plexity. First, a model may be either in continuous time or discrete time, or
even a hybrid between these two. As data typically come in sampled form,
black-box models are often in discrete-time, while physically motivated gray-
box models generically are in continuous time. Second, unmeasured external
system stimuli can be assumed to be either deterministic or stochastic in
nature. In the latter case, these “disturbances” are endowed with some as-
sumptions about their statistical distributions.

Generally, continuous time models require numerical solution of differen-
tial equations. Stochastic models require optimal (non-linear) filtering, or
smoothing as an intermediate in the parameter estimation. By far the most
computationally expensive models are stochastic continuous time models.
Chapter 5 provides a tutorial on numerical methods for state and parameter
estimation for such models. The chapter considers the approach where the
disturbance sequences are explicitly estimated, thus bypassing the nonlinear
optimal filtering problem.

Often it is difficult to find a suitable model structure. The number of
possible structures grows combinatorially with the number of regressor can-
didates to include in the model. Many different selection schemes have been
developed and recently also sparse estimation methods have appeared as in-
teresting alternatives. The latter methods employ a special regularization
which ensures that parameters with little influence automatically are set to
zero. Another way of handling this problem is presented in chapter 6. Here
Genetic Programming is used to automatically generate and to prune the
set of regressors. Thus what is produced is a code with rules for how to
generate the regressors. The authors report several successful applications,
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covering engine modeling, quality assessment in steel industry and medical
data analysis.

Much effort has been devoted to develop methods that provide good initial
parameter estimates for optimization based methods (such as the prediction
error method). For ready-made linear black-box models, such as Output Er-
ror and Box-Jenkins, instrumental variable methods [16] and, more recently,
subspace methods (see below) provide adequate solutions. There exist also
methods for certain nonlinear model sets, e.g., Hammerstein models [14].
However, this is still very much an open issue for gray-box models despite
some attempts [12]. An interesting alternative and complementary approach
is presented in chapter 8. A homotopy is constructed which at one end of
the morphing parameter corresponds to the desired problem and where the
other end corresponds to a problem with known solution. The construct is
tailored to mechanical systems. The morphing parameter affects an observer
such that the model output becomes close to the true output at one end
point of the morphing parameter. Several interesting examples are used to
illustrate the method.

Subspace identification is a method which avoids the problem of local
minima. This methodology has its roots in (stochastic) realization theory and
instead of relying on numerical optimization of a cost function, it explores
the geometrical structure of state-space models leading to numerically robust
algorithms based on singular value-decomposition. The methodology was first
developed for linear time-invariant systems operating in open loop [19, 18],
and subsequently extended to system operating in closed loop, linear time-
varying systems and certain classes of nonlinear systems. Recently, algorithms
able to handle also linear parameter varying (LPV) systems have appeared.
Chapter 4 presents recent results on subspace identification of LPV systems.
The method is illustrated by identifying the lateral dynamics of a vehicle.

From a system identification perspective, one interesting feature of auto-
motive systems is that it is relatively easy to generate and collect data. For
example, today’s engines are well equipped with sensors and actuators and
are also relatively inexpensive. Also, the time-constants are short allowing
for limited test durations. This is in sharp contrast with, for example, paper
mills and refineries where processes tend to be either very slow and/or very
expensive (or even dangerous) when perturbed from their normal operat-
ing points. However, with increasing performance requirements enforcing the
development of more accurate models of, in turn, very complex automotive
systems requires experimental data from a wide range of operating condi-
tions. Optimizing experiments can help reduce experiment time and cost. An
interesting framework for this is least-costly identification [8]. It has been
recognized for long that optimal experiment design should take the intended
model used into account, e.g., [2], and recently a quite general framework
for applications oriented experiment design has been developed [7, 5]. This
framework allows quite general criteria to be relaxed to convex optimization
problems. A key contribution from this line of research has been the insight
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that, not only does optimal experiment design reduce experimental cost, but
it also simplifies the modeling problem. The reason is that an experiment
that is optimal for a particular application, ensures that system properties
that are important for that application are visible in the data, but also that
unimportant properties are not excited more than necessary. The implica-
tion of this from a modeling perspective is that it is sufficient that the model
captures system properties that are of importance for the application.

Applications oriented experiment design is now being introduced in a vari-
ety of contexts such as training (or pilot) signal design in communication
systems and model predictive control [9]. Experiment design is certainly
used and recognized as important in the area of modeling of automotive
systems. Approaches here are often limited to standard design criteria, such
as D-optimal design, which only involves the accuracy of the parameters,
without explicit reference to the application [13]. In chapter 9 the basics of
applications-oriented experiment design are outlined. Chapter 18 considers
design of experiments for determining transient trajectories for engine pa-
rameter estimation. This chapter also points to the link from experiment
design to adaptive control.

1.3 Applications

The subject automotive systems covers a huge variety of applications, ranging
from detailed descriptions of the combustion process in reciprocating engines
over vehicle body control tasks to questions of vehicle guidance and naviga-
tion, or driver modeling. Obviously, this book cannot present examples for all
possible tasks in this field, but contains a collection of several state of the art
applications motivated by questions from academia as well as from industry.

As it is often the case, modeling turns out to be the crucial issue in the
design phase of a model based controller for engine control. Moreover, due to
tightening emission limits and high demands towards fuel efficiency, engines
have become complex systems with lots of actuators. In other words, models
need to be accurate and frequently the effects of numerous inputs have to
be captured by a single model, resulting in high dimensional multi-input
multi-output representations. Chapter 15 presents an industrially motivated
approach for gray box mean value modeling of turbocharged Diesel engines
with a particular focus on stability of models both in simulation and for
identification. Furthermore, low complexity black box models suitable for
model predictive control of a heavy duty engine are shown in chapter 13 and
fuel system modeling of an offroad heavy duty Diesel engine is illustrated in
chapter 12.

The high complexity of engines has also increased the calibration effort
considerably (in order to fulfill the legislation requirements). Therefore auto-
matic tuning methods have found their way into practice. Chapter 10 presents
an example of such an automated engine calibration using nonlinear dynamic
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programming, with the goal of reducing calibration time and consequently
costs during engine and vehicle development. The importance of tailoring the
method to the modeling task is emphasized in chapter 2, e.g. to systematically
integrate first principles models and empirical models.

Mean value models are a valuable choice for many engine control appli-
cations, e.g., engine airpath control, however, since they are associated with
simplifications of the geometry, the time scale and the physical phenomena
involved, one has to be aware of their limitations. To this end, chapter 11
analyzes through several real-life examples the effects of the most important
simplifications done in mean value engine modeling.

As mentioned above, mainly due to the cost pressure, typically only lit-
tle sensor information is available for engines. Nevertheless, several physical
quantities need to be estimated on-line, see chapter 17, or the feed-forward
maps of the controller need to be adapted to take into account the impact
of aging and wear on the control system – chapter 14 presents an estimator
based approach for an off- and on-line identification of these maps.

Besides the desirable high efficiency, the heterogeneous combustion taking
place in Diesel engines unfortunately results in high levels of nitric oxide and
soot emissions. Over the last two decades so called alternative combustion
modes, like homogeneous charge compression ignition (HCCI), have been
developed, leading to promising results concerning efficiency and emissions.
However, HCCI is highly sensitive to operating conditions and lacks direct
actuation, which is a challenge for closed-loop control. Therefore, chapter 16
shows the design of a control model and, furthermore depicts its satisfactory
use of the model during model predictive HCCI control of a heavy duty Diesel
engine.

In a similar manner as for engine control, modeling turns out to be the
critical phase for vehicle chassis control applications. Chapter 3 provides a
survey on several identification issues in vehicle control and discusses the
advantages and disadvantages of the identification approaches by means of
four examples. The performance of Markov chains is analyzed in chapter 7,
in particular their application to vehicle speed and road grade estimation.

1.4 Conclusions and Outlook

System identification could have a paramount importance in automotive con-
trol as it can be the solution for one of the most practical problems – how to
get a model with little effort.

While the number of applications is still limited, and frequently more re-
lated to the academic than to the industrial world, it is growing and a clear
indicator of the potential relevance of the method.

On the way to more generalized use there are mainly two obstacles.
On one side, automotive engineering has been evolving from a classical

mechanical engineering branch to a mechatronical one only in the last two
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decades, and the main background of most people in that community, but
in particular of those in responsibility positions, is clearly mechanical and
thus mainly first-principle oriented. Data driven methods are less easy to
understand and frequently abused as a kind of universal problem solver –
which they are not – and therefore seen with distrust. To cope with this
problem, we need applications which clearly show the advantages, but even
more, as discussed in chapter 2), the integration of first principles and data
based models must receive more attention.

An effort in this direction is proposed, e.g., by [11] where emission mod-
els are developed combining complex thermodynamics and data based ap-
proaches according to the available information. However, much more is
needed to allow a breakthrough from the industrial side.

On the other side, we need more support from the academic community.
Inside this community little interest is given to the specific setups that arise
at automotive systems (closed loop nonlinear systems identification for vir-
tual sensing but also inverse control under data richness or even excess). Data
richness is more of a problem than can be thought of – data is not equiva-
lent to information and too much data tend to hide more than offer useful
information. This calls both for DOE – static and dynamic – to produce the
right data, but also for statistical methods to extract information from data.
Both of course in the nonlinear framework.
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Chapter 2

A Desired Modeling Environment for
Automotive Powertrain Controls

Akira Ohata

Abstract. A desired modeling environment for automotive powertrain con-
trol development is proposed in this paper to timely develop the required
models for control system developments. Our aim is to systematically de-
rive a grey box model consisting of physical and empirical models with the
minimum order and number of the parameters. The environment consists
of physical and empirical modeling, model simplification, system modeling,
model/data managements, optimization methodologies and physical law li-
braries. In this paper, physical model is defined as the one satisfying the
considered conservation laws and empirical model is defined as the one hav-
ing adjusted parameters. In this paper, two approaches from a physical model
to the target and a pure empirical model to the target are introduced. Phys-
ical modeling based on the constraints and the considered conservation laws
is also introduced.

2.1 Introduction

The automotive industry has encountered the complexity issue of control
system development. Model-Based Development (MBD) has been highly ex-
pected to resolve the issue [1, 2]. MBD is a development where state of
the art simulation technologies are efficiently used. Therefore, modeling con-
trolled objects is one of the important elements of MBD. However, multi
physics modeling and systematic grey-box modeling [3] haven’t been well
established. We have to deal with mechanical, chemical, fluid, thermo dy-
namics simultaneously at least in powertrain control susyetem developments
but there are few engineers who have sufficient knowledge of various physi-
cal fields although sophisticated modeling methods have been well developed

Akira Ohata
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in each specific physical field. The automotive industry has developed many
engine and component models based on first principle. But, those models
require combining experimental data and that has been done heuristically.
Therefore, reusing and maintaining the models are usually difficult. From the
background, a desired modeling environment is introduced associated with
MBD in order to promote the development of efficient modeling environment
shared among developers of pwertrain control systems.

First, the author tries to show how to use models in MBD. The concept
of MBD is introduced in Figure 2.1. A control system in the actual world
consists of the controlled hardware and the Electronic Control Unit (ECU).
After the required validation tests, the developed control system is put into
the production. The structure combining the controlled hardware and the
ECU in the actual world is modeled in the virtual world. Therefore, there are
the controlled hardware and the ECU models in virtual world. The closed
loop system is validated through the required simulation tests. This is called
Software In the Loop Simulation (SILS) [4, 5]. An interesting thing is that
there are two links between the actual and virtual worlds. One is Rapid
Prototyping ECU that the actual hardware is controlled with the virtual ECU
that means the control logic works on a general purpose PC with the sufficient
execution speed and the memory sizes. The other link is Hardware In the Loop
Simulation (HILS) that a real time hardware model is controlled by the actual
ECU [6]. That can make debugging the developed ECU remarkably efficient
because of easy recreation of observed bugs. Moreover, some actuators can
be inserted into the closed loop when the models don’t exist and the model
accuracies are hardly guaranteed.

The key of MBD is to use the hardware and ECU models as the functional
specifications. In the ECU development, embedded codes can be generated
from the ECU model because the specification is sufficiently accurate. In
the hardware development, it must be corrected when some differences are
detected between simulations and experiments although that may be unac-
ceptable for many hardware developers. However, they would produce trifle
errors causing tough and urgent iterated works in the latter part of the de-
velopment. The early detection of produced defects can considerably increase
the productivity of the development and also increase the quality of the con-
trol system. The comparison between the product and the specification is the
basic method to detect the error and the model can make it very accurate
and efficient.

Figure 2.2 shows the development process of MBD. It consists of three V-
cycles [2]. The process starts from the system requirements and constraints
analysis. The system design is performed according to the result. Control
and hardware designs are done also according to the requirements and con-
straints transferred from the system design. The outputs of each design are
the models as the functional specifications of the components. The follow-
ing processes are prototyping hardware parts and embedded codes develop-
ments. The behaviors of the outputs are compared with the models in the
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verification processes. Thus, defects are detected immediately. These com-
ponents are combined and the hardware system and ECU are constructed.
The closed loop system validations are performed with Rapid Prototyping
ECU and HILS. Here, validation means to guarantee the correctness of the
developed products. It can be expected that the quality of the actual closed
loop system is sufficiently high because defects can be detected and fixed
immediately. The development is completed after the final validation test.
The purpose of this MBD process is to continuously improve the process by
the evaluation of the process quality and removing iterated works as much
as possible.
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Fig. 2.1 Concept of model-based development

We want to use plant models from the beginning of development pro-
cess. However, it is not easy to develop the required plant models timely.
Sometimes, they are completed after the development. Models are catego-
rized into white/black/grey-box models or physical/empirical models [7, 8,
9, 10]. Almost all may agree that grey-box models are practically effective
and constructed with the combination of physical and empirical modeling
methods. However, the combination has been carried out heuristically. Thus,
the model quality including the description style highly depends on the de-
veloper. That causes the difficulty to apply models to other developments.
This paper is structured as follows. The proposed modeling environment is
introduced connected with the definitions of physical and empirical models
in the section 2.2. Multi physics modeling environment is described accord-
ing to the definition of physical model in the section 2.2. Empirical modeling
environment is briefly summarized and the issue of parameter redundancy
is shown in the section 2.3. In the following section, the importance of inte-
grating physical and empirical models is discussed and the some integration
methods are also introduced. Finally, the summary of this paper is placed.
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2.2 Proposed Modeling Environment

Before further discussions, we have to define what physical and empirical
models are. In this paper, physical model is defined as the one satisfying con-
sidered conservation laws and empirical model is defined as the one having
adjusted parameters. According to the definitions, we can rigorously distin-
guish the physical models from the ones that are not. Figure 2.3 shows the
definitions. There is the overlap of physical and empirical models in the fig-
ure. A model with adjusted parameters is a physical model if it satisfies
the considered conservation laws. However, conservation laws are too strict
constraints which should be relaxed practically. Thus, approximated physical
model is placed around physical one. Our target is in the set of approximated
physical model. There are two approaches to reach the target,

Approach A: from physical to the target → how to combine empirical models
Approach B: from empirical model to the target → how to insert physical
structure. Both approaches should be systematic.

Figure 2.4 shows the proposed plant modeling environment in this paper.
The solid lines show information transfers including models and the dotted
lines indicate the model/data managements. Physical modeling environment
is connected with optimization and physical law libraries. 3D simulations can
be simplified with model simplification technologies. HLMT in this figure
stands for “High Level Modeling Tool” described in the section 2.3. System
identification technologies are used in the empirical modeling environment
associated with optimization methods. Equations of empirical model may be
derived from physical models with a model simplification method. Physical
and empirical models are integrated to construct component models. In the
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system modeling environment, component models are assembled. However,
the accuracy may be insufficient because highly accurate component modeling
is not easy and the compensation with empirical models may be necessary.
Model/data managements are also essential for the automotive industry.

Empirical model
Physical model

Approximated physical Model

Model
Target

Initial model

A

B

Empirical model
Physical model

Approximated physical Model

Model
Target

Initial model

A

B

Fig. 2.3 Definition of physical and empirical models

Fig. 2.4 Desired plant

2.3 Physical Modeling Environment

Mechanical and electric circuit modeling have been well developed in both
physical domains. We have used these methods combining with other physi-
cal domain modeling methods. Internal combustion engine modeling requires
fully combining mechanics, electric circuits, chemical reaction, thermal con-
duction and fluid dynamics. Bond Graph has been popular method as phys-
ical modeling among researchers and engineers [11]. However, it is based on
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the energy conservation laws and deal with two types of variables of which
multiplication results in energy flow. That is the reason why it isn’t easy for
Bond Graph to deal with fluid dynamics because three variables, for instance
velocity, pressure and temperature, are treated at least. In this section, a
multi physical modeling based on the constraints and the considered conser-
vation laws, for instance mass, energy, momentum and molecules conservation
laws, is proposed [12].

According to the definition of physical model, a physical modeling method
is proposed in this section. The process shown in Figure 2.5 is taken in phys-
ical modeling. The first step is “partitioning” that the considered system is
divided into the components. The second step is to define the constraints
which determine the relationships among the state variables of the model.
They determine, for an example, the geometric configuration. The next step
is to define the interactions among the components. The constraints and the
interactions are described with the equations and a physical model means
the set of the equations.
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Fig. 2.5 Modeling process

Figure 2.6 shows examples of constraint described above. Example 1 shows
the rotational joint mechanism and it has the position constraints. Example 2
shows a combustion model dividing the gas in the chamber into the burnt
gas and the mixture gas portions. It is supposed that the pressures of the
burnt and mixture gas portions are equal to each other and the summation
of two volumes is equal to the chamber one. The top figure shows the general
description of constraint. Two components in these cases are corresponding
to the circles and the constraints are corresponding to the square block. The
equations of the constraints are put into the block.

The idea to describe the interactions in this paper is to use the considered
conservation laws as shown in Figure 2.7. It is considered that the inter-
actions are caused by the exchanges of the conservation quantities such as
mass, momentum, energy, molecules and so on. As mentioned above, three
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conservation laws of mass, momentum and energy are required to describe
fluid systems because it can include three independent variables, the velocity,
the pressure and the temperature. The conservation flows shows the arrows
in Figure 2.7 and the direction of arrow means the sign convention of conser-
vation flow. The interactions are described with

dEi

dt
=

N∑
j=1

eji − egi (2.1)

where Ei ∈ Rni : Conserved quantities of the component i, eji ∈ Rni :
conserved quantity flows from the component j �= i to the i, egi ∈ Rni :
generated conserved quantity rate in the component i, ni: the number of the
considered conserved quantities of the component i, N : the number of the
components. The conserved quantities aren’t used to show the behavior of
the model generally and they must be transferred to other popular variables,
such as the positions, the velocities, the pressures and the temperatures.
Such variables are indicated withXi ∈ Rnxi . The flows are defined with the
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functions of E =
[
ET

1 , E
T
2 , · · · , ET

N

]T
and X =

[
XT

1 , X
T
2 , · · · , XT

N

]T
of both

components connecting with each other. The constraints are described with
the algebraic equation (2.2).

h (E,X) = 0 (2.2)

Where h is Rn1+n2+···+nN ×RnX1+nX2+···+nXN → Rp,
N∑

i=1

ni +
N∑

j=1

nXi > Rp

and p is the number of the constraints. Therefore, the model is described with
the high index differential algebraic equations not solved numerically in gen-
eral. Thus, it is required to reduce the index [13].The model description based
on the constraints and the considered conservation laws are called HLMD
(High Level Model Description) and the tool supporting GUI, the simplifi-
cation of the differential equations generated from HLMD and simulation is
called HLMT (High Level Modeling Tool). HLMD and HLMT guarantee the
developed models are consistent with the conservation laws but don’t guaran-
tee the accuracies are sufficient. HLMD in Figure 2.8 reveals the substantial
problem of physical model fidelity level. We suppose in the upper figure that
the heat generation at the spring and the mechanical friction are neglected.
Thus, we can only consider the interactions among the mass, the spring and
the ground and the HLMD is the left figure. In the bottom figure, let’s con-
sider the lubrication oil between the mass and the ground. The motion of
the mass causes the heat generation at the oil and the heat conducts to the
mass and the ground. The heat also conducts from the mass and the ground
to the atmosphere. The heat is also generated at the spring by the damping
effect, raises the temperature and conducts to the atmosphere. In this case,
the HLMD becomes the left bottom figure. To calculate the temperature,
we can’t neglect the mass of the spring. We can consider a higher fidelity
model than any models. We may not neglect the resistance force from the
air. Like this, a physical model is always perturbed by a higher fidelity model
than itself. This means that identified model parameters loose the physical
meanings and tend toward the different values from the expected ones.

Here, a question has risen if the ranges of the parameters are restricted by
the physical meanings. For example, masses and spring coefficients may be
negative as the results of the parameter optimization by using experimental
data. We can set the assumption that a physical model describes experimental
data to a certain extent. Thus, it is considered that our target model is around
the model. That is reason why the approximated physical model is defined
in Figure 2.3.

One of the advantages of HLMD is the readability of the diagram that is
highly formalized and allows the tool to generate the model equations. The
first prototype of HLMT was already developed [14]. Figure 2.9 shows what
HLMT looks like and Fig. 2.10 shows the physical model of three masses and
two springs connected in series. The damping effect generates heat at the
springs that conducts to the atmosphere and raises the temperature of the



2 A Desired Modeling Environment 21

system

Spr ingMass Gro und

Ground

Spring

Mass

Ground

Spring

Mass
Oil

system

SpringMass Gro und

Oil

Atm.

Lower fidelity model

higher fidelity model

system

Spr ingMass Gro und

system

Spr ingMass Gro und

Ground

Spring

Mass

Ground

Spring

Mass

Ground

Spring

Mass
Oil

system

SpringMass Gro und

Oil

Atm.
system

SpringMass Gro und

Oil

Atm.

Lower fidelity model

higher fidelity model

Fig. 2.8 Unlimited hierarchies of model fidelity level

springs. Fig. 2.11 shows an example of the model execution results. The left
figure is the velocity of the left mass and the right figure is the temperature
of the left spring.
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e
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Fig. 2.9 1st prototype of HLMT
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Fig. 2.10 Physical model with three masses and two springs on HLMT

Fig. 2.11 Example of Simulation Result

2.4 Empirical Modeling Environment

Empirical model is defined as the one having adjusted parameters as shown in
Fig. 2.3. Usually, we consider that pure empirical model is based on function
approximation, for instance Taylor series and linear combination of radial
basis functions. We want the proof that the error becomes sufficiently small
when we follow a systematic procedure. Taylor series and the linear com-
bination of basis functions have this feature theoretically. DoE (Design of
Experiments) has become popular in the calibration process of powertrain
control [15]. It has been introduced from steady state calibration, called base
map calibration, and reduced the experiments of base map calibration by
50%. According to the success, it has started to expand the usage to tran-
sient calibrations. Now, parametric Volterra series and Wiener-Hammerstein
model [16] are popular in the powertrain calibration area.

Fig. 2.12 shows an example of parametric Volterra series applied to HC
emission of the FTP cold start mode. It shows five test cases with the different
throttle, the fuel injection and the spark advance controls. The solid lines are
experimental data and the dotted lines are simulation results of identified
models. The model equation is as shown below:
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Fig. 2.12 HC emission of FTP cold start

HC (k) = α1 sa (k) + α2 fit (k) + α3 fim (k) + α4 θ (k) + α5 sa (k)2 +
α6 sa (k) fit (k) + α7 sa (k) fim (k) + α8 sa (k) θ (k)+
α9 fit (k)2 + α10 fit (k) fim (k) + α11 fit (k) θ (k)+
α12 fit (k)2 + α13 fim (k) θ (k) + α14 θ (k)2 + α15 sa (k − 10)+
α16 fit (k − 10) + α17 fim (k − 10) + α18 θ (k − 10) +
α19 sa (k − 10)2 + α20 sa (k − 10) fit (k − 10)+
α21 sa (k − 10) fim (k − 10) + α22 sa (k − 10) θ (k − 10)+
α23 fit (k − 10)2 + α24 fit (k − 10) fim (k − 10)+
α25 fit (k − 10) θ (k − 10) + α26 fim (k − 10)2 +
α27 fim (k − 10) θ (k − 10)2 + α28 θ (k − 10)2 + α29

(2.3)

Where, sa is the spark advance, fit is the fuel injection timing, fim is the
amount of fuel injection and θ is the throttle opening angle.

Generally, physical model of HC emission isn’t easy to construct because
many physical phenomena are involved. On the other hand, empirical model
can easily recreate experimental data even for very complex phenomena. Like
this example, many parameters appear in nonlinear identification generally.
We have often encountered the exponentially increase of model parameter in
dynamical empirical models although there are methods to mitigate the issue
such as kernel approach [17]. The model is applied to limited engine opera-
tion conditions close to the measurement condition. It seems that inserting
physical structure is effective.

2.5 Integration of Physical and Empirical Models

Grey-box modeling is widely used in many applications. It is a kind of the
integration of physical and empirical models. However, it can be said that grey
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box models are derived heuristically. In this paper, we discuss a systematic
integration. Now, let’s suppose the equation,

dx
dt = f (x, u, θ)
y = g (x)

, (2.4)

is a physical model. Where x ∈ Rn is the state vector, u ∈ Rm is the input
vector, y ∈ Rp and θ ∈ Rl is the constant vector corresponding to physical
and geometric constants. In this section, two approaches A and B shown in
Fig. 2.3 are introduced.

2.5.1 Approach A

Approach A means to combine empirical models to a physical model. We
categorize the methods into the following three types.

2.5.1.1 Type 1

dxr

dt = fr (xr, u, θr) ≈
Nr∑
i=1

θri fr1 (xr, u)

y = gr (xr)
(2.5)

Where xr ∈ Rnr (nr < n) is the reduced state vector and fr1 (xr, u),
(i = 1, 2, · · · , Nr) are the basis functions. Type 1 includes approximated de-
scription of

Fr

(
dnry

dtnr
,
dnr−1y

dtnr−1
, · · · , y, d

mru

dtmr
,
dmr−1u

dtmr−1
, · · · , u, θr

)
= 0. (2.6)

This method can be applied to the discrete time systems. It can be said
that Type 1 includes model order reduction and function approximation.
Type 1 is highly connected with empirical model and approximated models
can be empirical models.

An empirical model from the throttle to the intake pressure is constracted
as an example of the type 1 model in this section. Fig. 2.13 shows the 46th

order V6 engine model [18] that is not a mean value model but an instan-
taneous model. We tried to identify the nonlinear empirical model from the
throttle to the intake pressure by using simulation data [19]. By the analysis
of Hankel matrix consisting of the input and the output sequences, we de-
cided to adopt the 1st order affine model. Thus, each local model around the
intake pressure is described by

p (k + 1) = α1 (p0) p (k) + α2 (p0) u (k) + α3 (p0) (2.7)
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Fig. 2.13 V6 engine model

Figure 2.14 shows the identification result for the simulation data shown in
Figure 2.15. The throttle angle fed to the engine model was the summation of
the random and the gradually increasing signals. The green line is the curves
of α1, α2and α3 approximated with the polynomial functions with the intake
pressure. Thus, the global model is described with

p (k + 1) =
{
β8 p (k)8 + β7 p (k)7 + · · · + β0

}
p (k)+{

γ8 p (k)8 + γ7 p (k)7 + · · · + γ0

}
u (k)+{

δ8 p (k)8 + δ7 p (k)7 + · · · + δ0

} . (2.8)

Figure 2.14 shows the equation (8) is well fitted to the local models and
Figure 2.16 shows a good correlation between the globalized and the original
models. The model was successfully applied to an actual engine data and the
re-identified model by using experimental data shows the good correlation as
shown in Figure 2.16.

However, there are 27 parameters in the model that easily change in iden-
tifications with small perturbations although each correlation between exper-
imental and simulation data is good. We loose the physical structure during
the global model construction and that causes the parameter redundancy
described in the following section. It can be said generally that models with
many parameters are flexibly fitted to many data but it is difficult to de-
termine them uniquely. According to function approximation theory, what
we have to do is to increase terms and coefficients when the model isn’t
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Fig. 2.14 Coefficients of local affine model

Fig. 2.15 Correlation between globalized model and original simulation

sufficiently accurate. Thus, empirical models don’t require the effort to de-
velop physical models. However, this doesn’t mean that an obtained em-
pirical model can be applied to other data measured on different operating
conditions. The required parameters and the terms would exponentially in-
crease when we try to fit the model to many data.

2.5.1.2 Type 2
dx
dt = f (x, u, θ (x, u))
y = g (x) (2.9)

The argument θ in the equation (4) is a theoretical constant vector. But,
it is possible to deal with θ as the function with x and u, practically. For
example, we can deal with the engine rotational inertia as the function with
the engine speed although it is a constant or a function with crank angle
physically. That would be reflected from the simplified assumption that we
neglected the coolant and lubrication oil flows. We can also deal with the
plenum chamber volume is a function with the intake pressure although it is
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a constant theoretically. However, the method is a simple and effective way
to improve the accuracy.

2.5.1.3 Type 3
yexperiment = ymodel + eadd

eadd (x, u) ≈ fe (xr, u, θr)
(2.10)

fe (xr , u) is called error function. Error function includes

yexperiment = emul ymodel

emul ≈ fe (xr, u, θr)
(2.11)

where, the function fe (xr , u, θr) is an approximated model error from the
experimental data. The combination of the equation (2.10) and (2.11) is
possible.
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Fig. 2.16 Comparison of simulation with global model and measured data

Figure 2.17 shows an example of error function applying to the air charge
estimation. The function of the air charge estimation. The function of the air
charge is expressed by

fexpreiment (X) = error (X) fmodel (X) , (2.12)

where X = [ rpm,intake pressure,intake valve lift,intake valve phase angle ]T

and the air charge is indicated by f∗ (X). The right figure shows that the
integrated model can improve the accuracy considerably.

For types 1 to 3, θr is optimized such that the error between the experi-
ments and the approximated model is sufficiently small. These are applied to
both component models and system models. For system modeling, it is im-
portant to notice the possibility of the parameter redundancy. An empirical
model of the heat transfer from the gas in the cylinder to the cylinder wall
affects the air charge and the air flow model of the intake valve also affects it.
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Fig. 2.17 Example of error function application

There are other component models affecting the air charge. Thus, the param-
eter redundancy easily happens. It is very difficult to adjust the parameters
correctly or uniquely. Moreover, the heuristic integration tends to make the
error complex. We have a risk that the compensation with empirical mod-
els tends to make the model error complex. We need a lot of experimental
data to compensate the complex one. Thus, the important point of physical
modeling is to make the model error simple.

2.5.2 Approach B

However, nonlinear identification has been still tough area in control engi-
neering although various methods have been proposed. Figure 2.18 shows one
of the difficulties of empirical model. It often happens that the distance be-
tween two models in the parameter space may be long even if the behaviors of
the models are almost same as shown in Figure 2.17. The right figure shows
the parameter distance in the plane of p1 and p2. This image is extended to
the models with more parameters than three. The parameter distance Lp in
Figure 2.17 is, for an example, defined by

Lp =
Np∑
i=1

(pAi − pBi)
2
. (2.13)

In the equation (2.13), Np indicates the number of the parameters.
That can be caused by the redundancy of model parameter that the other

parameters can adjust the behavior to match the required data even if the
parameter p1 of a model takes an arbitrary value. The problem is that the
model parameters can’t be determined uniquely. This causes the difficulty
when a global model is constructed from local models.

Let’s suppose that the target system described by model (4) is transferred
to the SISO discrete-time description,

F (y (k) , y (k − 1) , · · · , u (k) , u (k − 1) , · · · , p) = 0. (2.14)
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Fig. 2.18 Inconsistency of model parameter distance and behavior similarity

Where, y ∈ R is the output, u ∈ R is the input and p ∈ R is the model
parameter. From the Jacobean of F , we obtain

y (k) + α1 y (k − 1) + · · · + β0 u (k) + β1 u (k − 1) + γ = 0. (2.15)

Many parameters appear in the equation (2.15) even if p is a scalar. The co-
efficients of the equation (2.15) are the functions with the y (k) = y (k − 1) =
· · · = y0, u (k) = u (k − 1) = · · · = u0 and p because the linearization is done
around the condition. This means that the coefficients depend upon y0, u0

and p. Thus, there are the relationships between the coefficients

Φi (θ) = 0 i = 1, 2, · · · , (2.16)

where θ = [α1, α2, · · · , αn, β0, β1, · · · , βm, γ]t. They want to make some co-
efficients zero especially in the machine learning area [20]. Practically, such
conditions are derived from physical considerations associated with AIC [21].
In such cases, αj = 0 and βl = 0 are the special case of the equation (2.16)
[21]. Therefore, we can define the relationship among empirical model pa-
rameters as physical structure and we define the relationship expressed by
(2.16) is SPS (Strong Physical Structure). Because, the model adopting SPS
is almost same as the original model and the flexibility of empirical model
may be lost. Thus, the relaxation of SPS is considered. For the purpose, the
constraints with inequality is used as

|Φi (θ)| < δi i = 1, 2, · · · . (2.17)

δi is determined according to the confidence level. The constraints expressed
by (2.17) are called WSP (Week Physical Structure). This concept can be
applied to nonlinear empirical models. Another way to introduce physical
constraints is to insert the constraint (2.16) into the criterion as shown in

J = ‖yexp − ymodel‖ +
Nc∑
i

λi ‖Φi (θ)‖, (2.18)
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where each ‖•‖ means a norm includingL2, L1 and L∞. This method follows
the concept of WPS because Φ (θ) = 0 isn’t strictly required. We can make
some of Φi (θ) equal to zero when we take the norm L1 for the second term.
This is an application of LASSO [20].

To show this concept clearly, the following toy example,[
I ε1
ε2 ε3

]
d
dt

[
x1

x2

]
=

[
f1 (x1, u)
f2 (x1, x2)

]
y = g (x1) + w

(2.19)

is used. It becomes
dx1
dt = f1 (x1, u)

y = g (x1) + w
(2.20)

when ε1, ε2, ε3 → 0. Thus, (2.19) means x1 is perturbed by x2. The purpose
here is to investigate the effect of the perturbation and the inserted physical
structure to system identification.

The nominal model investigated here is the transfer function(
s3 + θ4 s

2 + θ5 s
1 + θ6

)
Y (s) =

(
θ1 s

2 + θ2 s
1 + θ3

)
U (s) (2.21)

Where Θ = [θ1, θ2, θ3, θ4, θ5, θ6]
t = [2 p, 0.5 p, 1, 1, p− p] and p = 1. The equa-

tion (2.21) is transferred to the state equation,

dx1
dt =

⎡⎣−2 −0.5 −1
1 0 0
0 1 0

⎤⎦ x1 +

⎡⎣ 1
0
0

⎤⎦ u

y0 =
[
1 1 −1

]
x1

(2.22)

and the perturbed output is

dx2
dt = −2 x2 + 2 y0

y = x2 + w
, (2.23)

whereE (w) = λ δ (λ > 0 and δ is Dirac delta function) is a white noise
signal.

Figure 2.19 shows the comparisons of identification results when ε1 =
0.01, ε2 = 0.01, ε3 = 0.1 and λ = 0.005. The top figure is the comparison
of the nominal output y0 and the identification result of ARX. The correla-
tion is very good because noise isn’t involved. The second figure is for the
identification of y. In this case, singular perturbation and noise are involved.
The identification is crushed down. The third figure shows the identification
minimizing the error between the y with no constraint and the simulation
of the indentified model. We obtained a good correlation. The bottom figure
shows the identification minimizing the error with the constraint
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⎤⎥⎥⎥⎥⎥⎥⎦ . (2.24)

This means the bottom identification uses WPS. The identification shows
almost same result as the third figure. However, the issue is the parameter
distances.

Figure 2.20 shows the parameter distance between the identification re-
sults and the nominal parameters. The parameter distance of the identifi-
cation without WPS, that is the constraint of the numerical optimization,
is the biggest and the one without WPS is considerably small. When we
adopted the criterion (18) for the unconstrained optimization with the L1

norm of ‖Θ (θ)‖L1
, the result was similar to the one using the constraint (23).

However, the result was similar to in the case of the L2 norm of ‖Θ (θ)‖L2
.

However, this result can’t be general because the weighting factor λi highly
affects the identification results. Therefore, more investigations are necessary.



32 A. Ohata

0

50

100

150

200

250

300

350

ARXWithout
PS

WPS
constraint

� ��
�

�
6

1

2

i
almininoi pp

Parameter distance

from the nominal

450

L1
Criterion

L2
Criterion

0

50

100

150

200

250

300

350

ARXWithout
PS

WPS
constraint

� ��
�

�
6

1

2

i
almininoi pp

Parameter distance

from the nominal

450

L1
Criterion

L2
Criterion

Fig. 2.20 Effect of WPS on parameter distances

2.6 Summary

Rapid and systematic modeling is the urgent issue to realize Model-Based
Developments (MBD). However, there is no shared modeling environment
among engineers and researchers to timely develop required models. To re-
solve the issue, a desired modeling environment has been proposed in this
paper. The integration of physical and empirical model is the main challenge
to construct the proposed environment. The following items are the major
technical contributions of this paper.

• Physical model is defined as the one satisfying considered conservation
laws. According to the definition, a physical modeling tool based on the
conservation laws and the constraints is introduced.

• Empirical mode is defined as the one having adjusted parameters. Em-
pirical models tend to cause the redundancy of model parameter caused
by loosing physical structure. That causes the exponential increase of the
parameters.

• Three types of approximated physical model have been defined. The com-
bination is possible to make component and system models. A few exam-
ples were demonstrated in this paper.

• The key of physical modeling is to make the model error simple from the
view of integrating physical and empirical models.

• The key of the integration is to make the parameter space small including
the increase of parameter sparsity and binding the parameters to the
nominal values.

There have been a lot of remaining studies and the collaboration among
researchers and engineers is highly required.
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Chapter 3

An Overview on System-Identification
Problems in Vehicle Chassis Control

Simone Formentin and Sergio M. Savaresi

Abstract. This paper provides a brief survey on some identification issues
in vehicle chassis control design. Data-driven techniques appear as the most
suitable for the control-oriented modeling task, since in this framework phys-
ical laws are strongly affected by unmeasurable parameters, e.g. the road
conditions.

Four examples are then presented to underline which are the advantages
and the drawbacks of identification approaches in every subproblem of chassis
control, i.e. stability control, traction control, suspension control and braking
control. Each single task is challenging from both theoretical and practical
point of view. At the end, it becomes evident that in this kind of control
application, the identification phase is critical at least as much as the control
design itself.

3.1 Introduction

In recent years, the automotive market has witnessed an increasing diffusion
of control electronics in the whole vehicle architecture. IEEE Spectrum, an
American technical publication, reported that electronics, as a percentage of
vehicle costs, climbed from 5% in the late 1970s to 15% in 2005 — and this
number has undoubtedly increased since then. Among all things, a privileged
place is occupied by the electronic systems devoted to the chassis control,
for mainly two reasons. First of all, road safety is an essential element of
sustainability in mobility and transport. Secondly, chassis control systems
can be used as a performance enhancement; as an example, traction control
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systems for racing vehicles allow drivers to get maximum traction force, by
keeping the tire at the optimum slip ratio.

In this field of automotive control, one of the most challenging tasks is the
control-oriented modeling of the plant dynamics. As a matter of fact, physical
and analytical models often involve road-tire descriptions or unmeasurable
parameters; therefore, they are typically not easy to derive and sometimes
even unusable in practice. Identification techniques appear then as the most
suitable way to model such complex dynamics for control design purposes.

During last years, much effort has been dedicated to the development of
automatic identification procedure for chassis control. These studies have also
benefited from the recent improvement of theory of control-oriented identifi-
cation, or “identification for control”, that aims at designing models whose
quality is assessed depending on the final control application, see [1], [2] and
references therein. To cite just few recent contributions in the area of iden-
tification for chassis control, see instead [3], [4], [5], [6], [7]. For a detailed
survey on modeling and control problems in vehicle dynamics, the reader is
instead referred to [12].

In this chapter, four application examples will be presented to show how
identification methods can be used for filling the lack of knowledge of plant
dynamics in road vehicles (two on motorcycles and two on cars). In order
to provide both an overview on application problems and an overview on
available methods that can be useful in this particular field, each paragraph
deals with a different sub-problem in the chassis control framework, and each
one is solved via a different approach.

Specifically, from a methodological point of view, the approaches are grey-
box identification, black-box identification, estimation-oriented identification
and direct controller identification. From an application point of view, the
different themes are stability control, traction control, suspension control and
anti-lock braking systems. Notice that from a vehicle dynamics viewpoint, all
the (six) degrees of freedom of the rigid chassis are taken into account by this
class of applications: traction and braking control are devoted to the longitu-
dinal dynamics, stability control is strictly connected to the lateral movement
and the yaw angle, and finally suspension systems aim at regulating roll, pitch
and vertical dynamics.

3.2 Example 1: Grey-Box Identification for Yaw
Control of Four-Wheeled Vehicles ([8])

Yaw control systems can be used for different applications, e.g. to correct
under- or over-steering behaviour or to compensate the lateral drift that can
occur during braking in certain conditions. In the second case, the basic idea
to cope with this control problem is to rely only on brake actuation; in fact all
modern cars are equipped with ABS systems that independently modulate
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the braking pressure at each wheel: by applying a differential braking force
it is possible to generate a yawing moment to control the drift.

Such a control strategy requires to model the dynamics from the steer-
ing wheel and differential braking to the lateral dynamics of the vehicle. A
grey-box approach will be followed, by first writing the first-principles equa-
tions that handle the physical phenomena and then identifying the unknown
parameters. Figure 3.1 schematically represents the main parameters and
conventions employed in the model of the vehicle.

Fig. 3.1 Double-track vehicle model nomenclature.

In the figure: α··’s are the wheel side-slips β is the vehicle side-slip, Fx··,Fy··,
Fz· are the longitudinal, lateral and vertical forces, δ is the steering angle at
the wheels, ψ and r are the yaw angle and yaw rate, v and u are the longi-
tudinal and lateral velocity in body fixed coordinates; finally the geometric
parameters are a, b, w and h standing for the distance from the front axle
to the center of mass, the distance from the rear axle to the center of mass,
half the track width and the height of the center of mass. Other symbols not
defined in figure are J , m, Jw which represent the yaw moment of inertia of
the vehicle, the total vehicle mass and wheel moment of inertia, ω··’s are the
wheel velocities, λ··’s are the longitudinal wheel slips, rw is the wheel radius
and Tb··’s are the braking torque at each wheel.

The vehicle model is obtained by writing the force and momentum bal-
ances relative to 7 degrees of freedom: 2 linear degrees of freedom (longitudi-
nal and lateral) and 5 rotational (yaw and the 4 wheels). The balances can be
written as follows. Notice that the longitudinal force is modeled according to
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Burkhardt model [23] whereas, thanks to the small steering angles hypothesis,
a linear model can be employed for the lateral forces.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

v̇ = 1/m (Fxrl + Fxrr + (Fxfl + Fxfr) cos(δ) + (Fyfl + Fyfr) sin(δ))
u̇ = 1/m (Fyrl + Fyrr + (Fyfl + Fyfr) cos(δ) − (Fxfl + Fxfr) sin(δ) + rvm)
ṙ = 1/J((Fyrl + Fyrl)b+ (−Fxrl + Fxrl)w + (Fyfl + Fyfr) cos(δ)a+
−(Fxfl+Fxfr) sin(δ)a+(−Fxfl + Fxfr) cos(δ)w + (−Fyfl + Fyfr) sin(δ)w)
ω̇·· = 1

Jw
(−Tb·· + rwFx··)

Fx·· = −Fz··
(
c1(1 − e−c2λ··) − c3λ··

)
Fy·· = Fz··Cα(λ··)α··

(3.1)
In the model, c1, c2 and c3 are the tire characteristic parameters and λ·· is
the longitudinal wheel slip, defined as the normalized difference between the
vehicle speed v and the wheel speed ω·· r, that is: λ·· = (v − ω·· r)/v.

The tire side slip can be written as a function of the state space variable
according to the following expressions:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

αfl = (v sin(β + δ) − ra cos(δ))/(v cos(β − δ) + ra sin(δ))
αfr = (v sin(β + δ) − ra cos(δ))/(v cos(β − δ) + ra sin(δ))
αfl = (v sin(β) + ra)/(v cos(β) − rw) − δ
αfr = (v sin(β) + ra)/(v cos(β) + rw) − δ
αrl = (v sin(β) − rb)/(v cos(β) − rw)
αrr = (v sin(β) − rb)/(v cos(β) + rw)

(3.2)

where the vehicle side slip β and the cornering stiffness Cα(λ) are defined as
β = atan (u/v) and Cα(λ) = Cα,0 − kλ (with k suitably chosen as in [8]).
The vertical load, which strongly influences the traction force, is constituted
by two main terms: the static load and the load transfer.

The measurable parameters such as lengths, widths, masses are assumed
to be known, whereas the unknown parameters, i.e. the cornering stiffness,
the yaw inertia and the pressure-to-torque gain Kb, are to be identified from
data, following a grey-box approach. Ideally also the longitudinal characteris-
tic of the tire should be identified, but in this case it has been assumed known
and set equal to the one of a high grip highway road. The pressure-to-torque
gain can be identified independently from the other parameters by means
of a simple sufficiently exciting experiment (e.g. a step input) and predic-
tion error methods (see [13]). Notice that the identification procedure can be
performed off-line. The two remaining parameters required a more elaborate
protocol since the identification should not be biased by the drift caused by
braking. The identification has been therefore performed on off-line data col-
lected on runs executed at constant velocity, where a square wave excitation
of the rear brakes pressure was being applied. Moreover, even though the
driver was asked to keep the steering wheel at 0◦, the steering wheel angle
cannot be assumed constant and thus it has been treated as a measured dis-
turbance. In [8], the presented modeling strategy has been implemented in a
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Fig. 3.2 Model Validation. Measured and simulated yaw rate, steering wheel po-
sition and pressure gradient request at constant velocity; 100 km/h (left plot) and
120 km/h (right plot).

real experimental setup, by using a car equipped with all necessary sensors.
In Figure 3.2 the obtained validation tests at constant velocity are shown.
The two figures prove that the model captures even very minute variation of
the yaw rate due to small steer action and differential rear wheel braking.

3.3 Example 2: Black-Box Identification of
Engine-to-Slip Dynamics for Motorcycle Traction
Control ([9])

This example considers the problem of modeling the engine-to-slip dynamics
in two-wheeled vehicles, by using the data collected with some experiments
specifically designed for this purpose. The proposed identification protocol
allows to derive dynamic models suited for the design of traction control
systems for two-wheeled vehicles. The effects of two different control variables
are studied: throttle position and spark-advance. All the analysis is performed
on experimental data collected on a real motorbike around a single well-
specified working condition, that is in-plane conditions (null roll angle), 2nd-
gear, 14000 rpm, dry asphalt.

In order to identify the slip dynamics, sinusoidal sweep signals are used,
whereas step variations are employed for validation purpose. As expected,
the overall I/O behavior is significantly nonlinear; this is particularly true
when using the spark-advance. The nonlinearity of the response is evident
in Figure 3.3 where the spectrograms of the two responses (throttle and
spark-advance) are plotted. From the spectrograms the nonlinearity of the
response is manifest under the form of high order harmonics. If the dynamics
were linear, only the 1st harmonic would be present; in this case it is possible
to identify three zones:

• Zone I, in the range [0 Hz, 2.5 Hz] where the response is essentially
linear, only the 1st harmonic is present in the signal.
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Fig. 3.3 Spectrograms of the rear wheel slip. Top: throttle sweep experiment;
Bottom: spark-advance sweep experiment.

• Zone II, in the range [2.5 Hz, 7 Hz] where the response is determined
by three harmonics. This is the range where the dynamics are mostly
nonlinear.

• Zone III, in the range [7 Hz, 10 Hz] where the power of the third har-
monic diminishes and the response is determined by two harmonics.

Consequently, if an input signal u(t) = sin(ω t) is considered, then the output
signal can be written as:

y(t) ≈
N∑

i=1

Ai(ω) sin(i ωt+ ψi(ω)) (3.3)
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where Ai(ω) and ψi(ω) are the amplitude amplification and phase shift of the
i-th harmonic and N is the number of harmonics that are taken into account.
If N = 1, then a classical describing function is obtained.

The first harmonic generator is a classical linear system with frequency
response G(jω) and in [9] it has been demonstrated that it is the dominant
one in describing slip dynamics. Therefore, the system to be identified will
be characterized as a linear system and it will be assumed that it has the
following form:

G(jω) =
B(jω)
A(jω)

=
b1(jω)n + b2(jω)n+1 + . . . bn+1(jω)
a1(jω)m + a2(jω)m−1 + . . . am+1(jω)

, (3.4)

where ω ∈ R. The parameters ai and bi are determined by solving the fol-
lowing optimization problem:

min
b,a

l∑
k=1

Wf (k)
∣∣∣∣h(k) − B(ω(k))

A(ω(k))

∣∣∣∣2 , (3.5)

where l is the number of available frequencies, Wf (k) is a weight that can be
used to drive the fitting toward certain frequencies, h(k) is the experimental
frequency response. In the present work, the optimization problem has been
solved via an iterative approach based on the damped Gauss-Newton method
(see [14]). The order of the numerator and denominator is determined with a
method adapted from the classical Finite Prediction Error method (see [13]),
which allows to find a trade-off between model complexity and accuracy.

Moreover, a 10ms pure delay has been introduced to model the air-box
dynamics. This hypothesis is confirmed also by the black-box approach; if
the delay is not introduced, the optimization problem (3.5) yields a non-
minimum phase transfer function, which cannot be physically explained.

The first harmonics approximation for the throttle-to-slip and spark-to-
slip dynamics are reported in Figure 3.4: From Figure it is possible to draw
the following conclusions:

• Both dynamics show a resonance around 8 Hz, due to the transmission. It
is interesting to note that the resonance in the throttle-to-slip dynamics
is less damped than in the spark-to-slip; this might be due to the throttle
servo.

• Spark advance is shown to be faster than throttle action. At 10 Hz, there
is a 60◦ difference in phase. A bandwidth of 7-8 Hz can be anticipated
with throttle actuation and a bandwidth of 8-9 Hz with spark advance
actuation, but it is only a marginal difference.
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Fig. 3.4 Spark-advance-to-slip and throttle-to-slip dynamics. The low frequency
gains are normalized to 1.

• Although the spark advance allows a slightly faster actuation, the re-
sponse of the system to the spark advance variation is generally less
linear, and therefore more difficult to model and control.

The two obtained linear models are thus very useful for designing traction
control systems by using actuation via throttle and/or via spark advance.

3.4 Example 3: Estimation-Oriented Identification for
Sensor Reduction in Semi-active Suspension
Systems for Cars ([10])

This example focuses on the semi-active suspension control for a four-wheeled
vehicle (see [18] for a survey), aiming at employing a reduced sensor layout.
As damping control, the Mix-1-Sensor algorithm presented in [15] [17] will
be considered. The goal is then to provide a model to estimate the body
accelerations of the four corners on the basis of three sensors. The motivation
of this work is that, even if pricing and setup of three sensors is nearly the
same as four for a single vehicle, the fourth sensor might represent a huge
additional cost for series production.

The model employed for estimation is the following:

̂̈z4(t) = az̈1(t) + bz̈2(t) + cz̈3(t). (3.6)

where ̂̈z4(t) is the estimated value of the vertical acceleration z̈4 of the fourth
corner, z̈i(t) is acceleration measured by the i-th accelerometer and a, b and c
are parameters to be identified. Note that model 3.6 is a linear and algebraic
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model and it is based on the assumption that the accelerometers 1, 2 and 3
define a unique plane π. The accelerometer 4 is eventually translated from
its ideal position on plane π. Moreover, the plane is assumed to be rigid (see
Figure 3.5).

Fig. 3.5 Graphical representation of the sensor layout.

In order to identify the parameters in (3.6), the following cost function is
employed:

J(a, b, c) =

∑N
t=1

( ̂̈z4(t) − z̈4(t)
)2

∑N
t=1 (z̈4(t))

2
. (3.7)

The minimization of (3.7) can be performed by means of simple least squares
techniques (see [16]). Nevertheless, the estimation of the fourth acceleration
suffers from high frequency noise that characterizes the other measurements.
Further, at high frequencies, the hypothesis of rigid chassis no longer holds
and resonant modes appear. However, in [10] it is demonstrated by exper-
imental results that spurious contributions at high frequencies are suitably
filtered by the closed loop control, without adding pre-filters with undesirable
phase shifting.

In Figure 3.6, the real acceleration signal collected with the 4th accelerom-
eter is compared with the estimation (3.6) obtained by using the parameters
resulting from the identification procedure. Figure 3.7 reports instead the
approximate transfer function from the road profile to the driver accelera-
tion obtained if different semi-active strategies are applied to a multibody
simulator. From inspecting the figure, it is clear that the degrades of perfor-
mances are negligible with respect to the advantage of a sensor reduction in
the system layout.

3.5 Example 4: Direct Braking Control Design for
Two-Wheeled Vehicles ([11])

Designing effective braking controllers for two-wheeled vehicles is a very chal-
lenging task, due to the complex vehicle dynamics and the highly nonlinear
nature of the road-tire interactions . These facts make it difficult to devise
control-oriented dynamical models capable of describing the dynamics of in-
terest in all working conditions (for a complete overview of the problem,
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imental data: noiseless and noisy case.
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see [20]). This example proposes a model-free approach to solve the problem
(see [11] for further details).

Let the control variable and the output signal be, respectively, the braking
torque and a convex combination of the normalized wheel deceleration η
and λ, as in the standard Mixed-Slip-Deceleration (MSD) braking control
framework (see [19]), i.e.,

ε = αλ+ (1 − α)η, α ∈ [0, 1], (3.8)

where α = 0.9. By choosing to control ε, instead of λ, it is possible to guar-
antee that there always exists a unique equilibrium for all road conditions
and that output measurements are not too noisy (see [19]).

The overall control scheme is illustrated in Figure 3.8. The intelligent ac-
tion is built up by following the idea in [21]. Assume that the following
ultra-local model of the plant is valid for each time instant:

ẏ(t) = F (t) + βu(t), (3.9)

where β is a (non-physical) constant parameter, such that βu(t) and ẏ(t)
are of the same magnitude. Starting from this description, a data-driven
feedforward compensation of the nonlinear dynamics can be derived as:

ui(t) = ẏo(t)
β − F̂ (t)

β

F̂ (t) = ̂̇y(t) − βu(t),

where ẏo(t) is the time derivative of the reference trajectory and F̂ (t) is an
approximation of F (t) at time instant t, computed by using an estimate ̂̇y(t)
of the derivative of the output signal. According to [21], the complete control
law needs a Proportional-Integral (PI) action in order to guarantee robustness

Fig. 3.8 Closed-loop control scheme with nonlinear data-driven compensator and
VRFT-synthesized PI.
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with respect to errors in the dynamics compensation. Defining the tracking
error e(t) as e(t) = yo(t) − y(t), the final expression of u(t) is given by

u(t) = ui(t) + uPI(t) = ui(t) +KP e(t) +KI

∫ t

t0

e(t)dt, (3.10)

where KP and KI are the proportional and integral gains. Thanks to the
Virtual Reference Feedback Tuning (VRFT) approach (see [22]), this PI con-
troller can be easily tuned by translating the control design into an identifi-
cation problem.

As explained in [22], the controller can be identified by a double set of
noisy data collected in an open-loop setting. In detail, the VRFT synthesis
solves a model-reference problem by minimizing from data the cost function:

JMR(θ) =
∥∥∥∥ P (z)C(z, θ)

1 + P (z)C(z, θ)
−M(z)

∥∥∥∥2

2

(3.11)

where P (z) is the process under control, C = {C(z, θ) , θ ∈ Rn} is the con-
sidered class of controllers, and M(z) a given target closed-loop behaviour. In
view of the VRFT approach, the best controller with the requested structure
is the one that minimizes the variance of the error between the input signal
uPI(t) = u(t)−ui(t) and the input that the controller generates when fed by
eV (t) =

(
M(z)−1 − 1

)
y(t). Formally, the actual cost criterion minimized by

the VRFT algorithm is the following:

JN
V R(θ) =

1
N

N∑
t=1

(uPI(t) − C(z, θ)eV (t))2 , (3.12)

and, in [22], it is proved that (3.11) and (3.12) are the same if some assump-
tions hold and data are suitably pre-filtered.

Performing a closed-loop simulation on a multibody motorcycle software
package, the closed-loop step response shown on the left side of Figure 3.9
can be obtained if the same conditions of the identification experiment are
considered. The right side of Figure 3.9 shows instead the closed-loop re-
sponses obtained on different road conditions (different longitudinal friction
coefficient μ). As could be expected, it ensures repeatable tracking perfor-
mance on all conditions, while the action of a simple PI (tuned via VRFT)
cannot effectively handle this model variation.
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3.6 Conclusions

Designing a chassis control system is in practice a rather intricate problem,
as vehicle dynamics are complex to model and some important physical pa-
rameters are unknown. Data-driven techniques allows the control engineer to
overcome the foregoing problems with mild experimental and computational
effort.

This contribution did not aim to be (and is far from being) an exhaustive
or complete account of all these problems. On the other hand, the proposed
examples have been chosen as they are illustrative of the great potential and
the challenging aspects of data-driven techniques when applied to modeling,
estimation and control design in vehicle chassis control.

Specifically, four different sub-problems in this research area have been
reviewed: yaw control, traction control, semi-active suspension control and
braking control. In all cases, system identification theory allows one to fill
the lack of knowledge about the system with simple and reliable numerical
techniques.
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Chapter 4

Linear Parameter-Varying System
Identification: The Subspace Approach

M. Corno, J.-W. van Wingerden, and M. Verhaegen

Abstract. In the past two decades, a significant amount of research has been
carried out on Linear Parameter-Varying (LPV) systems. It has been shown
that LTI control synthesis techniques like optimal and robust control can be
extended to the LPV case. Notwithstanding the advances in LPV control, the
identification of such systems is still not completely developed. The scope of
this paper is to present the problem of LPV system identification. Recent
results on subspace identification of LPV systems are presented and applied
to the identification of a car lateral dynamics.

4.1 Introduction

In recent years the Linear Parameter Varying (LPV) framework received
considerable attention from the systems and control community. The success
of the LPV framework is mainly due to its capacity of describing nonlinear
systems while maintaining some of the linear systems properties. Thanks to
these properties, it has been possible to extend control synthesis techniques
originally developed for Linear Time-Invariant systems (such as optimal and
robust control) to LPV systems [12, 2]. LPV models, roughly speaking, can
be defined as linear systems where, either the matrices of the state equations
of the coefficients of the input-output relation, depend on one or more time
varying parameters. LPV control synthesis techniques have been successfully
applied to a number of application domains: aerospace [1], wind industry [4]
industrial processes, and automotive control [5].

One of the challenges involved in LPV control is the derivation of the LPV
models themselves. Most of the times, they are derived via first principle (FP)
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modeling. However, deriving FP models requires a considerable effort; and
in some cases a system identification approach is to be preferred. In system
identification, measured input and output data are used to obtain a mathe-
matical description of the system. Because this approach uses measured data,
it has the potential to considerably simplify the modeling of complex systems.
The scope of the document is that of describing the available approaches to
the LPV identification problem, in particular attention will be given to recent
advances in the field of subspace identification.

The outline of the paper is as follows; in Section 4.2 an overview of LPV
identification is given. In Section 4.3 a predictor based algorithm suitable
for subspace identification of MIMO LPV systems in open or closed loop
is detailed. The usage and potentials of the above algorithm are shown in
Section 4.3 where the lateral dynamics of a four wheeled vehicle is identified.
The paper is closed with some remarks in Section 4.5.

4.2 LPV System Identification Overview

The goal of LPV system identification in that of obtaining an LPV model
directly from input output data. The available approaches can be classified
along two directions: structure of the model and the scope of the experiment.

Contrary to the LTI case where the input-output (I/O) and state space
(SS) representations of a system are equivalent, in the LPV case [15] there
exist no input-output equivalent statically scheduling parameter dependent
transformation between the I/O and the SS representations. The choice of
the LPV model structure is therefore important. Often the decision is made
on the basis of the planned use of the LPV model.

LPV input-output Models. A discrete time Linear Parameter-Varying
Input-Output model (LPV-I/O) is defined as:

yk = −
n∑

i=1

ai(μk)yk−i +
n∑

i=1

bi(μk)uk−i

where k is the discrete time index, μk ∈ RM is the scheduling parameter
vector and uk ∈ Rm, yk ∈ Rl are the input and output signals. The coeffcients
{ai(μk)} , {bi(μk)} are statically dependent on the scheduling parameter μk.

LPV State Space Models. A discrete time Linear Parameter-Varying
State-Space model (LPV-SS) is usually defined as:

xk+1 = A(μk)xk +B(μk)uk

yk = C(μk)xk +D(μk)uk

where μ ∈ RM is the scheduling parameter vector, xk ∈ Rn, uk ∈ Rm, yk ∈ Rl

are the state, input and output vectors. System matrices may depend on the
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scheduling parameter in different ways. One of the most common structures is
the Affine Parameter Dependence (LPV-A). In this representation the time-
varying system matrices depend linearly on the scheduling:

A(μk) =
n∑

i=1

μi
kAi

and similarly for B, C, D. The scheduling parameter vector is assumed to
have the form: μk =

[
1 μ2

k ... μ
M
k

]
More rencently a third structure has been proposed under the name of

Orthonormal Basis Functions Models [14]. Although being theoretically well
founded, the LPV-OBF approach is rather complex and practical applications
are not yet found in literature.

The second axis of classification is the scope of the experiment. Depending
on the trajectories of the scheduling parameter, it is possible to classify the
identification technique into Local or Global Methods.

Local Methods. In the Local Approach, multiple series of input-output
measurements are carried out keeping the scheduling parameters constant.
This yields a family of Linear Models that then can be interpolated. As shown
in [14], the interpolation could give rise to errors due to the fact that the
local models may be in different bases. Different methods have been devised
to address this problem, see for example [13, 11]. In local methods there is no
information on what happens in between the chosen set of constant operating
conditions. As a consequence, the obtained LPV model does not represent
the dynamic behaviour of the real system during fast scheduling variations.

Global Methods. Global methods can provide more reliable and accu-
rate models at the cost of complex persistency of excitation conditions on
both the input and the scheduling parameter sequences. This may compli-
cate the practical application of these methods, as in many applications it is
not possible to freely choose all of the scheduling parameter signals. Several
global methods have been devised both in the Input-Output approach [3, 20]
and in the State Space approach [10, 9]. As it will be shown, among the
available methods, Global LPV-SS subspace identification offers considerable
advantages.

4.3 LPV Subspace Identification

Subspace identification techniques are well-known in the LTI setting, see
for example [19]. The advantages of the subspace approach are multiple.
There is no need to parameterize the state-space model; they provide a simple
and effective way to estimate the system order and are easily adapted to
closed-loop identification. Early attempts to carry out LPV identification,
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[17], suffered from a very high numerical complexity; this limitation has been
reduced thanks for some recent developments [16].

To understand the above methods, refer to the innovation form represen-
tation of an LPV-A system:

xk+1 = A(μk)xk +B(μk)uk +K(μk)ek

yk = C(μk)xk +D(μk)uk + ek

where xk ∈ Rn, uk ∈ Rr, yk ∈ Rl are the state, input and output vectors and
ek ∈ Rl is the zero mean white noise innovation process. The matrices A(μk),
B(μk), C(μk), D(μk) and K(μk) are assumed to be affinely dependent on
μk as defined in Section 4.2. In the following, for sake of brevity, it will be
assumed that C and D are parameter independent.

The innovation form can be easily transformed into the predictor form:

xk+1 = Ã(μk)xk + B̃(μk)uk +K(μk)yk (4.1)
yk = C(μk)xk +D(μk)uk + ek (4.2)

where

Ã(μk) = A(μk) −K(μk)C(μk) and B̃(μk) = B(μk) −K(μk)D(μk)

The objective is that of estimating the matrices {Ai, Bi,Ki}M
i=1, C and D

from the input, output and scheduling sequences up to a global similarity
transformation. By defining zk =

[
uT

k yT
k

]T and B̆(μk) =
[
B̃(μk) K(μk)

]
,

the state equation (4.1) can be written as:

xk+1 = Ã(μk)xk + B̆(μk)zk

Hence, with a past window p, the state predictor xk+p is given by:

xk+p = Ã(μk+p−1)Ã(μk+p−2)...Ã(μk)︸ ︷︷ ︸
φp,k

xk+

+
[
φp−1,k+1B̆k . . . φ1,k+p−1B̆k+p−2 B̆k+p−1

]︸ ︷︷ ︸
Kk,p

⎡⎢⎢⎢⎣
zk

...
zk+p−2

zk+p−1

⎤⎥⎥⎥⎦
︸ ︷︷ ︸

z̄k,p

.

The time-varying extended controllability matrix Kk,p can be factorized
in a time-invariant extended controllability matrix Kp depending only on
{Ai, Bi,Ki}M

i=1 and a matrix Nk,p depending only on μk:



4 Linear Parameter-Varying System Identification 57

B̄i =
[
B̃i Ki

]
Li =

{ [
B̄1 B̄2 . . . B̄M

]
for i = 1[

Ã1Li−1 Ã2Li−1 . . . ÃMLi−1

]
for i = 2, . . . , p

(4.3)

Kp =
[
Lp Lp−1 . . . L1

]
Pp,k = μk+p−1 ⊗ μk+p−2 ⊗ . . .⊗ μk ⊗ Im+l

Nk,p = diag(Pp,k, Pp−1,k+1, . . . , P1,k+p−1)

Kk,p = KpNk,p

where ⊗ represents the Kronecker product. The key approximation in this
algorithm is that we assume that φp,k ≈ 0 for j ≥ p. It can be shown that
if the system is uniformly exponentially stable the approximation error can
be made arbitrarily small by making p large, [17]. With this assumption the
state xk+p is given by:

xk+p ≈ KpNk,pz̄k,p. (4.4)

From here the input-output behavior can be approximated by:

yk+p ≈ CKpN
p
k z̄k,p + ek+p := ŷk+p (4.5)

The following matrices can be constructed from the measured data:

U =
[
up+1 . . . uN

]
Y =

[
yp+1 . . . yN

]
Z =

[
N0,pz̄0,p . . . NN−p+1,pz̄N−p−f+1,p

]
Note that the number of rows of Zi is (r + l)

∑p
j=1 M

j, it grows more than
exponentially with the past window p.

Let us now define the matrix Γp as the extended observability matrix of
the first local model, and the state sequence matrix X

Γp =

⎡⎢⎢⎢⎢⎣
C

CÃ1

...

C
(
Ã1

)p−1

⎤⎥⎥⎥⎥⎦ , X =
[
xp · · · xN

]
, (4.6)

then from (4.4) it follows that

ΓpX ≈ ΓpKpZ. (4.7)

The matrix ΓpKpZ can be estimated from data either with a linear regression
method or with the more efficient kernel method.

The linear regression method estimates the matrices CKp and D by mini-
mizing the prediction error ε = yk − ŷk. From (4.5) it can be done by solving
the linear regression problem:
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min
CKp D

‖Y − CKpZ −DU‖2
F . (4.8)

For finite p, approximation (4.4) does not perfectly hold and thus the estimate
is affected by a bias. This bias can be made arbitrarily small by increasing p.
For large p, the matrix

[
ZT UT

]
tends to lose row ranks, and the optimiza-

tion problem (4.8) will not have a unique solution. One way to circumvent
the problem is to choose the solution with minimum Frobenius norm, i.e.
min ‖CKp D‖2

F . It is found by using a Singular Value Decomposition (SVD):[
Z
U

]
=

[
U U⊥

] [Σ 0
0 0

] [
VT

VT
⊥

]
,

[
ĈKp

D̂

]
= Y VΣ−1UT . (4.9)

Once CKp has been estimated, it can be used to construct Γ̂pKpZ. From
(4.3) and (4.6) it follows that:

ΓpKp ≈

⎡⎢⎢⎢⎢⎣
CLp CLp−1 . . . CL1

0 CÃ1Lp−1 . . . CÃ1L1

. . .
...

0 . . . C
(
Ã1

)p−1

L1

⎤⎥⎥⎥⎥⎦ := Γ̂pKp

Γ̂pKp is constructed form ĈKp by noting that the first row of ΓfKp is CKp

CKp =
[
CLp CLp−1 . . . CL1

]
,

moreover it can be observed that for each combination of i, j

C
(
Ã1

)i−1

Lj+1 =
[
C

(
Ã1

)i

Lj . . . C
(
Ã1

)i−1

ÃMLj

]
holds.

The main issue of this method is the size of the data matrix Z, in fact
the number of rows of Z grows exponentially with p but on the other hand
a large p is needed to reduce the bias. The complexity can be reduced by
introducing the kernel method. The kernel method was first introduced in
[18]; it assumes that the solution to (4.8) can be written as:[

CKp D
]

= α
[
ZT UT

]
If this holds then the dual optimization problem can be written as:

min
α

||α||2F with Y −
[
ZTZ + UTU

]
= 0.
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If
[
ZT UT

]
has full rank, then the solution of the dual problem is

α = Y
(
ZTZ + UTU

)−1
= Y VΣ−2VT

The above expression confirms the correctness of the initial assumption as[
CKp D

]
= α

[
ZT UT

]
=

(
Y VΣ−2VT

) (
VΣUT

)
= Y VΣ−1UT

thus yielding the same results as (4.9). Note that to solve the dual problem
only ZTZ is needed, which can be computed without computing Z:

ZTZ =
p∑

j=0

((
p−j∏
v=0

μT
N+v+j−1μN+v+j−1

)(
zT

N+j−1zN+j−1

))

It is interesting to note that for N 	 p and N 	 m, the computational
complexity of the indirect computation of ZTZ is of order O(N2

∑p
j=1 m

j)
whereas the direct method yields an overall complexity of O(N2), thus render-
ing the problem computationally tractable. The kernel matrix

[
ZTZ + UTU

]
∈ RN×N is likely to be ill-conditioned, the issue can be solved by regulariza-
tion as shown in [16].

Finally, given the predictor form (4.1), (4.2) and the definition of Pp,k we
have that

C
(
Ã
)i

Kp = αiZ
T
0 .

The estimate of ΓpKpZ0 can now be constructed as follows:

̂ΓpKpZ0 = αZT
0 Z0

Once Γ̂pKpZ is obtained, the state sequence can be finally estimated using
an SVD and approximation (4.7) in a similar way as it is done in the LTI
subspace identification. The state sequence is

X̂ = ΣnV

where

Γ̂pKpZ =
[
U U⊥

] [Σn 0
0 Σ0

] [
V
V⊥

]
.

In the above expression matrix Σn contains the n largest singular values,
where n is the order of the system. The order of the system can be determined
by searching for gaps in the singular values sequence.

Once the state, input and scheduling sequences are known the system
matrices are determined by solving two more linear least squares problems.

In this section an algorithm for LPV subspace identification has been de-
tailed. The use of the kernel method and the dual optimization problem
reduces the numerical complexity of the method. The proposed approach has
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two main advantages: (1) as it does not require any hypothesis on the corre-
lation properties of the noise, it can be directly used for closed-loop system
identification and (2) it does not need any assumption on the model order;
an accurate estimation of the model order is indeed provided by the method
itself.

4.4 Simulation Example

In this Section the LPV subspace identification approach is applied to the
lateral dynamics of a car. Recently, several model-based yaw stability con-
trol systems have been proposed [7, 6]; the development and tuning of such
controllers require accurate models. Deriving an FP model of the car often
requires elaborate measurements on the inertia properties of the vehicle and
tire characteristics. The possibility of directly deriving those models from
measurements would render the design of such controllers easier.

4.4.1 Analytical LPV Modeling

The most popular model for lateral dynamics [8] is the so called single-track
model. Despite its simplicity the model is able to describe the vehicle lateral
behavior under many conditions. The equations of motion are:

mVx

(
β̇ + r

)
= Fyf + Fyr

Iz ṙ = lfFyf − lrFyr +Mz

where m is the vehicle mass, Iz is the yaw moment of inertia, Vx is the vehicle
longitudinal velocity, Mz is the yaw moment input (representing differential
braking), Fyr is the rear lateral force, Fyr is the front lateral force and lf and
lr are the distances between the vehicle center of gravity and the front and
rear tires.

Under the assumption of small tire slip angles, front and rear lateral forces
can be described by:

Fyf = cfαf , Fyf = crαr

where cf and cr are the cornering stiffnesses. The front and rear side slip
angles (αf , αr) are defined as:

αf = δ − β − rlf/Vx, αr = −β + rlr/Vx,

with δ the steering angle. By defining the state vector x =
[
r β

]T , the state
space model can be written as[

ṙ

β̇

]
=

[
− l2f cf+l2rcr

IzVx

lrcr+lf cf

Iz

−1 + lrcr+lf cf

mV 2
x

− cf+cr

mVx

][
r
β

]
+

[
lf cf

Iz
− 1

Izcy

mVx
0

][
δ
Mz

]
. (4.10)
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The above model can be written as a continuous time LPV-A model by con-
sidering the scheduling vector μ =

[
1/Vx 1/V 2

x

]T . In light of this scheduling
vector augmentation the model can be written as:[

ṙ

β̇

]
=

{
A0 +

1
Vx
A1 +

1
V 2

x

A2

}[
r
β

]
+

{
B0 +

1
Vx
B1

}[
δ
Mz

]
.

The LPV system given in (4.10) is used to obtain the input, output, and
scheduling sequences for the identification algorithm. We assume that the
scheduling variable Vx can be chosen arbitrarily (with realistic limitations on
the acceleration) and that only yaw rate measurements are available.

Note that the subspace LPV identification algorithm deals with discrete
time systems, when the system at hand is discretized the affine LPV structure
is lost; nevertheless it is still possible to approximate the discrete time model
with an affine LPV structure. To evaluate the effects of sampling, a simu-
lation study is carried out. The system has been discretized via Tustin for
various sampling periods and then approximated with two different types of
affine dependence. In the linear case the same dependence on 1/Vx and 1/V 2

x

as in the continuous case is assumed; in the quadratic case the scheduling
parameter vector is augmented to 1/Vx, 1/V 2

x , 1/V 3
x and 1/V 4

x so to achieve
a better approximation of the discrete time parameter dependence. The re-
sults, in terms of Variance Accounted For (VAF), are plotted in Fig. 4.1. The
VAF values is defined as:

V AF (yk, ŷk) = max
{

1 − var(yk − ŷk)
var(yk)

, 0
}
· 100

where y and ŷ are respectively the measured output and the simulated one.
In the simulation the vehicle longitudinal velocity is varied sinusoidally with
a frequency of 0.07 Hz between 10 m/s and 30 m/s (corresponding to a
maximum acceleration of 0.5g); the steering input is a frequency sweep from
0.01 Hz to 10 Hz in 100 s. The analysis confirms that a sampling time of
T = 0.01s guarantees a reasonable level of approximation.

4.4.2 Simulation Results

In order to provide indications on the usage of the algorithm, in the following
the effect of three parameters will be evaluated: the past window p, the noise
affecting the measurement and the number of available samples. In order to
provide comparable results the same identification protocol will be employed
in all the analyses. The continuous time system is simulated with a sinu-
soidally varying speed as before, in the meantime the inputs are excited with
two frequency sweeps. The steering angle is varied between -4◦ and 4◦ (at
the wheel) with a frequency sweep; similarly, the yaw moment input is ex-
cited with a frequency sweep; by choosing a slightly different frequency range
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and introducing a phase shift it is possible to guarantee the persistency of
excitation requirements.

Figure 4.2 plots the position of the identified frozen velocity poles for three
different values of the past window for noiseless data. As pointed out in the
previous section, a small p will lead in general to biased estimates while for
large p, even without noise, the variance will increase due to the curse of
dimensionality. This analysis indicates that for the system at hand a choice
of p = 4 is good.

A similar effect on the estimation bias can be seen in the experiment
length. To evaluate the effects of the number of available samples, the identi-
fication measurements were repeated for different number of velocity cycles;
the results are plotted in Fig. 4.3. The higher the number of cycles the more
accurate results one can get. Note that as many as 10 cycles are enough to
obtain an accurate estimation.

The final considerations are on the effect of noise. In the following tests a
white noise zero mean signal is added to the simulated output. The perfor-
mances of the identification algorithm are assessed on a noiseless validation
set with a scheduling vector with a different frequency and band limited white
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Fig. 4.1 VAF between the continuous time model and the model obtained via
Tustin linearization with two different augmented scheduling vectors.

0.5 0.6 0.7 0.8 0.9 1
−0.25

−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0.2

0.25
p = 3

0.5 0.6 0.7 0.8 0.9 1
−0.25

−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0.2

0.25
p = 4

0.5 0.6 0.7 0.8 0.9 1
−0.25

−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0.2

0.25
p=5

Fig. 4.2 Eigenvalues of the estimated A for Vx = 30 m/s in one plot for 100
experiments for different values of the past window p. The big crosses correspond
to the real values of the eigenvalues of the matrices.
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Fig. 4.3 Eigenvalues of the estimated A for Vx = 30 m/s in one plot for 100 exper-
iments for different values of the number of periods Np. The big crosses correspond
to the real values of the eigenvalues of the matrices.

Fig. 4.4 The mean VAF of a fresh data set for 100 Monte Carlo simulations for
different level of noise.

noise as inputs. Fig. 4.4 plots the mean VAF of a fresh validation data set
for 100 Monte Carlo simulations for different levels of noise, showing that the
method is robust to level noise up to 30dB.

4.5 Conclusions

This paper presented recent advances in the field of LPV subspace identifica-
tion algorithms. The approach has been described and successfully tested on
a simulated automotive application. The identification of the vehicle lateral
dynamics was used to underline the main features of the algorithm. It was
shown that subspace LPV identification methods have the potential to sim-
plify the modeling and identification phase in the development of advanced
vehicle dynamics control systems.
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Chapter 5

A Tutorial on Numerical Methods for
State and Parameter Estimation in
Nonlinear Dynamic Systems

Boris Houska�, Filip Logist, Moritz Diehl, and Jan Van Impe

Abstract. In this chapter we provide a tutorial on state of the art numer-
ical methods for state and parameter estimation in nonlinear dynamic sys-
tems. Here, we concentrate on the case that the underlying models are based
on first-principles, giving rise to systems of ordinary differential equations
(ODEs). As a general introduction the different dynamic model types, the
generic modeling cycle and several approaches for dynamic optimization, i.e.,
optimization problems with dynamic systems as constraints, are briefly men-
tioned. Then, the estimation problem is posed as a maximum likelihood dy-
namic optimization problem. Afterwards, we review Multiple Shooting tech-
niques and generalized Gauss-Newton methods for general least-squares and
L1-norm optimization problems and discuss the benefits of the recently de-
veloped Lifted Newton Method in the context of state and parameter estima-
tion. Finally, we present an illustrative example involving the estimation of
the states and parameters of a pendulum using the freely available software
environment ACADO Toolkit in which many of the discussed algorithms are
implemented.
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5.1 Introduction

Mathematical models and simulations are nowadays indispensable tools for
the analysis, design, operation and optimization of a huge number of engineer-
ing processes. Many of these processes are intrinsically dynamic in nature,
i.e., properties and variables vary over time, giving rise to dynamic models.
However, before the models can be employed in practice for the above men-
tioned purposes, a model calibration is required, i.e., estimating the unknown
parameters and unmeasured states based on experimental data.

5.1.1 What Are the Different Classes of Dynamic
Models?

In general, dynamic models can be classified according to the amount of
a-priori knowledge about the dynamic process that is incorporated [16].
White-box or first-principles models start from the physical, chemical, bi-
ological, . . . mechanisms and principles underlying the process. Due to the
conservation laws in nature, typically balance type of equations are involved
giving rise to systems of differential equations. Alternatively, black-box or
data driven models are based on generic mathematical relations which can
flexibly be adapted to predict the observed process input output behavior,
without looking into the underlying process. First-principles models allow an
easier interpretation and insight in the process and have a validity domain
that often largely surpasses the region from which the experimental data have
been taken. In contrast, data driven models are often preferred whenever a
first-principles approach would require too much experimental and modeling
effort or when the underlying process mechanisms are too complex or un-
clear. However, there exists no strict separation between the model classes.
In practice often grey box models are employed, as they combine the best of
both worlds, i.e., a mechanistic backbone for the process fundamentals with
empirical correlations for the complex side phenomena. In the current chap-
ter, we focus on dynamic models described by differential equations, which
in practice can include both white-box and grey-box models. Nevertheless,
the estimation of the unknown parameters and unmeasured states for these
dynamic models can be challenging, not only due to the dynamic nature but
also due to nonlinearities which may often be present [43].

5.1.2 How to Calibrate Models? The Modeling Cycle

Dynamic models exhibit to two main characteristics: a model structure and
model parameters. Under the assumption that a correct model structure is
selected for the underlying dynamic process, only the model parameters need
to be estimated, which can be done according the general modeling procedure
or so-called modeling cycle [4, 25].
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A schematic view is given in Figure 5.1. First, an initial experiment is
performed. Based on these experimental data the model parameters can be
estimated. This model calibration involves an optimization procedure in order
to select the parameter values which minimize the differences between the
model predictions and the measurements. Then, it is evaluated whether or
not the calibrated model performs satisfactorily. If so, the model is ready to
be employed, otherwise the collection of additional data and a re-estimation
of the parameters is needed. Moreover, the novel experiments can be carefully
designed using Optimum Experimental Design techniques in order to increase
the information content of the experiments and, hence, limit the experimental
burden as much as possible [3, 4, 17]. If the re-estimated model performs
satisfactorily, the modeling cycle is exited, otherwise the loop has to be re-
run until a satisfactory result is obtained.

For dynamic models, it should be noted that not only the parameters are
estimated, but that also estimates for the continuous states are returned (in
contrast to the experimental data which are only measured at specific time
instants). The described modeling cycle is mainly applicable for processes
where the estimation can be performed off-line, i.e., a specific experimental
run is used to derive a process model, which will be used afterwards (e.g.,
modeling the growth of micro-organisms in a bioreactor [5, 39]). However, as
it is not always possible to perform a dedicated experimental run, parame-
ter re-estimation may have to be carried out on-line, i.e., during the regular
process operation (e.g., in Model Predictive Control applications [44, 45]). In
the latter case, the procedures and algorithms are intrinsically highly similar.
However, the possibilities for iterating on the modeling cycle and designing
optimal experiments are much fewer, and also real-time constraints, demand-
ing a completed re-estimation within a fixed and short time interval may be
present.

Initial experiment

Designed
experiment    Data

collection

Estimation    ?

   Optimum Experimental Design

   Data
collection

  YES

  NO

Model performs
satisfactorily?

Use model 

Fig. 5.1 The modeling cycle [25].

5.1.3 Approaches for the Optimization of Dynamic
Systems

As mentioned in the previous section, model calibration involves optimiza-
tion. The presence of the dynamic system yields so-called dynamic optimiza-
tion or optimal control problems. Numerical methods for solving optimal
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control problems are generally classified into two categories, direct and in-
direct approaches (see, e.g., [38]). Methods of the latter class try to find
solutions according to Pontryagin’s Minimum Principle [30], i.e., the first-
order necessary conditions for optimality, while techniques of the former class
convert the original infinite dimensional optimal control problem into a fi-
nite dimensional Nonlinear Programming problem (NLP) via discretization.
However, most dynamic optimization problems are nowadays solved by direct
approaches.

5.1.3.1 Sequential Approaches: Single Shooting

In Single Shooting [34, 40, 41] only the time-varying parameters are dis-
cretized, most often using piecewise polynomials. For each parametrization
the differential equations are solved using a standard integration algorithm,
and the objective function is evaluated. The parameter values are then up-
dated employing a standard optimization algorithm. Hereto, most often a
deterministic, sequential quadratic programming (SQP) routine is employed.
Consequently, the solution of the differential equations and the minimiza-
tion are decoupled, and proceed sequentially within one iteration step of the
optimizer. As these methods provide a correct solution to the differential
equations during all iterations, they are also known as feasible path methods.

The most important advantage of the sequential approach is its straight-
forward implementation resulting in rather small-scale NLPs. However, the
sequential approach may be slow, especially in the presence of path con-
straints on the states, since these constraints cannot be enforced directly.

5.1.3.2 Simultaneous Approaches: Multiple Shooting and
Orthogonal Collocation

Simultaneous approaches discretize both the control and the states. Conse-
quently, the simulation and optimization are performed simultaneously in the
space of both the discretized controls and states, yielding a large-scale NLP
which requires tailored numerical methods. Since in this case the differential
equations are only satisfied at the solution of the optimization problem, these
methods are also called infeasible path methods.

Two different approaches exist: Multiple Shooting [11, 23] and Orthogonal
Collocation [6, 7]. In the former case, the total integration range is split into a
finite number of intervals on which integration of the states is continuous. The
value of the control and the initial value of the states in each interval are cho-
sen by the NLP-solver in each iteration while trying to ensure the continuity
of the states between the different intervals. In the latter case, also the states
are fully discretized based on (orthogonal) polynomials. Hence, the minimal
objective value has to be found while satisfying the discretized differential
equations. Clearly, Multiple Shooting and Orthogonal Collocation allow a
more direct enforcement of the state constraints. However, the size of the
NLPs significantly increases, requiring tailored optimization algorithms that
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exploit the problem’s structure and sparsity. Obviously, the largest but also
sparsest NLPs are encountered with Orthogonal Collocation. Consequently,
most often Interior Point [42] and partially reduced SQP methods [23, 24] are
employed for Orthogonal Collocation and Multiple Shooting, respectively. In
view of parameter estimation, simultaneous approaches form a natural choice
because the measurements of the states can directly be used for initializing
the discretized problem.

This chapter is organized as follows: In Section 5.2 we start with a gen-
eral introduction on the modeling with differential equation systems while
the generalized Gauss-Newton method is discussed in Section 5.3. In Sec-
tion 5.4 we discuss lifted Newton techniques for parameter estimation. Fi-
nally, Section 5.5 introduces the software ACADO toolkit in which many of
the discussed algorithms are implemented.

5.2 Maximum Likelihood Estimation for Differential
Equation Models

In this section, we introduce the class of parameter estimation problems, we
are concerned with. As outlined in the introduction, we are interested in
models describing the feasible behavior B by a dynamic system:

B :=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩ (x(·), w(·), p)

∣∣∣∣∣∣∣∣∣∣

∀t ∈ [0, T ] :

ẋ(t) = f(t, x(t), w(t), p)

0 = r(x(0), x(T ), p)

0 ≥ s(t, x(t), w(t), p)

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ .

In this notation, x(·) is the state of the dynamic system, while w(·) and p are
unknowns which influence the dynamics. Here, we distinguish between the
time varying parameters w(·) and the time-constant parameters p. The aim
is to discuss strategies for choosing a ξ ∈ B which maximizes the likelihood
function of a family of given probability distributions ϕ(ξ, ·) evaluated at a
given measurement η ∈ Rnη . Note that the measurements η are affected by
random measurement errors, whose probability distributions ϕ : Rnη×B → R
are assumed to be given. All the other variables ξ ∈ B are unknown and have
to be estimated. As no explicit expression for the likelihood function can be
worked out, numerical optimization routines have to be employed to find a
maximizer of this function. In practice, it is often more convenient to work
with the logarithm of ϕ leading to maximum likelihood estimation problems
of the form

min
ξ

− log (ϕ(ξ, η)) s.t. ξ ∈ B . (5.1)

Let us remark on some practical aspects of the above formulation.
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5.2.1 Interpretation of Given Prior Information

Note that the set B can be chosen in such a way that it contains most
of our prior information on the states x(·), time-varying parameters w(·),
and time-constant parameters p which we would like to estimate. Typi-
cally, the physics of the system is modeled in the right-hand-side function
f : R × Rnx × Rnw × Rnp → Rnx containing the dynamic equations. In fact,
the first principles which we are using to model our system can be interpreted
as a prior information which we have obtained from someone else who has
identified these physical laws before. However, note that almost all models
come along with a feasible domain to be included in the equality and inequal-
ity functions r : Rnx ×Rnx ×Rnp → Rnr , and s : R×Rnx ×Rnw ×Rnp → Rnh .
Here, the equality 0 = r(x(0), x(T ), p) can not only express given informa-
tion on the initial state but also coupled boundary information. For example,
if the initial state x0 of a process is at time t = 0 exactly known, we might
include this information by formulating a constraint function of the form

r(x(0), x(T ), p) := x(0) − x0 .

In another case, if an open loop stable system is measured while being in its
periodic steady state, we might include the information that the system is
periodic in order to improve our estimate, i.e. we would formulate a constraint
function of the form

r(x(0), x(T ), p) := x(0) − x(T )

in this case. Summarizing this argumentation, a first principle model is not
only described by the dynamic system f . Rather, the behavior B is for us a
synonym for a first principle model.

5.2.2 Smoothing Heuristics

So far, we have not required any further assumptions on the functions f ,r,
and h. However, for the algorithm which we discuss in this article f ,r, and h
are assumed to be sufficiently often differentiable in their arguments. Here,
the crucial point is that most algorithm will require that f is smooth - with
the only exception that non-smoothness of f in its first argument, the time
t, can be reformulated into a smooth problem by re-defining time-intervals
provided that the non-smoothness is explicitly known. In practice, the main
source of non-smoothness seems to arise from “look-up tables” which are
common in certain branches of engineering. In this case we recommend to ap-
ply smoothing heuristics. One way is to fit the look-up table with a smooth
function. However, from the perspective of the numerical algorithm, only
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f : Ω → Rnx and its derivatives are evaluated which suggests to apply the

smoothing to the original non-smooth function
∼
f directly, i.e.

∀ (ω1, ω2) ∈ Ω1 ×Ω2 : f(ω1, ω2) :=
∫

Ω2

∼
f (ω1, ω

′
2) τ(ω2, ω

′
2) dω′

2 .

Here, we have summarized the arguments of f in one variable ω ∈ Ω dividing
the domain Ω into the subspaces Ω1 and Ω2 which summarize the spaces of
variables which enter f smoothly and non-smoothly respectively. Here, τ is a
suitable smooth relaxation of the Dirac-distribution acting as a filter function
such that f is smooth and its derivatives are known as

∂α
ω2
f =

∫
Ω2

∼
f (ω1, ω

′
2) ∂

α
ω2
τ(ω2, ω

′
2) dω′

2 .

From a numerical point of view, the above filter approximation might be
recommended for the case that a non-smooth look-up table enters f but
numerical errors should be kept small. On the other hand, if efficiency is
more important than the numerical, the above smoothing heuristic might be

too expensive for differentiable
∼
f as higher order quadrature rules can not be

applied in this case leading to many evaluations of
∼
f for one evaluation of f .

In other cases absolute values or ramp functions are a source of non-
smoothness. In this case approximation tricks like√

x2 + ε ≈ abs(x)

for some small ε > 0 are applied. Clearly, all these smoothing strategies are of
a rather heuristic nature but the influence of the corresponding approxima-
tion errors can often be estimated in a linear approximation. Finally, we note
that switching model behavior, when essential, can and should be treated by
suitable numerical methods for switched dynamic systems [15, 21].

5.2.3 The Importance of Convexity

We say that a model is convex if the associated setB is convex. Unfortunately,
for estimation problems with dynamic systems convexity can often only be
obtained if the function f is linear in all its variables. However, once the con-
vexity of the set B is established, the optimization problem (5.1) is typically
also convex - at least if we think of common probability distributions such
as Gaussian distributions. For an overview of convex parameter estimation
formulations we refer to [14]. In this chapter, we are rather concerned about
general nonlinear and consequently most often non-convex problems. For the
case that the parameters enter affinely there exist still global optimization ap-
proaches [12, 13]. However, for completely non linear problems an appropriate
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initialization strategy for the numerical algorithms should be used - e.g. by
applying a lifted Newton method as we will discuss in Section 5.4.2.

5.2.4 Estimation of Time-Varying Parameters

In many practical situations the physical control input which is applied to the
system is not exactly known. This might be due to the fact that the physical
input quantity might not exactly coincide with our input, or because the
input is only measured and must be estimated, too. Here, it is advisable
to distinguish between the physical control input u and the measured input
u + w which might be affected by the input noise w to be regarded as a
time-varying parameter. However, the noise in the control input u might not
be the only uncertainty which is not included in the plain first-principles
model. One common approach to robustify an estimate with respect to such
a knowledge about uncertainties is to assume that the model is modified by
an additional time dependent offset

f(t, x(t), w(t), p) := ffirst principle(t, x(t), p) + w(t) (5.2)

which would model an additive uncertainty on the given first principle func-
tion ffirst principle. Analogously, the equality and inequality constraints could
be robustified as well. Unfortunately, it is in practice often not clear how to
weight between model uncertainty and measurement errors. In a heuristic
formulation the objective

−log (ϕ(x(·), p, η)) + γΦ(w)

is minimized where Φ is typically a convex penalty weighted with a heuristic
scaling factor γ. Another formulation uses multi-objective optimization [26,
27] to discuss the weighting between robustness and nominal optimality in
a more systematic way. Note that the above nonlinear formulation can be
interpreted as a generalization of Kalman filters, where typically an additive
white noise to a linear system is taken into account.

5.2.5 Least Squares Terms versus l1-Norms

The most common assumption about the probability distribution ϕ is that
the measurements have Gaussian distribution, which leads to least squares
objectives of the form

− log (ϕ(ξ, η)) =
N∑

i=1

‖Σ− 1
2 (h(ti, x(ti), p) − ηi) ‖2

2 − log(C).
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Here, C is only a scaling constant which can be set to 1 in our context as
it does not affect the minimization. Moreover, h : R × Rnx × Rnp denotes a
smooth measurement function. However, for different settings another com-
mon assumption is that

− log (ϕ(ξ, η)) =
N∑

i=1

‖Σ− 1
2 (h(ti, x(ti), p) − ηi) ‖1 − log(C)

which leads to l1-norm estimation problems. Note that in both cases the
objective is convex if h is linear in its arguments. Although the estimation
problem might still become non-convex if B is non-convex, a local minimizer
can be guaranteed to be globally optimal if the optimal value is 0 for C = 1,
i.e. if we have a local minimizer which leads to a perfect fit. The other way
round, 0 is a lower bound on the objective which might help us to assess
optimality of a local minimizer. However, we recognize already at this point
that global optimality is not the only thing we are interested in as we might
also ask the question how good our estimate for the states, controls and
parameters is. This question will be addressed in the next section.

Note that in practice, the choice of the norm is not always motivated by a
stochastic argumentation. For example if information about the probability
distribution of the errors at the sensors is completely lacking, we can only use
an empirical choice. Here, the main motivation for l1-norms is typically that
it does not weight outliers strongly as the squared l2-norm does. For good
survey of this and other practical heuristics we refer to [10, 14].

5.3 Generalized Gauss-Newton Methods

In order to solve general nonlinear parameter estimation problems of the
form (5.1) most algorithms pass through two stages. First, the continuous
problem is discretized and transformed into a nonlinear program. And sec-
ond, the discrete nonlinear optimization problem is solved locally. This strat-
egy is known as the direct method which is in contrast to indirect methods
based on the Pontryagin principle, which is nearly never used for parameter
estimation (a notable exeption is [28]). As mentioned before, examples for
direct discretization methods are Single- and Multiple Shooting [11] as well
as Collocation techniques [6]. While this comment holds for general optimal
control problems, we are in this chapter mainly interested in least squares
problems, i.e. in the case that the discrete problem takes the form

min
y

‖F (y) ‖2
2 s.t.

{
G(y) = 0

H(y) ≤ 0
,
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where y ∈ Rny summarizes the degrees of freedom in the discretized version
of the problem (5.1). For the moment, we assume here that we work with
Gaussian distributions.

The generalized Gauss-Newton method, as originally proposed in [8], starts
from an initial guess y0 and generates iterates of the form y+ = y+αΔy where
Δy solves the QP

min
Δy

‖FyΔy + F ‖2
2 s.t.

{
GyΔy +G = 0

HyΔy +H ≤ 0
.

Here, we have used the short hands F := F (y), Fy := ∂yF (y), G := G(y),
Gy := ∂yG(y), H := H(y) and Hy := ∂yH(y).

Note that the above generalized Gauss-Newton method will in general
converge with a linear rate only. However, if either the non-linearity of the
functions F,G, and H is small or if the objective value in the optimal solution
is close to zero, we can expect a reasonable convergence behavior [8]. Here,
the main advantage of the Gauss-Newton method is that no second order
derivatives are needed while the subproblems are convex by construction.

Finally, we outline that the Gauss-Newton method can be embedded into
a more general class of methods which might be called sequential convex op-
timization techniques [31]. For example, if the above method which is trans-
ferred for the l1-norm case:

min
y

‖F (y) ‖1 s.t.

{
G(y) = 0

H(y) ≤ 0
,

This problem is solved iteratively as above but by generating the steps Δy
by solving sub-problems of the form

min
Δy

‖FyΔy + F ‖1 s.t.

{
GyΔy +G = 0

HyΔy +H ≤ 0
.

The convergence properties of such 1-norm methods have intensively been
studied in [10]. In [31] this approach is generalized further for other convex
objective and constraint functions.

Let us assume that the above methods are successful and that we have
found the optimal solution

y∗(ε) := argmin
y

‖F (y) + ε ‖ s.t.

{
G(y) = 0

H(y) ≤ 0
(5.3)

for ε = 0. The question that arises next is how we can assess the quality
of the estimate. This a posteriori analysis can for nonlinear problems be-
come very expensive as the optimal estimate y∗(ε) depends nonlinearly on
the measurement noise ε. However, under the additional assumption that the
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measurement error is small, we may analyze the map y∗ in a linear approxi-
mation. Here, we need to check first that y∗ is differentiable with respect to ε.
Fortunately, this differentiability can be guaranteed under some mild regular-
ity conditions which are known from Robinson’s generalization of the implicit
function theorem [32, 33]. Thus, we may assume that y∗ is differentiable at
the given measurement ε = 0 and we denote its derivative at this point by
y∗ε . Now, we can formally compute the covariance matrix of the estimate in
a linear approximation:

E
{
(y∗ − y) (y∗ − y)T

}
.= y∗ε Σ (y∗ε )T =: C . (5.4)

Note that C can easily be computed from the solution of the QP (5.3) in the
optimal solution as this QP can already be interpreted as a linear approx-
imation of the original nonlinear program. For details of this approach, we
refer to [8].

In the field of Optimum Experimental Design [2] for nonlinear systems, the
aim is to optimize the covariance of the estimate provided that we have an
input u ∈ U which can be designed in order to obtain more information from
the measurements. In this case, the covariance matrix C can be regarded as
a function in u, such that we can ask the input which minimizes a certain
scalar quality measure Φ(C) e.g. the determinant, trace, or the maximum
eigenvalue of C. Again, the resulting optimization problems are non-convex,
but in some cases it is enough to find locally optimal inputs which can lead
to solutions that work well in applications [3, 4, 17, 22].

5.4 Schlöder’s Trick or the Lifted Newton Type
Method for Parameter Estimation

In this section, we would like to come back to two aspects of nonlinear pa-
rameter and state estimation: first, we have to address the question how to
discretize the dynamic system and second how to initialize the Gauss-Newton
or other methods which find local minimizers. For both questions Lifted New-
ton Methods can be a suitable tool. The idea of lifted Newton methods, which
we refer to in this context, has originally been developed by Schlöder in [36].
More recently, a generalization of this idea was published in [1] under the
name “Lifted Newton Method”. In this article, we present the Schlöder’s
method from the perspective of inexact SQP methods. The method is tai-
lored for parameter and state estimation problems where the state is mea-
sured while the initial value condition r(x(0), x(T )) = x(0) − x0 = 0 is
given.
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5.4.1 Modular Forward Lifting Techniques

Let us first briefly recall the idea of Multiple Shooting: we assume that we
divide the time horizon [0, T ] into N intervals 0 = t0 < t1 < . . . < tN
with associated state discretization point s0, . . . , sN and a piecewise constant
discretization w0, . . . , wN−1 of the time-varying parameters. Regarding the
solution of the differential system

∀t ∈ [ti, ti+1] : ẋ(t) = f(t, x(t), wi, p) with x(ti) = si

at the time ti+1 as a function Xi(si, wi, p) := x(ti+1) in the discrete variables
si, wi, p, we require the matching conditions

G(y) :=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

s0 − x0

s1 −X0(s0, w0, p)

s2 −X1(s1, w1, p)
...

sN −XN−1(sN−1, wN−1, p)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
(5.5)

to be satisfied. Here, we assume that f is chosen in such a way that the maps
Xi are unique and sufficiently often differentiable. Note that these functions
can numerically be evaluated by using a suitable integrator. In the Multiple
Shooting technique the variables s0, s1, . . . sN are not eliminated from the
NLP which is in contrast to Single Shooting methods. One major advantage
of this formulation is on the one hand that the non-linearity of the problem
might be reduced as observed in [29] and in [9] and theoretically investigated
in [1]. On the other hand, a second advantage in the context of parameter
and state estimation is that in the case of state measurements very natural
initialization points for s0, . . . , sN are available which are ideally set to the
measurements for the states. In practice, this initialization can be the main
trick such that the algorithm converges safely to a local minimizer which
could be global or gives at least a good fit. Even if we can not prove anything
for general nonlinear problems, it can be shown that for parameter affine, but
nonlinear problems, one step convergence can be achieved in the absence of
measurement errors, independent of the parameter initialization [12, 13, 37].

Note that the lifted Newton method in the context of Multiple Shooting
amounts to a different way of computing the derivatives known as Schlöder’s
trick [1, 36]. In [1] another advantage of lifted Newton methods is shown for
the case that only a few free parameters or controls should be estimated while
the state dimension is large. We shall see below that the lifting approach will
typically lead to significant savings in terms of sensitivity computation time
if the condition

N + 1
2

nw + np + 1 � nx + nw + np (5.6)
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is satisfied as has been first shown by [35]. Indeed, for a Gauss-Newton method
we can expect that we do not need to compute all derivative directions of the
functions X0, . . . , XN−1 with respect to the variables s0, . . . , sN as these vari-
ables could even be eliminated in a Single Shooting approach. The interpre-
tation of lifted Newton methods in this paper assumes that the computation
of the derivatives of X0, . . . , XN−1 is much more expensive than solving the
sparse QP of the form (5.3) in each iteration of the Gauss-Newton method.

Recall that inexact SQP type methods would replace the matrix Gy =
∂yG(y) in the QP (5.3) with an approximation Ĝy ≈ Gy. Here, the general
motivation for approximating the matrix ∂yG(y) is that this matrix is ex-
pensive to compute. If only a few parameters are unknown while the state
dimension is large, then the derivatives of Gy with respect to the initial states
are the most expensive blocks. Thus, we are in our context especially inter-
ested in a particular approximation of the form

Ĝy :=

⎛⎜⎜⎜⎝
1 0 . . . 0 0 . . . 0 0

−Ĝ0
x 1 . . . 0 G0

w . . . 0 G0
p

...
. . .

. . .
...

...
. . .

...
...

0 . . . −ĜN−1
x 1 0 . . . GN−1

w GN−1
p

⎞⎟⎟⎟⎠ .

Here, Gi
w := ∂wXi(si, wi, p) and Gi

p := ∂pXi(si, wi, p) (for i ∈ {0, . . . , N−1})
are exact derivatives but

Ĝ0
x := 0 and Ĝi

x := ( ∂sXi(si, wi, p)Ai ) A†
i (5.7)

(for i ∈ {1, . . . , N−1}) uses only some directional derivatives of Xi which are
stored in the matrix Ai ∈ Rnx×mi . Note that for a small number of directions
mi � nx the pseudo inverse A†

i can cheaply be computed. For general inexact
SQP methods we need at least one adjoint derivative to repair the error in
the stationarity conditions which is made by the approximation. However, we
will see that this is not needed if we choose the directions Ai properly. For
example if Ai is the unit matrix the above approximation would be exact,
but we are interested in the question whether we can also choose mi < nx.

Using the notation Gi
x := ∂sXi(si, wi, p) and bi := si+1 −Xi(si, wi, p) we

choose for Ai the matrix

Ai :=
(
E0

i−1 , . . . , E
i−1
i−1 , Fi−1 , di−1

)
(5.8)

where the matrices are defined via the condensing recursion d0 = 0, di+1 =
Gi

xdi + bi, F0 = 0, Fi+1 = Gi
xFi + Gi

p and Ej
i+1 = Gi

xE
j
i with Ei,i = Gi

w.
Computing the entries of Ai recursively by means of automatic differentiation
in forward mode, we need to compute

mi = i nw + np + 1
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derivative directions of Xi on the i-th Multiple Shooting interval. Assuming
that the time for computing a derivative direction of Xi is approximately
the same for all intervals i, we may estimate the total cost of computing
sensitivities as

N∑
i=1

mi =
N(N + 1)

2
nw +Nnp +N . (5.9)

This cost needs to be compared to the cost N(nx + nw + np) which we
would have to invest if we had to compute the matrices Gi

x completely. This
comparison leads to the condition (5.6) for which Schlöder’s trick can be
expected to lead to savings in the time for computing sensitivities.

Note that due to the construction of Ĝy we can simply replace Gy in the
QP (5.3) by its approximation Ĝy obtaining a completely equivalent QP. This
can easily be checked using

Ĝi
x Ai =

(
Gi

x Ai

)
A†

i Ai = Gi
x Ai (5.10)

as we may use that AiA
†
i Ai = Ai. Finally, we should mention that in [1]

a programming trick was suggested which avoids the explicit construction
of the sparse QP (5.3) obtaining directly a condensed version. However, in
this paper, as in [35, 36], we prefer to construct the matrix Ĝy as it recov-
ers modularity. Indeed, an implementation of the modularly lifted Newton
method in the version presented above requires only to replace the matrix
Gy by Ĝy without touching the actual implementation of the Gauss-Newton
method. Now, it does not matter which QP solver is used in behind, i.e.
the implementation of the sparse QP solver and the derivative generation
are completely independent. The price to be paid for this modularity is only
some linear-algebra overhead which is usually negligible compared to the cost
of derivative generation for applications which satisfy the condition (5.6).

5.4.2 Automatic Backward Lifting Techniques

In the last section we have mainly concentrated on the case that the deriva-
tives for the lifting variables are computed in forward mode. It is of course
also possible to transfer the idea of lifting by computing one backward and
one forward direction in order to construct a condensed version of the QP. As
we shall see the backward lifting strategy will require one additional forward
derivative to expand the primal solution of the dense QP - similar to forward
lifting techniques where we would need an additional backward sweep if we
are interested in an expansion of the multipliers.

In this section, we simplify our notation slightly in order to work out the
main idea while generalization can later be derived: first we are in our consid-
eration concerned about the case np 	 1, possibly even np 	 nx, i.e. we want
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to estimate many parameters. Thus, it not so crucial to distinguish between
controls and parameters - we can simply regard the controls as parameters,
too, as soon as we have discretized the system as it does not matter for the
backward differentiation how many parameters our functions depend on. The
backward method is especially beneficial if we have only a few constraints or
even no constraints beside the dynamic residuum G(y) = 0. Here, G is de-
fined in equation (5.5). In this simplified setting without constraints and for
smooth objectives (which excludes l1-type cost functions), the optimization
can be we written as

min
y

Φ(y) s.t. G(y) = 0 , (5.11)

with Φ summarizing the objective and y := (sT , pT )T , s := (sT
0 , . . . , s

T
m)T .

Recall that for Single Shooting the variable s is eliminated or regarded as
a function in p, such that the derivatives of the Single Shooting objective
Φ(s(p), p) can efficiently be computed by automatic differentiation in back-
ward mode. We are asking the question whether this efficient differentiation
technique can also be rescued for the case that we like to keep the Multiple
Shooting lifting nodes s in the NLP.

The key idea is to recognize that the linearized condition GyΔy+G = 0
can be used to eliminate Δs in dependence on Δp, i.e. we get a linear relation
of the form

Δs = Z Δp+ z ⇔ GyΔy +G = 0

where the matrix Z ∈ R(N+1) nx×np and the vector z ∈ R(N+1) nx are defined
such that the above equivalence holds. We are interested in the condensed
objective gradient

g :=
[
∂sΦ(s, p) + zTHsp

]
Z + ∂pΦ(s, p)

with the aim to solve the unconstrained minimization problem

min
Δp

1
2
ΔpT KΔp+ g Δp (5.12)

with K := Hpp + ZTHssZ and a suitable choice of the Hessian matrix

H =
(
Hss Hsp

HT
sp Hpp

)
,

which we will discuss later. Thus, we would like to compute the condensed
backward derivative μTZ where we use the definition

μ := (μ0, . . . , μN ) := ∇sΦ(s, p) + zTHsp

to denote the seed. Here, z can be computed iteratively, by computing one
forward direction on each of the Multiple Shooting intervals. Clearly, μTZ can
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also be computed iteratively once z is known, requiring only one backward
sensitivity direction on each interval:

σN := μN σi := σi+1G
i
x + μi

νi := σi+1G
i
p and finally μTZ =

∑
i νi .

Note that the choice of the Hessian matrix H is of course crucial for the
performance of the method. Unfortunately, Gauss-Newton Hessian approx-
imations are in this case not advisable, as we would have to compute an
approximation of the projected Hessian term ZTHssZ. However, there are
various other possibilities: for example a direct approximation of K (or its
inverse) with BFGS updates is perfectly applicable [18, 35]. Also an compu-
tation of the exact Hessian is possible. In this case, a projection is required
to ensure that K is always positive definite. Finally, we remark that the solu-
tion Δp of the unconstrained condensed problem must be expanded to apply
the step s+ = s+ αΔs. Here, one additional forward direction of Z must be
computed to obtain Δs = ZΔp+ z. Thus, we need 3 sensitivity directions in
total in each lifted Newton iteration.

5.5 State and Parameter Estimation with ACADO
Toolkit

In this section we review the software ACADO [20] which implements tools for
automatic control and dynamic optimization. It provides a general framework
for using a great variety of algorithms for direct optimal control, including
model predictive control and, in particular, state and parameter estimation.
ACADO Toolkit is implemented as self-contained C++ code, while the object-
oriented design allows for convenient coupling of existing optimization pack-
ages and for extending it with user-written optimization routines. Note that
the package can be downloaded from [19].

In ACADO direct methods, as explained in the previous sections, are imple-
mented. Of the three algorithms discussed in this paper, “Multiple Shooting,
forward lifting, backward lfitng”, only the first two are implemented so far.
Here, several software levels are available: first ACADO comes along with a
symbolic syntax which allows convenient modeling using first principles tech-
niques. This symbolic syntax is based on the C++ operator overloading. The
benefit of this way of implementing right-hand side functions of differen-
tial equation, constraints or objectives is that e.g. automatic detection of
dependencies and dimensions, automatic as well as symbolic differentiation,
convexity detection etc. are available. An example for setting up a simple toy
parameter estimation problem is shown in the code Listing 5.1. The corre-
sponding problem can mathematically be notated as a least squares problem
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Listing 5.1 An implementation of a parameter estimation in ACADO

int main ( ){

D i f f e r e n t i a l S t a t e phi , dphi ; // the s t a t e s of the pendulum
Parameter l , a lpha ; // i t s l eng th and the f r i c t i o n
const double g = 9.81 ; // the g r a v i t a t i ona l constant
Di f f e r e n t i a lEqu at i o n f ; // the model equat ions
Function h ; // the measurement funct ion

// −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
OCP ocp ( 0 . 0 , 2 . 0 ) ; // construc t an OCP
h << phi ; // the s t a t e phi i s measured
ocp . minimizeLSQ( h , ”data . txt ” ) ; // f i t h to the data

f << dot ( phi ) == dphi ; // a symbolic implementation
f << dot ( dphi ) == −(g/ l ) ∗ s i n ( phi ) // of the model

−alpha ∗ dphi ; // equat ions

ocp . subjectTo ( f ) ; // so l v e OCP s . t . the model ,
ocp . subjectTo ( 0 . 0 <= alpha <= 4.0 ) ; // the bounds on alpha
ocp . subjectTo ( 0 . 0 <= l <= 2.0 ) ; // and the bounds on l .

// −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

ParameterEstimationAlgorithm algor i thm ( ocp ) ;
a lgor i thm . so l v e ( ) ;

return 0 ;
}

minimize
φ(·),α,l

∑10
i=1 (φ(ti) − ηi)

2

subject to:

∀t ∈ [0, T ] : φ̈(t) = − g
l φ(t) − αφ̇(t)

0 ≤ α ≤ 4

0 ≤ l ≤ 2

. (5.13)

Here, a simple pendulum is regarded, which consists of the state φ repre-
senting the excitation angle and the state φ̇ denoting the angular velocity.
The constant g = 9.81 is the gravitational constant while the friction coeffi-
cient α and the length l of the cable are only known to lie between certain
bounds. We assume that the state φ has been measured at several times.

The problem can be solved with the data file shown in the left part of
Figure 5.2 while the result for the estimated state is shown in the upper right
part of this figure. Note that the parameter estimation algorithm chooses by
default a Gauss-Newton SQP method using the structure of the least-squares
objective. The result for the parameter estimation is shown in the lower right
part of Figure 5.2. Note that the computation of the standard deviations√
Ci,i of the parameter estimates is based on a linear approximation of in
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ACSII file “data.txt” containing the
measurements:

TIME POINTS MEASUREMENTS
−−−−−−−−−−− −−−−−−−−−−−−
0 .00000 e+00 1.00000 e+00
2.72321e−01 nan
3.72821e−01 5 .75146e−01
7 .25752e−01 −5.91794e−02
9 .06107e−01 −3.54347e−01
1 .23651 e+00 −3.03056e−01
1 .42619 e+00 nan
1.59469 e+00 −9.64208e−02
1 .72029 e+00 −1.97671e−02
2 .00000 e+00 9.35138e−02

The f i t t i n g r e s u l t s :
−−−−−−−−−−−−−−−−−−−−
l
= 1.001 e+00 +/− 1 .734 e−01
alpha = 1.847 e+00 +/− 4 .059 e−01

Fig. 5.2 Data file containing the measurements as well as the fitting results ob-
tained by the Gauss-Newton method applied to problem (5.13). The “nan” values
in the data file are automatically ignored.

the optimal solution as discussed in Section 5.3, i.e. the matrix C is defined
by equation (5.4).

Note that in ACADO operators such as +,-,*,sin etc. are overwritten and
the whole function tree of the dynamic equations, objective and constraints
is stored. Now, the user does not need to provide any dimensions or other
dependency information about the functions as this can be detected inside.

The second level of ACADO tools are integration routines. Here, several
Runge-Kutta as well as BDF integrators are available in order to also deal
with stiff systems. Note that the ACADO integrators come along with inter-
nal automatic differentiation and are also available as a stand-alone package.
The third level of tools implements discretization schemes such as Multiple
Shooting while the fourth level implements optimization algorithm such as
the above discussed Gauss-Newton method. However, there are also other
sequential quadratic programming (SQP) methods with exact Hessians or
BFGS updates available. For more details on the structure of ACADO and
more tutorial examples we refer to [20].

5.6 Conclusions

In this paper, we have provided an overview on the problem classes and nu-
merical algorithm which are employed for non-linear and non-convex state
and parameter estimation tasks. Starting with a general formulation of a
maximum likelihood estimation problem for first-principles models we have
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discussed practical aspects of the formulation. Here, we have introduced
smoothing techniques and commented on the difference between least-squares
optimization and 1-norm formulations. When it comes to the numerical al-
gorithm, generalized Gauss-Newton methods have turned out to be very ef-
ficient in practice. Here, the main problem for non-convex formulations is
that we need a suitable initial guess to start the iterations. This problem can
be addressed by lifting techniques in order to allow both: making the prob-
lem less non-linear and being able to use the measurements to improve the
initialization. In the last part, we have discussed the software environment
ACADO.
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Chapter 6

Using Genetic Programming in Nonlinear
Model Identification

Stephan Winkler�, Michael Affenzeller, Stefan Wagner, Gabriel Kronberger,
and Michael Kommenda

Abstract. In this paper we summarize the use of genetic programming (GP)
in nonlinear system identification: After giving a short introduction to evo-
lutionary computation and genetic algorithms, we describe the basic princi-
ples of genetic programming and how it is used for data based identification
of nonlinear mathematical models. Furthermore, we summarize projects in
which we have successfully applied GP in R&D projects in the last years;
we also give a summary of several algorithmic enhancements that have been
successfully researched in the last years (including offspring selection, on-line
and sliding window GP, operators for monitoring genetic process dynam-
ics, and the design of cooperative evolutionary data mining agents). A short
description of HeuristicLab (HL), the optimization framework developed by
the HEAL research group, and the use of the GP implementations in HL are
given in the appendix of this paper.

6.1 Evolutionary Computation and Genetic Algorithms

Work on what is nowadays called evolutionary computation started in the
sixties of the 20th century, and there are two basic approaches in com-
puter science that copy evolutionary mechanisms: evolution strategies (ES)
and genetic algorithms (GA). Genetic algorithms go back to Holland [6], an
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American computer scientist and psychologist who developed his theory not
only under the aspect of solving optimization problems but also to study self-
adaptiveness in biological processes; the theoretical foundations of evolution
strategies were formed by Rechenberg and Schwefel (see for example [17] or
[18]). Both attempts work with a population model whereby the genetic infor-
mation of each individual of a population is in general different. Among other
things this genotype includes a parameter vector which contains all necessary
information about the properties of a certain individual. Before the intrinsic
evolutionary process takes place, the population is initialized arbitrarily; evo-
lution, i.e., replacement of the old generation by a new generation, proceeds
until a certain termination criterion is fulfilled.

Concerning its internal functioning, a genetic algorithm is an iterative
procedure which usually operates on a population of constant size and is
basically executed in the following way: An initial population of individuals
(also called “solution candidates” or “chromosomes”) is generated randomly
or heuristically. During each iteration step, also called a “generation,” the
individuals of the current population are evaluated and assigned a certain
fitness value. In order to form a new population, individuals are first selected
(usually with a probability proportional to their relative fitness values), and
then produce offspring candidates which in turn form the next generation
of parents. This ensures that the expected number of times an individual
is chosen is approximately proportional to its relative performance in the
population. For producing new solution candidates genetic algorithms use
two operators, namely crossover and mutation:

• Crossover is the primary genetic operator: It takes two individuals, called
parents, and produces one or two new individuals, called offspring, by
combining parts of the parents. In its simplest form, the operator works
by swapping (exchanging) parts of the parents’ genetic make-up before
and after a randomly selected crossover point.

• The second genetic operator, mutation, is essentially an arbitrary modi-
fication which helps to prevent premature convergence by randomly sam-
pling new points in the search space. In the case of bit strings, mutation
is applied by simply flipping bits randomly in a string with a certain
probability called mutation rate.

Genetic algorithms are stochastic iterative algorithms, which cannot guar-
antee convergence; termination is hereby commonly triggered by reaching a
maximum number of generations or by finding an acceptable solution or more
sophisticated termination criteria indicating premature convergence.

Overviews and detailed descriptions of GAs and adequate genetic operators
for selected optimization problems can for example be found in [6], [15] and
the authors’ book [3].
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6.2 Genetic Programming and Its Use in System
Identification

6.2.1 Basics of Genetic Programming

Genetic programming (GP, [9]), an extension of the genetic algorithm, is a
domain-independent, biologically inspired method that is able to create com-
puter programs from a high-level problem statement. GP was first explored
in depth in 1992 by John R. Koza who pointed out that virtually all problems
in artificial intelligence, machine learning, adaptive systems, and automated
learning can be recast as a search for computer programs, and that genetic
programming provides a way to successfully conduct the search in the space
of computer programs. Similar to GAs, GP works by imitating aspects of
natural evolution to generate a solution that maximizes (or minimizes) some
fitness function; a population of solution candidates evolves through many
generations towards a solution using evolutionary operators and a “survival
of the fittest” selection scheme. Whereas GAs are intended to find an array
of characters or integers representing the solution of a given problem, the
goal of a GP process is to produce a computer program solving the optimiza-
tion problem at hand. Typically, a GP population contains a few hundred
or thousand individuals and evolves through the action of operators known
as crossover, mutation and selection; as in every evolutionary process, new
individuals (in GP’s case, new programs) are created, tested, and the fitter
ones in the population succeed in creating children of their own, whereas un-
fit ones are removed from the population. Theory and application scenarios
have been widely discussed [9], [13], [25].

As genetic programming is an extension to the genetic algorithm, GP also
uses two main operators for producing new solution candidates in the search
space, namely crossover and mutation: In the case of genetic programming,
crossover is seen as the exchange of parts of programs resulting in new pro-
gram structures, and mutation is applied by modifying a randomly chosen
node of the respective structure tree: A sub-tree could be deleted or replaced
by a randomly re-initialized sub-tree, or a function node could for example
change its function type or turn into a terminal node. Of course, numer-
ous other mutation variants are possible, many of them depending on the
problem and chromosome representation chosen. Figure 6.1 shows exemplary
operations on structure trees representing formulas in GP.

Figure 6.2 illustrates the main components of the GP process as also given
for example in [13]; please note that this chart shows an enhanced version of
the GP cycle also including offspring selection as described in Section 6.4.1.2.
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Fig. 6.1 Exemplary operations on structure trees representing formulas in GP:
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Fig. 6.2 The genetic programming cycle including offspring selection.

6.2.2 Evolutionary Structure Identification Using
Genetic Programming

One of the ways how GP can be used in data based modeling is its application
in systems analysis: A given system is to be analyzed and its behavior mod-
eled by a mathematical model; this process is (especially in the context of
modeling dynamic physical systems) called system identification [14]. In this
context we use data including a set of variables (features), of which one (or
more) is (are) specified as the target variable(s); target variables are to be de-
scribed using other variables and a mathematical model. Modeling numerical
data consisting of values of a target variable and of one or more independent
variables (also denoted as explanatory variables) is called regression.

In principle, the main goal of regression is to determine the relationship
of a dependent (target) variable t to a set of specified independent (input)
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variables x. Thus, what we want to get is a function f that uses x and a set
of coefficients w such that

t = f(x,w) + ε (6.1)

where ε represents the error (noise) term.
Applying this procedure we assume that a model can be created with

which it will also be able to predict correct outputs for other data examples
(test samples). From the training data we want to generalize to situations
not known (or allowed to analyze) during the training phase. Using genetic
programming for data-based modeling has the advantage that we are able to
design an identification process that automatically incorporates variables se-
lection, structural identification and parameters optimization in one process.

When it comes to evaluating a model (i.e., a solution candidate in a GP
based modeling algorithm), the formula has to be evaluated on a certain
set of evaluation (training) data X yielding the estimated values E. These
estimated target values are compared to the original values T , i.e. those which
are known from experiments or calculated applying the original formula to
X . This comparison is done by calculating the error between original and
calculated target values; there are several ways how to measure this error,
one of the simplest and probably most frequently used ones is the mean
squared error (mse) function.

Accuracy on training data is not the only requirement for the result of the
modeling process, compact (and if possible minimal) models are preferred
as they can be used in other applications easier. One of the major problems
of in data-based modeling is overfitting: It is, of course, not easy to find
that models that ignore unimportant details and capture the behavior of
the system that is analyzed. Due to this challenging character of the task of
system identification, modeling has been considered as “an art” [16].

When applying genetic programming to data-based modeling the function
f , which is searched for, is not of any pre-specified form; low-level functions
are during the GP process combined to more complex formulas. Given a set
of functions f1, . . . , fu, the overall function induced by genetic programming
can take a variety of forms. Usually, standard arithmetical functions such as
addition, subtraction, multiplication, and division are considered, but also
trigonometric, logical, and more complex functions can be included. Thus,
the key feature of this technique is that the object of search is a symbolic
description of a model, not just a set of coefficients in a pre-specified model.
Of course, the models created by GP also include coefficients and constants,
these are also optimized by the evolutionary process (i.e., by the interplay of
random creation, mutation, crossover, and selection). This is in sharp con-
trast with other methods of regression, including linear regression, polyno-
mial approaches, or also artificial neural networks, where a specific structure
is assumed and often only the complexity of this model can be varied.
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6.3 Application Examples

We have in recent years successfully applied GP-based system identification,
especially in the context of identifying models for technical, mechatronical
systems as well as in the analysis of medical data sets. In the two following
sections we give a compact introduction to these application fields and some
examples; an extensive overview of these application fields, a lot of application
examples and empirical analysis of algorithmic enhancements of the GP-
based system identification process can for example be found in [25].

6.3.1 Designing Virtual Sensors for Emissions (NOx,
Soot) of Motor Engines

The first research work of members of the Heuristic and Evolutionary Algo-
rithms Laboratory (HEAL) in the area of system identification using GP was
done in cooperation with the Institute for Design and Control of Mechatron-
ical Systems (DesCon) at JKU Linz, Austria. The framework and the main
infrastructure was given by DesCon who maintain a dynamical motor test
bench (manufactured by AVL, Graz, Austria). A BMW diesel engine is in-
stalled on this test bench, and a lot of parameters of the ECU (engine control
unit) as well as engine parameters and emissions are measured; for example,
air mass flows, temperatures, and boost pressure values are measured, nitric
oxides (NOx, to be described later) are measured using a Horiba Mexa 7000
combustion analyzer, and an opacimeter is used for estimating the opacity
of the engine’s emissions (in order to measure the emission of particulate
matters, i.e., soot).

In general, being able to predict emissions on-line (i.e., during engine op-
eration) would be very helpful for low emissions engine control. While NOx

formation is widely understood (see for example [5] and the references given
therein), the computation of NOx and soot turns out to be too complex and -
at the moment - not easy to be used for control. The reason for this is that in
theory it would be possible to calculate the engine’s emissions if all relevant
parameters (pressures, temperatures, . . . ) of the combustion chambers were
known, but (at least at the moment) we are not able to measure all these
values.

In this context, our goal is to use system identification approaches in order
to create models that are designed to replace or support physical sensors; we
want to have models that can be potentially used instead of these physical
sensors (which can be damageable or simply expensive). This is why we are
here dealing with the design of so-called virtual sensors.

During several years of research on the identification of NOx and soot
emissions, members of DesCon have tried several modeling approaches, some
of them being purely data-based as for example those using artificial neural
networks (ANNs). These results were not very satisfying, as is for example
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documented in [5]: Even though modeling quality on training data was very
good, the model’s ability to predict correct values for operating points not
included in the training data was very poor. This is why it was decided at
DesCon to initiate research on the ability of GP to produce reasonable virtual
sensors for diesel engines; we are here once again thankful to Prof. del Re for
initiating these studies.

In the last years, the authors have published numerous publications in
which the research results on the evolutionary design of virtual sensors for
emissions of diesel engines have been described; details can for example be
found in [4], [5], [27], [28], [35], [37], [38], [25], and [3]. As summarized in
[38], we have seen that GP has shown to be a viable alternative to much
better established methods (as for example the NARX polynomial modeling
approach), with validation results absolutely comparable, if not superior.
Differently from classes like the polynomial ARX models, GP is able to build
new function kernels which can allow a much better insight into the system.
Of course, as for every heuristic method, there is no guarantee for it and
the computational effort can become rather large, but it can provide a very
interesting and probably unique approach to the system model, in this case
to the emissions.

Screenshots of the evaluation of a model for NOx emissions produced by
GP implemented in HL3.3 are shown in the appendix of this paper.

6.3.2 Quality Pre-assessment in Steel Industry Using
Data Based Estimators

Within a cooperation project of the Institute for Design and Control of
Mechatronical Systems at Johannes Kepler University Linz, Austria, and the
Industrial Competence Center for Metallurgical Process Engineering, Aus-
tria, we have used several variables selection and data based classification
methods (linear modeling, k-nearest-neighbor modeling, neural networks, and
GP) for designing quality pre-assessment models for a steel production pro-
cess; the goal of this work was to examine the ability of data based estimators
to formulate models that predict the final quality of steel products (as binary
output value, i.e., “ok” or “not ok”) on the basis of process parameter values.

Quality assessment is a standard and central issue in industrial processes
and is usually performed on the basis of an inspection of the final product, ei-
ther by a human operator or in a computer assisted way. The latter approach
includes usually an automatic inspection and/or classification method, very
often based on pattern recognition tools. A much more appealing possibility,
however, consists in performing an indirect assessment, i.e. without visual
inspection of the final product. These methods can include intermediate pro-
cess data and are therefore not necessarily predictive in a strict sense, but
offer the essential advantage of allowing to understand the relationships be-
tween process quantities and quality. To this end, different approaches can
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be used, in particular a classical issue is the choice or combination of model
based vs. data based approaches.

Essentially, the results of this case study can be summarized as follows:

• It is indeed possible to implement an automatic quality assessment
scheme which reproduces rather well the results of the human inspec-
tion of the final product.

• The specific choice of the modeling algorithms, as long as nonlinear mod-
eling methods are used, is not the critical issue.

• The binary decision on the quality by the human operator is the crisp
expression of a continuous value, and therefore is the wrong quantity on
which to train the algorithms.

• Even though large amounts of data are recorded on typical steel (and
other) industrial plants, they might not contain the necessary informa-
tion.

Detailed descriptions of the results achieved in this project have been pub-
lished in [36] and [25].

6.3.3 Medical Data Analysis

Apart from applications of GP in the analysis of data of technical systems,
we have also done intensive research on the analysis of medical data using
heuristic data mining methods. We have described our research results (es-
pecially on the data based design of prediction models for the presence of
tumors and other diseases) in numerous publications, please see for example
[29], [34], [25], [3], or [26] for details.

6.4 Algorithmic Enhancements

6.4.1 Enhanced Selection Concepts

6.4.1.1 Gender Specific Parents Selection

Inspired by the idea of male vigor and female choice as it is considered in
the model of sexual selection discussed in the area of population genetics, a
new selection paradigm for GAs called SexualGA has been developed [20].
The main idea of this gender specific selection scheme is to use two differ-
ent selection schemes for the selection of the two parents required for each
crossover. So it becomes possible to simulate the concept of male vigor and
female choice by using random selection as the first selection scheme and
another selection strategy with far more selection pressure as the second one
(e.g. roulette wheel selection or linear rank selection).

This gender specific selection concept not only brings the concept of GAs a
little bit more towards its biological archetype, but it also has relevant advan-
tages compared to classical GA approaches particularly concerning flexibility.
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By using two different selection concepts simultaneously a GA user can in-
fluence the selection pressure level of a GA run more precisely. It is thus
also possible to control the interplay between genetic diversity supporting
and reducing forces in a more directed way and to better tune GA behav-
ior depending on the individual needs of the attacked optimization problem.
Further discussions and a comparison of solution qualities achieved using this
principle can for example be found in [20].

6.4.1.2 Offspring Selection

Offspring selection (OS, [1], [2], [3]) considers not only the fitness of the
parents in order to produce a child for the ongoing evolutionary process. Ad-
ditionally, the fitness value of the evenly produced offspring is compared with
the fitness values of its own parents. Offspring is accepted as a candidate for
the further evolutionary process if and only if the reproduction and possibly
the mutation operator were able to produce an offspring that could outper-
form the fitness of its own parents. This strategy guarantees that evolution is
presumed mainly with crossover results that were able to mix the properties
of their parents in an advantageous way.

As in the case of conventional GAs or GP, offspring are generated by parent
selection, crossover, and mutation. In a second (offspring) selection step, the
number of offspring to be generated is defined to depend on a predefined
ratio parameter giving the quotient of next generation members that have to
outperform their own parents (success ratio, SuccRatio). As long as this ratio
is not fulfilled, further children are created and only the successful offspring
will definitely become members of the next generation. When the postulated
ratio is reached, the rest of the next generation members are randomly chosen
from the children that did not reach the success criterion.

When using this selection model, the selection pressure selPres is a mea-
sure for the effort that is necessary to produce a sufficient number of successful
solutions; it is defined as the ratio of generated candidates to the population
size:

selPres =
|virtualPOP | + |POP | · SuccRatio

|POP | (6.2)

where virtualPOP denotes the virtual population, the pool of solutions that
are not considered immediately but might be inserted into the new population
as “lucky losers”. An upper limit for selection pressure gives a quite intuitive
termination heuristics: If it is no more possible to find a sufficient number of
offspring that outperform their parents, the algorithm terminates.

In the context of GP applications we have seen that maximally strict set-
tings of OS yield best results, i.e., we have set SuccRatio and the comparison
factor (that determines the quality threshold for crossover products before
the offspring selection step) to 1.0. Figure 6.3 schematically displays this
strict variant of offspring selection.
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Fig. 6.3 Flowchart for embedding a simplified version of offspring selection into
the GP based machine learning process.

6.4.2 On-Line and Sliding Window Genetic
Programming

The idea of sliding window behavior in computer science is not novel; in
machine learning, drifting concepts are often handled by moving the scope
(of either fixed or adaptive size) over the training data (see for example [23]
or [7]). The main idea is the following: Instead of considering all training data
for training models (in the case of GP, for evaluating the models produced),
the algorithm initially only considers a part of the data. Then, after executing
learning routines on the basis of this part of the data, the range of samples
under consideration is shifted by a certain offset. Thus, the window of samples
considered is moved, it slides along the training data; this is why we are
talking about sliding window behavior.

When it comes to GP based structure identification, sliding window ap-
proaches are not all too common; in general, the method is seen as a global
optimization method working on a set of training samples (which are com-
pletely considered by the algorithm within the evaluation of solution candi-
dates). On the contrary, GP is often even considered as an explicitly off-line,
global optimization technique. Nevertheless, during research activities in the
field of on-line systems identification [35], we discovered several surprising as-
pects. In general, on-line GP was able to identify models describing a diesel
engine’s NOx emissions remarkably fast; the even more astonishing fact was
that these models were even less prone to overfitting than those created using
standard methods. After further test series and reconsidering the basic algo-
rithmic processes, these facts did not seem to be surprising to us anymore:
On the one hand, especially the fact that the environment, i.e. the training
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data currently considered by the algorithm, is not constant but rather chang-
ing during the execution of the training process, contributes positively to the
models’ quality, it obviously decreases the threat of overfitting. On the other
hand, the interplay of a changing data basis and models created using dif-
ferent data also seems to be contributing in a positive way. As the on-line
algorithm is executed and evaluates models using (new) current training data
forgetting samples that were recorded in the beginning, those “old” data are
really forgotten from the algorithm’s point of view. Still, the models created
on the basis of these old data are still present. The behavior that results out
of this procedure is more or less that several possible models that explain
the first part of the data are created, and as the scope is moved during the
algorithm’s execution, only those models are successful that are also able to
explain “new” training data.

So, the most self-evident conclusion was that these benefits of online train-
ing should be transferred to off-line training using GP. The idea for selection
pressure driven sliding window GP (described in [30] and [25]) is to initially
reduce the amount of data that is available for the algorithm as identification
data. As the identification process is executed, better and better models are
created which leads to a rise of the selection pressure; as soon as the selection
pressure reaches a predefined maximum value, the limits of the identification
data are shifted and the algorithm goes on considering another part of the
available identification data set. This procedure is then repeated until the
actual training data scope has reached the end of the training data set avail-
able for the identification algorithm, i.e. when all data have been considered.
By doing so, the algorithm is even less exposed to overfitting, and due to the
fact that the models created are evaluated on much smaller data sets we also
expect a significant decrease of runtime consumption.

6.4.3 Cooperative Evolutionary Data Mining Agents

One of the disadvantages of GP is that it takes a long time until the result of
a run is available; especially for non-trivial data sets it is usually necessary
to analyze the result of a previous run before a new run can be started for
instance to counteract over or under fitting or to exclude dominant input
variables. This is an even bigger problem for domain experts who do not
fully understand the internal details of GP and thus often have problems to
configure the algorithm correctly. Usually a few iterations are necessary until
a configuration for the algorithm is found that works for data mining task
at hand. However, even when such a configuration has been found there is
another aspect that causes friction in the knowledge discovery process.

One approach to improve the discovery of more detailed knowledge is to
run many independent GP processes to generate a large number of models
for each possible target variable with different complexities and to extend
the data mining process to search for implicit dependencies between input
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variables. In combination with an interactive user-interface to filter and ana-
lyze the generated models and to compose simple models to hierarchic mod-
els the user gains new knowledge step by step while investigating the set of
models.

This approach to use cooperative evolutionary data mining agents (CED-
MA) has for example been described in [11]: The authors have there described
the architecture of a distributed data mining system in which genetic pro-
gramming agents create a large amount of structurally different models which
are stored in a model database. A search engine for models that is connected
to this database allows interactive exploration and analysis of models, and
composition of simple models to hierarchical models. The search engine is
the crucial component of the system in the sense that it supports knowledge
discovery and paves the way for the goal of finding interesting hidden causal
relations.

Figure 6.4 shows how the standard GP process could be improved by
using parallelism to run different GP processes at the same time. Each of the
distributed genetic programming agents has different settings for the target
variable, maximally allowed model complexity and the set of allowed input
variables. Controller agents create new GP jobs and coordinate the running
GP agents. It would be interesting to have more intelligent controller agents
which try to predict which models are more interesting for the user and guide
the GP agents to search especially for such models; this remains a topic for
future research.

Fig. 6.4 In the context of CEDMA, distributed GP agents continuously analyze
the data set and store new models in the database. These models can be analyzed
separately or combined to models describing the overall system behavior.
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An especially interesting aspect is the intelligent coordination and control
of GP agents: On the one hand these agents should be used for finding differ-
ent models that describe the analyzed process in different ways, on the other
hand the models found by the agents (that describe different aspects of the
system or target variables) should be combined to models that describe the
whole system.

6.5 Algorithm Analysis: Population Diversity
Dynamics

Of course, any modification of the standard GP procedure can have severe
effects on internal genetic processes and population dynamics in GP; espe-
cially the use of strict offspring selection influences the GP process signifi-
cantly. This is why we have used several approaches to describe and analyze
GP population dynamics as for example the following ones:

• We have analyzed genetic propagation in GP in order to find out which
individuals of the population are more or less able to pass on their genetic
material to the next generation. On the one hand, better individuals
(providing better genetic material) are supposed to pass on their genetic
make-up more than other individuals; still, of course for the sake of genetic
diversity also solutions that are not that good should also be able to
contribute to the genetic process. In [31] and [25] we have summarized
empirical studies using several data sets for analyzing the differences in
GP population dynamics of different variants of genetic programming.

• When analyzing genetic diversity in GP we systematically compare the
structural components of solutions in a GP population and so calculate
how similar the individuals are to each other. Of course, on the one hand
the GP optimization process is supposed to converge so that eventually
all solutions will be more or less similar to each other, but on the other
hand the genetic diversity should be maintained as long as possible (or
necessary) in order to keep the genetic process active. In [32], [25], and
[33] we have explained methods how to measure structural similarities in
models, and we have also analyzed the respective differences discovered
in various variants of genetic programming; examples of the graphical
representation of the progress of solutions similarity in GP processes is
shown in Figure 6.5.
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Fig. 6.5 Population diversity analysis: The progress of the mutual solution simi-
larity in an exemplary standard GP process (shown in the upper figure) and in an
exemplary GP process with strict offspring selection (shown in the lower figure).
These figures are taken from [24].
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Appendix: The HeuristicLab Framework for Heuristic
Optimization

HeuristicLab (HL) is an optimization environment which has continuously
evolved since 2002. By incorporating beneficial features of existing frame-
works as well as several novel concepts, HeuristicLab represents a powerful
and mature framework (written in C# using the Microsoft .NET framework)
which can be used for the development, analysis, comparison, and productive
application of heuristic optimization algorithms. In the course of the develop-
ment of HeuristicLab, from the first major version to the most recent version
3.3 (HL3), the architecture has gone through several major changes. Similar
to many other frameworks the separation of algorithms and problems was one
of the initial core concepts; in the most recent version of HL an algorithm
is represented by a customizable graph of operations that can be specified
and modified even down to very detailed levels in the GUI itself. The ex-
perimentation possibilities allow defining, executing, and analyzing runs of
algorithms with different parameter settings in one place.

The following list highlights the most important aspects influencing the
HeuristicLab development process:

• Paradigm independence: HeuristicLab is an environment for heuristic
optimization in general and is not limited to any specific optimization
paradigm or optimization problem. Due to a very high level of abstraction
it is possible to implement very different kinds of optimization algorithms
and problems for HeuristicLab. This approach has already proven its
worth as lots of different algorithms and problems are already available
within the HeuristicLab environment.

• Plug-in architecture: HeuristicLab builds upon a plugin architecture
so that it can be extended without developers having to touch the original
source code [22]. A lightweight plugin concept is implemented in Heuristi-
cLab by keeping the coupling between plugins very simple: Collaboration
between plugins is described by interfaces. The plugin management mech-
anism contains a discovery service that can be used to retrieve all types
implementing an interface required by the developer; it takes care of lo-
cating all installed plugins, scanning for types, and instantiating objects.
As a result, building extensible applications is just as easy as defining
appropriate interfaces (contracts) and using the discovery service to re-
trieve all objects fulfilling a contract. Every HeuristicLab feature, even
the Optimizer user interface, is available as a plugin. It is possible to
easily derive completely customized GUIs tailored to very specific ap-
plications or bundle specific plugins into packages, so that users can be
given exactly the functionality they need.

• Usability: In spite of the high level of abstraction HeuristicLab is not
just another optimization library but should be understood as optimiza-
tion environment. Usability and user-friendliness are very important as
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HeuristicLab is not only used for rapid algorithm and problem develop-
ment but also as optimization tool in industrial projects and as support-
ing tool in university courses. HeuristicLab provides a state-of-the-art
graphical user interface, is very easy to install, and includes comprehen-
sive documentation. The genericity of HL allows to build almost any kind
of algorithm through a click-and-drag user interface.

• Algorithm model: The core of HeuristicLab is its algorithm model [21].
It is very easy to understand on an abstract level, but naturally reveals
more complexity the deeper one descends into it. However, luckily for
most users, understanding more than the abstract level of the core lan-
guage is not necessary for applying heuristic optimization. The modular-
ity of HL allows to combine any number of operators which can be saved
and reused. The algorithms that are created in HL are saved in files called
workbenches which can be distributed and modified; thus, algorithm de-
velopment does not happen in a programming language anymore and
parts of the algorithms can be shared among workbenches.

• Scalability: The scalability of HL allows to fully use a multi-core ma-
chine or even a multicomputer parallel system such as a cluster making
use of today’s increased parallel processing power.

The architecture of HL has been described in several publications; the
most detailed overview is given in the PhD thesis of Stefan Wagner [19]. An
overview of the publications of the HEAL research group can be found online
on the research group’s website2.

The software framework is released under the GNU General Public Li-
cense (GPL). The source code as well as a binary version of the environment
can be downloaded from the HL website3; interested readers may also find
screenshots and other development related material there.

Genetic Programming Based System Identification in HeuristicLab

Genetic programming has already been implemented in several versions of
HeuristicLab; the architecture of these implementations as well as their ap-
plication in several research projects have been published in numerous con-
ference papers, journal articles, and one PhD thesis.

For example, the identification of nonlinear models in the context of tech-
nical systems using GP in HL1 and HL2 has been described in [35], [29], [32],
[34], the authors’ book [3] and the PhD thesis of Stephan Winkler [25].

The GP implementation in the most recent version of HL (HL3) has for
example been applied for evolving cooperative GP agents (as described in
Section 6.4.3 as well as in the analysis of temper mill data sets and blast
furnace processes; please see for example [11], [12], [10] and [8] for details.
The following Figures 6.6, 6.7, and 6.8 show screenshots of a GP application
2 http://heal.heuristiclab.com/publications
3 http://dev.heuristiclab.com
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implemented in HL3: Data measured at the motor engine test bench of the
Institute for Design and Control of Mechatronical Systems at JKU Linz have
been used for identifying models that describe the NOx emissions of a BMW
diesel engine.

Fig. 6.6 GP in HL3: Visualization of measured vs. modeled target values (NOx

emissions of a BMW diesel engine).

Fig. 6.7 GP in HL3: Visualization of a model for the NOx emissions of a BMW
diesel engine, generated using GP.



6 Using Genetic Programming in Nonlinear Model Identification 109

Fig. 6.8 GP in HL3: Variable frequencies in a GP process modeling the NOx

emissions of a BMW diesel engine.



Chapter 7

Markov Chain Modeling and On-Board
Identification for Automotive Vehicles

Dimitar P. Filev and Ilya Kolmanovsky

Abstract. The paper considers issues and algorithmic approaches related
to modeling and identification of Markov Chain type models for vehicle ap-
plications. The use of Markov Chain models in these applications is stim-
ulated by their ability to reflect aggregate vehicle operating conditions and
induce “best on average” control policies based on application of stochas-
tic dynamic programming and stochastic Model Predictive Control. A novel
fuzzy encoding approach of continuous signals is proposed in which a sig-
nal value is simultaneously associated with multiple cells, and it is shown to
enhance identification and prediction accuracy of Markov Chain type mod-
els. A computationally simple identification algorithm, suitable for on-board
applications, is proposed to learn Markov Chain transition probabilities in
real-time. Examples of real-time learning models of vehicle speed and road
grade are reported to illustrate the overall identification approach.

7.1 Introduction

Traditionally, fuel economy improvement efforts in the automotive indus-
try have focused on the development of improved engines, transmissions,
and lighter-weight vehicles. Recently, growing computing power and infor-
mation connectivity (through sensors, GPS, digital maps, road and traffic in-
formation systems, wireless internet, vehicle-to-vehicle communication, etc.)
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provided further, transformational opportunities to improve vehicle fuel ef-
ficiency. Some of the main research and technological challenges to realize
these opportunities are in the development of algorithms that can continu-
ously monitor and analyze driving conditions (terrain, traffic, etc.) and driver
behavior and their impact on the fuel efficiency, and either offer an intelligent
advice to the driver or automatically adjust vehicle control strategy, while
minimizing the detrimental effects of disturbing and annoying the driver.

As an example, we have recently considered powertrain control strategies
which are optimized for frequently travelling in a given geographic region [8].
A control policy for adjusting vehicle speed has been defined which, on one
hand, is responsive only to current operating conditions, as is the case for the
conventional powertrain control strategy, but on the other hand, it provides
best on-average performance (in terms of fuel economy and travel time) when
travelling frequently in this region. Markov Chain type models [2, 3] were
used to aggregate and summarize terrain and traffic properties and stochastic
dynamic programming was applied to generate an optimal control policy.
Several other references (see e.g., [7, 11, 14, 15, 17]) have considered the use of
Markov Chain type models to represent driving conditions and obtain control
policies using stochastic dynamic programming, stochastic Model Predictive
Control and reinforcement learning.

Markov Chains models are typically applied to sampled signals, where a
signal is considered to be in one of a finite number of states. To treat signals
which vary in a continuous range an encoding scheme needs to be introduced
to attribute the signal value to one of the states of the finite-state Markov
Chain. The common approach is to use interval partitioning associating each
interval with a discrete Markov Chain state.

Since interval type encoding is a special case of a more general process of in-
formation granulation [16], alternative granulation paradigms, e.g. those based
on the use of fuzzy sets or rough sets, can also be employed as transformations
assigning continuous signal values to discrete states. This approach has been
suggested in our previous work [5], where it was shown that introducing fuzzy
encoding can be advantageous but it involves numerous theoretical and algo-
rithmic issues that are not evident consequences of the conventional Markov
Chain theory. In [6] we generalized Chapman-Kolmogorov theorem to the case
of Markov chain models with fuzzy encoding and in [5] we have highlighted the
use of fuzzy encoding in facilitating Markov Chain aggregation.

The objective of this paper is to further consider issues and algorithmic ap-
proaches related to modeling and identification of Markov Chain type models
based on fuzzy encoding for real-time vehicle applications. In Section 12.1.1
Markov chains based on interval and fuzzy granulation are introduced and
compared, assuming that a signal being modeled is a scalar. A computa-
tionally simple identification algorithm (as compared e.g., to Baum-Welch
algorithm in [1]), suitable for on-board applications, is proposed to learn
Markov Chain transition probabilities in real-time in Section 12.2. In Sec-
tion 12.3 we consider the case of a vector signal being modeled and present
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an aggregation approach to signal values to reduce the number of Markov
chain states. Finally, concluding remarks are made in Section 7.5.

7.2 Generalization of Conventional Markov Chain
through Interval and Fuzzy Granulation

A conventional finite-state Markov chain is a stochastic process with finite
number of states satisfying the Markov assumption [2, 3] - the future is inde-
pendent of the past given present. We denote the state space of the finite state
Markov chain as S = {x̄j , j = 1, · · · ,M} ⊂ X where X ⊂ R is a bounded
set, and we introduce transition probabilities as

πij = P
(
x+ = x̄j |x = x̄i

)
, (7.1)

which form a transition probability matrix, Π . For a given x = x̄i the next
state inferred by the Markov chain is the one that maximizes the probability
distribution corresponding to x̄i:

x+ = x̄j , if x = x̄i, j ∈ arg max
k

πik.

The transition probabilities may be estimated from the frequencies of ob-
served transitions between the states, i.e.,

πij ≈ Nij

Noi
. (7.2)

In (7.2), Nij denotes the number of observed transitions from state x̄i to

state x̄j over a given time interval, and N0i =
M∑

j=1

Nij is the total number

of transitions that are initiated from the state x̄i. The present and one step-
ahead state probability vectors (i.e., vectors of probabilities of x taking one
of finite values, x̄j) are linked through transition probabilities as

(p+)T = pTΠ,

and for t > 1 steps ahead by the Chapman-Kolmogorov equation [2] implying
that:

(p+t)T = pTΠt. (7.3)

In the case when x, x+ can take arbitrary values in X (e.g., they repre-
sent a physical quantity) encoding may be used to transform the continuous
domain of x, x+ to a discrete one so that the main Markov chain concepts
may be applied. The main idea is to introduce a finite set of granules rep-
resenting the states of the chain, use the granules to code x, x+, apply the
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Markov approach to the granular representation, and then decode the result
back to the original continuous domain. In the remainder of this section we
consider two granulation techniques – interval and fuzzy encoding. The dif-
ferences between the conventional Markov chain and the generalized Markov
chain models that are based on interval or fuzzy encoding are illustrated in
Figure 12.1.

Fig. 7.1 Markov chain models: conventional (top, left), interval encoding-based
(top, right) and fuzzy encoding-based (bottom).

7.2.1 Markov Chains with Interval Encoding

The interval encoding approach is based on partitioning X into a finite set of
disjunct intervals, Ij , j = 1, · · · ,M, and assigning to each interval a Markov
chain state, x̄j ∈ Ij , which is typically the midpoint of the interval Ij . The
state x is considered to be in the discrete state x̄j if x ∈ Ij .

Based on this interval partitioning, the continuous real valued state x0 ∈ Ij
may be encoded as an M−dimensional probability vector with the j th element
equal to 1 and all remaining elements equal to zero:
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αT (x0) =
[
0 · · · 1 · · · 0

]
. (7.4)

For a given x0 ∈ Ij the next state inferred by the Markov chain can be cal-
culated as the one that maximizes the probability distribution corresponding
to x̄j :

x+
0 = x̄i, if x0 ∈ Ij , i ∈ argmax

k
πjk (7.5)

or, alternatively, as the expectation based on the interval centers:

x+
0 =

M∑
i=1

πij x̄i, if x0 ∈ Ij .

In a more general setting, the above expression of the expectation based
inferred value can be formally re-written in a matrix form:

x+
0 = αT (x0)Π x̄+ (7.6)

where x̄+ is the vector of the interval midpoints x̄j ∈ Ij . Therefore, the
interval encoding in the example shown in Figure 12.1 infers a deterministic
output x+that can be expressed by either

x+ = x̄+
j , j = arg max

k
π2k,

or
x+ = π21x̄

+
1 + π22x̄

+
2 + π23x̄

+
3 .

Transition probabilities may be estimated analogously to the case of conven-
tional finite-state Markov chain [10].

7.2.2 Markov Chains with Fuzzy Encoding

We introduced fuzzy encoding in [5] motivated by the approximation proper-
ties of fuzzy granules. Following the theory of approximate reasoning [12, 18],
we consider fuzzy subsets Aj , rather than intervals, defined by their mem-
bership functions

aj(x) : X → [0, 1]; ∀x ∈ X, ∃ j, 1 ≤ j ≤ M,aj(x) �= 0. (7.7)

Fuzzy encoding provides an additional opportunity to interpolate between
multiple Markov chain states based on the degree of membership (closeness)
of the random input x to the individual states - a property that is not available
in the interval encoding [5].
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Unlike interval encoding, in the fuzzy encoding case, a single x ∈ X may be
associated with several states x̄j of the underlying finite-state Markov chain
model. As shown in Figure 12.1, in the case of interval encoding the state
variable x belongs to one of the intervals, specifically to I2 in Figure 12.1.
The next state probability distribution is the one that is associated with the
second interval, i.e. the second row of the transition probability matrix. In
the case of fuzzy encoding, the state variable x belongs simultaneously to
the fuzzy subsets A2 and A3, with different degrees of membership a2(x) and
a3(x).

From Figure 12.1 one can easily grasp the similarity between the concepts
of Markov chains with interval or fuzzy encoding and rule-based systems.
The Markov chain with interval encoding resembles a set of M2 Boolean
logic rules which operate on the interval granules Ii while the Markov chain
with fuzzy granulation can be expressed as a collection of M2 rules with fuzzy
predicates of the form

If x is Ai Then x+ is Aj with weight πij (7.8)

where rule weights πij , i, j = 1, · · · ,M , are the elements of the transition
probability matrix Π . The antecedent subsets are defined by their member-
ship functions a(x) on the universe of x. The consequent subsets are defined
by the same membership functions a(x+) but on the universe of x+. The rule
weights represent the credibility (frequency) of the antecedent / consequent
relations that are covered by the rules; see e.g. [12] and [18] for the frequency
interpretation of the weights. Following this analogy and the fundamentals of
the theory of approximate reasoning we introduced some of the basic ideas of
using Markov chains with fuzzy encoding as an on-board modeling tool [5].
The main results are summarized below.

Using the membership functions, the continuous real valued state x0 may
be encoded as a possibility vector of the degrees membership of x0 to each
of the subsets Aj :

α̃T (x0) =
[
a1(x0) a2(x0) · · · aM (x0)

]
(7.9)

The possibility vector α̃(x0) is analogous to the concepts of the “degree of
firing,”, “firing level” [18] of a rule and characterizes the measure of similarity
(compatibility, matching) between x0 and the subsets Aj .

For a numerical (crisp) state x0 each rule with antecedent Ai is fired with
firing level α̃i(x0) by (7.8) and infers a fuzzy subset (possibility distribution):

χ+
i (x0) = α̃i(x0)

M∑
j=1

πijaj(x+)

= α̃i(x0)ΠT
i a(x

+) (7.10)
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By aggregating the subsets χ+
i (x0) with weights α(x0) that are proportional

to the firing levels of the rules α̃i(x0) we obtain for the overall possibility
distribution χ+(x0) generated by the rules (see [12, 18]):

χ+(x0) =

M∑
i=1

α̃i(x0)
M∑

j=1

πijaj(x+)

M∑
i=1

α̃i(x0)
M∑

j=1

πij

=

M∑
i=1

α̃i(x0)ΠT
i a(x

+)

M∑
i=1

α̃i(x0)

=
M∑
i=1

αi(x0)ΠT
i a(x

+) = αT (x0)Π a(x+).

(7.11)

where α(x0) is the vector of the normalized degrees of firing (matching) the
subsets Aj by x0:

α(x0) = α̃(x0)/(
M∑

j=1

α̃j(x0)) (7.12)

For a given crisp state x0 the deterministic prediction of the next state
inferred by the Markov chain with fuzzy encoding is calculated as the de-
fuzzified value (i.e. the centroid or “center of gravity” of possibility distribu-
tion χ+(x0)):

x+ =
∫

X

χ+(y) · ydy/
∫

X

χ+(y)dy.

Note that by substituting for χ+(x0) from (7.11) we have:∫
X

χ+(y)ydy =
M∑
i=1

αi(x0)
M∑

j=1

πij

∫
X

yaj(y)dy,

∫
X

χ+(y)dy =
M∑
i=1

αi(x0)
M∑

j=1

πij

∫
X

aj(y)dy.

After algebraic manipulations (see also [12]), these expressions imply that
the predicted deterministic next state value x+

0 given x0 is:

x+
0 =

M∑
i=1

αi(x0)
M∑

j=1

πijVj x̄
+
j

M∑
i=1

αi(x0)
M∑

j=1

πijVj

(7.13)

where x̄+
j and Vj denote the centroid and the volume, respectively, of the

membership function, aj :
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x̄+
j =

∫
X

yaj(y)dy/
∫

X

aj(y)dy, Vj =
∫

X

aj(y)dy.

If membership functions have the same volume (i.e. all Vj ’s are equal), the
expression for x+ further simplifies to

x+
0 =

M∑
i=1

αi(x0)
M∑

j=1

πij x̄
+
j

M∑
i=1

αi(x0)
M∑

j=1

πij

= αT (x0)Π x̄+. (7.14)

In derivation of (7.14) we used the fact that the rows of the transition

probability matrix, Π , sum up to 1 (
M∑

j=1

πij = 1, ∀i = 1, · · · ,M) and that

M∑
i=1

αi(x0) = 1. Note that expression (7.14) interpolates the transition prob-

abilities and the centroids x̄+according to the membership function values.
Referring to the illustrative example in Figure 12.1, the deterministic out-

put x+
0 is calculated by interpolating between the centroids of the subsets Φ2

and Φ3:

x+
0 =

3∑
i=2

α̃i(x0)
3∑

j=1

πij x̄
+
j

3∑
i=2

α̃i(x0)
3∑

j=1

πij

=

3∑
i=2

ai(x(x0))
3∑

j=1

πij x̄
+
j

3∑
i=2

ai(x(x0))
3∑

j=1

πij

By comparing expressions (7.14) and (7.6) one can notice the formal similarity
between the continuous real valued next state that is inferred based on the
interval and fuzzy encoding. The only difference is in the calculation of the
vector αT (x0) which characterizes compatibility of the continuous real valued
current state x0 to a single interval and multiple fuzzy granules – compare
(7.4) and (7.12).

In the next section this similarity will be used to derive a general algorithm
for real time learning of the transition probability matrix for interval and
fuzzy encoding.
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7.3 General Algorithm for On-Line Learning of the
Transition Probability Matrix

In the finite-state Markov chain model (7.1), the transition probabilities πij

may be estimated from the total frequencies of transitions, see (7.2). If mea-
surements have been taken up to time k,

πij ≈ Nij(k)
Noi(k)

=
Nij(k)/k
Noi(k)/k

=
Fij(k)
Foi(k)

, (7.15)

where Fij(k) is the mean frequency of transition events fij(k) from state x̄i

to state x̄j and F0i(k) is the mean frequency of the transition events, fi(k),
that are initiated from the state i:

Fij(k) =
Nij(k)
k

=
1
k

k∑
t=1

fij(t) , (7.16)

Foi(k) =
Noi(k)
k

=
1
k

k∑
t=1

fi(t), (7.17)

(fij(k) = 1 if a transition from x̄i to x̄j occurs at time instant k; fi(k)= 1
if a transition is initiated in the state x̄i at time instant k; otherwise these
take zero values.)

From the definition of the transition probabilities one can derive a recursive
expression for their calculation:

Fij(k) = Fij(k − 1) + ϕ (fij(k) − Fij(k − 1)), (7.18)

Foi(k) = Foi(k − 1) + ϕ (fi(k) − Foi(k − 1)), (7.19)
where ϕ = 1

k . In the case of non-stationary data it is more reasonable to
weigh the old data with exponentially decreasing weights, i.e., to consider a
constant parameter ϕ (learning rate) instead of the decaying factor, 1

k . For
a constant parameter ϕ the recursive expressions (7.18) and (7.19) can be
interpreted as AR models implementing the exponential smoothing algorithm
(a low pass filter) with forgetting factor ϕ [4]. By substituting expressions
(7.18) and (7.19) into (7.15) we obtain a recursive form of the transition
probabilities estimates that is convenient for their on-line learning [10]:

πij =
Fij(k)
Foi(k)

=
Fij(k − 1) + ϕ (fij(k) − Fij(k − 1))
Foi(k − 1) + ϕ (fi(k) − Foi(k − 1))

. (7.20)

Expression (7.20) can be rewritten in a matrix form by replacing fij(k) and
fi(k) by their vector multiplication counterparts, τ(k)γ(k)T and τ(k)γ(k)T e,
where τ(k) and γ(k) are M - dimensional vectors with ones as the ith and jth
elements, respectively, and zeros elsewhere and e- an M - dimensional vector
of ones). More specifically,
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Π(k) = diag(F0(k))−1F (k), (7.21)

where
F (k) = F (k − 1) + ϕ (τ(k)γ(k)T − F (k − 1)), (7.22)

Fo(k) = Fo(k − 1) + ϕ (τ(k)γ(k)T e− Fo(k − 1)). (7.23)

In the above, we considered the finite state Markov chain model (7.1). We
now show that matrix form of the recursive algorithm for on-line updating
the transition probabilities (7.21)-(7.23) can be also used for on-line learn-
ing in interval and fuzzy encoding cases. The only change necessary is the
calculation of τ(k) and γ(k), which is now discussed.

For interval encoding case, the probability vectors α(x) and α(x+) reflect,
respectively, the occupancy of the ith andjth intervals by x and x+. If a
transition between the corresponding states occurs, the ij-th element of the
product matrix α(x)αT (x+) is equal to one, while other elements are zero.
Therefore, by substituting

τ(k) = α(x(k)), γ(k) = α(x(k + 1)), (7.24)

expressions (7.21) - (7.23) directly apply.
For fuzzy encoding case, the membership of x and x+ in the fuzzy subsets

Aj are reflected in the possibility vectors α̃(x) and α̃(x+). The membership
degrees of an individual transition between the fuzzy subsets Ai and Aj corre-
spond to α̃i(x)· α̃j(x+), which is the ijth element of the matrix, α̃(x)α̃T (x+).
Therefore, similarly to the interval encoding, we may introduce:

τ(k) = α̃(x(k)), γ(k) = α̃(x(k + 1)), (7.25)

where vectors τ and γ are the membership values, i.e. the measures of com-
patibility, between x(k) and x(k + 1) and the current and future states
represented by the fuzzy subsets Ai and Aj . The products τ(k)γ(k)T and
τ(k)γ(k)T e present the transition from Ai to Aj and the transition that is
initiated in the state Ai at time instant through the correlation between these
vectors so that expressions (7.21)-(7.23) can be formally applied.

Example 1: We apply the continuous state Markov chain model to the
problem of modeling stochastically the speed of a vehicle that is randomly
accelerating and decelerating (this type of model may be used to describe
the dynamics of the lead vehicle in the problem of adaptive cruise control of
a vehicle that is following it [10]). We consider the speed range [46 mph - 66
mph] and treat the speed of the vehicle as a continuous variable.

The transition probabilities are recursively estimated as vehicle data be-
come available by applying the interval (7.24) and fuzzy encoding (7.25)
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version of the learning algorithm (7.21)-(7.23). The on-line algorithm for re-
cursive learning the transition probabilities allows for their continuous adap-
tation to the changing vehicle, road, and traffic conditions, and style of driv-
ing. Predicted speed of the lead vehicle x+ is inferred from the Markov chain
model by expression (7.14).

In Figure 12.3 the speed universe is partitioned into 5 intervals of 4 mph
each. The upper plot compares the on-line learning with interval partitioning
(Mean Square Error (MSE)=1.93) with the case of fuzzy partitioning into
5 fuzzy subsets with Gaussian membership functions that are centered at
the centers of the 5 intervals and standard deviations of 1.43 with no initial
learning – the lower plot (MSE=0.96). The better approximation can be
explained by the interpolative properties of the fuzzy partitioning (compare
(7.6) vs. (7.11)). It can be shown that the impact of the fuzzy encoding on
the approximation accuracy is even stronger if a coarser quantization of the
speed universe is considered.

The contribution of the fuzzy partitioning can be viewed as means for
supplying more information about the Markov chain states compared to the
case of interval partitioning. Comparing (7.9) and (7.6), one sees that fuzzy
encoding provides an additional mechanism to interpolate between discrete
states of the finite-state Markov chain based on the degree of membership
(closeness) of the uncertain value of x to the states x̄j of the underlying finite
state Markov chain – a property that is not automatically available in the
interval encoding case. This interpolation can be beneficial in state prediction
and for identification of transition probabilities.

Interpolative properties of the fuzzy encoding are dependent on the degree
of fuzziness of the subsets Aj . Figure 12.4 illustrates the impact of the fuzzi-
ness of partitioning the continuous domain assuming Gaussian membership
functions of the fuzzy subsets. For small values of the standard deviation of
the Gaussians the interpolative ability of the model is rather limited resem-
bling the case of interval partitioning. For larger values the individual fuzzy
subsets tend to significantly overlap discounting the effect of the partitioning.

Example 2: We now consider the use of the Markov chain model to approx-
imate the road grade of several typical routes, each of about 30 km, in the
Dearborn area, Michigan. Measurements of the road grade are taken with a
sampling rate of 30 meters. The plots below represent the road grade changes
within the range of [-5.65%, 5.88%] on a 3.5 km segment. Figure 12.10 shows
the performance of the Markov chain models with interval RMS and fuzzy
encoding for predicting the road grade 1 step (30m) ahead; the road grade
is considered a continuous state variable that is uniformly granulated into
6 intervals, resp. 6 fuzzy subsets. Table 1 lists the root mean squared error
for 2, 4, 6 step prediction of the road grade. In the case of interval parti-
tioning predicted state is calculated by applying the Chapman-Kolmogorov
equation (7.3) and taking the expectation of the predicted probability dis-
tribution (7.6). Predicted state by the fuzzy encoded chain is calculated by
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Fig. 7.2 Markov models of vehicle speed (solid) vs. actual speed (dashed): interval
encoding into 5 intervals of 4 mph each (upper plot; MSE=1.93) and fuzzy encoding
into 5 fuzzy subsets with Gaussian membership functions centered at the center
points of the 5 intervals and standard deviations of 1.43 (MSE=0.96).

re-propagating the defuzzified value (7.14) and by applying the fuzzy version
of the Chapman-Kolmogorov equation [6] followed by the defuzzification of
the inferred possibility distribution.

Table 7.1 Root-mean-square error in predictions of the road grade over different
horizons for interval and fuzzy encoding (based on repropagation of the de-fuzzified
value and the possibilistic version of the Chapman-Kolmogorov equation in [6].)

Horizon Int. C-
K

Defuzz. Poss. C-
K

2 steps 1.181 1.146 1.105

4 steps 1.212 1.207 1.179

6 steps 1.457 1.235 1.157
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Fig. 7.3 Impact of the shape of the fuzzy subsets on the approximation error
(solid:modeled, dashed:actual). Fuzzy encoding with Gaussian membership func-
tions with small standard deviations resembles interval partitioning and lacks the
ability for interpolation (upper plot) and vice versa (lower plot).

7.4 Markov Chain Models of Vector-Valued Signals

Previously we have demonstrated that the concepts of granulation (interval
or fuzzy) can be applied to stochastic modeling of a scalar signal, x. Suppose
now that x ∈ Rn is a vector-valued signal. For instance, we may be interested
to simultaneously represent vehicle speed and road grade values.

One approach in this situation is to treat individual elements of the vec-
tor x as statistically independent, apply preceding ideas to each element and
then combine the resulting Markov chain models. For the cases when the
independence assumption is not justified, the encoding can be performed
in terms of granules defined in the Cartesian product space. For example, in
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Fig. 7.4 Markov models of road grade (solid) vs. actual road grade (dashed) based
on 1 step (30 m) ahead prediction of the road grade on a 3.5 km segment; interval
(upper) and fuzzy encoding (lower) plot.

the n = 2 case, we can consider granules, Gj1j2 , centered at x1 = x̄j1 and
x2 = x̄j2 , j1 = 1, ...,M1; j2 = 1, ...,M2 and the corresponding matrix of the
transition probabilities between the granules of the dimension (M1M2) ×
(M1M2). Similarly, fuzzy encoding can be used by introducing fuzzy sets Ai,
i = 1, · · · ,M , and membership functions defined in Rn.

Note that the dimensionality of the Markov chain can grow dramatically in
the case of vector-valued signals. This issue can be addressed by associating
the states of the Markov chain with clusters of values of x, where the clusters
can be evolved by an algorithm such as the one in [4]. As in the case of scalar
signals, the use of fuzzy encoding can greatly enhance the identification and
prediction accuracy of the resulting Markov chain.
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Example 3: We apply Markov chain model to summarize simultaneous pat-
terns in vehicle speed and road grade recorded when driving an experimental
vehicle over eight typical routes, each of about 30 km, around the city of
Dearborn, Michigan. To estimate the transition probabilities of the two vari-
ables - speed and grade - we divided their ranges [3.05, 34.06] (m/s) and
[-9.23, 6.97] (%) into 10 and 8 intervals, respectively. This partitioning of the
state variables defines 80 discrete Markov states that are the centers of the
80 cells in the two dimensional Cartesian space. Since some of the cells are
not occupied (the specific combination of values corresponding to these states
were not observed in the measured data) the number of discrete states of the
Markov chain is reduced to 51 (Figure 12.5). Now we can apply the interval or
fuzzy encoding concept on the aggregated variable and on-line learn its tran-
sition probability matrix similarly to the single state viable case described in
the previous sections. Figure 12.6 shows the Markov model based one step
ahead predictions of the speed and the grade versus the actual data.
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Fig. 7.5 2D cell encoding of the aggregated state variable (80 cells). The centers
of the occupied cells (red stars-circles) define the new Markov states.

In the above we considered one special type of granulation of the inputs
and the states that was based on assumed rectangular regions (cells) in the
Cartesian product space. This approach takes into account the density of the
states space by eliminating the centers of the empty cells. A more general type
of granulation that accounts for the density distribution of the state variables,
and consequent reduction of the number of resulting Markov states, can be
obtained through clustering of the state space.
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Fig. 7.6 Vehicle speed (upper plot) and road grade (lower plot) predicted 1 step
ahead (solid line) versus actual vehicle speed and grade (dashed line) over a 30 km
section of the road (30 m segments).

An application of the proposed Markov models of vehicle speed and fuel
consumption to stochastic optimal control of the set-point of the vehicle speed
as a function of the road grade and reference speed for fuel economy improve-
ment without significant degradation of the travel time is discussed in [8].

7.5 Conclusions

The paper considered modeling and real-time identification of Markov chain
models for signals in automotive vehicle applications. The framework of fuzzy
encoding has been introduced which facilitates both identification and predic-
tion accuracy. A computationally simple algorithm for real-time identification
has been proposed which is applicable to the cases of both interval and fuzzy
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encoding. Opportunities for using such models for stochastic dynamic pro-
gramming based optimization of vehicle fuel economy and performance under
different road and traffic conditions will be considered in future publications.
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Chapter 8

Parameter Identification in Dynamic
Systems Using the Homotopy
Optimization Approach�

Chandrika P. Vyasarayani, Thomas Uchida, Ashwin Carvalho,
and John McPhee

Abstract. Identifying the parameters in a mathematical model governed
by a system of ordinary differential equations is considered in this work. It is
assumed that only partial state measurement is available from experiments,
and that the parameters appear nonlinearly in the system equations. The
problem of parameter identification is often posed as an optimization prob-
lem, and when deterministic methods are used for optimization, one often
converges to a local minimum rather than the global minimum. To mitigate
the problem of converging to local minima, a new approach is proposed for
applying the homotopy technique to the problem of parameter identification.
Several examples are used to demonstrate the effectiveness of the homotopy
method for obtaining global minima, thereby successfully identifying the sys-
tem parameters.

8.1 Introduction

The problem of identifying the parameters in a mathematical model governed
by ordinary differential equations (ODEs), given a set of experimental mea-
surements, is encountered in many fields of physics, chemistry, biology, and
engineering [8]. The problem of parameter identification can be posed as an
optimization problem [17, 18], where the arguments of the global minimum of
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the objective function are the identified parameters. If the parameters appear
linearly in the system equations and full state measurement is available from
experimental data, a large class of methods is available for both off-line and
on-line parameter identification [17, 18]. In most practical engineering prob-
lems, however, it is not possible to obtain measurements for all states, and the
parameters often appear nonlinearly in the equations of motion. Off-line iden-
tification algorithms are used when the main goal is to develop a mathemat-
ical model for system simulation; on-line identification algorithms are more
popular in adaptive control applications [15]. The optimization problems are
usually solved using deterministic methods, which require the solution of dif-
ferential equations at each optimization step. The solution of these ODEs
can be obtained using initial-value methods [10, 26], shooting methods [1],
or collocation methods [2]. When deterministic approaches like the steepest
descent [22], Gauss–Newton [22], and Levenberg–Marquardt [20] algorithms
are used in the optimization procedure, it is not uncommon to converge to
a local minimum rather than the global minimum [7]. Stochastic methods,
such as simulated annealing [23] and genetic algorithms [9], can be used to
find global minima, but these methods typically require a large number of
iterations to converge and, thus, are time-consuming, especially for param-
eter identification problems where the equations of motion are integrated
at every optimization step [10, 11, 26]. An obvious question that arises is
whether there exist any non-stochastic algorithms that can find global min-
ima. Although one can never be assured that a deterministic algorithm will
be able to find the global minimum in every situation, there are approaches
derived from homotopy methods that can find global minima in situations
where other deterministic methods cannot.

Homotopy [27] is a powerful technique that is used in several areas of
mathematics, including optimization [5, 12] and nonlinear root finding [4].
In homotopy methods, the objective function to be minimized is modified by
adding another function whose optimum is known, herein referred to as the
known function, and a morphing parameter is used to transform the mod-
ified function into the original objective function. A series of optimizations
is performed while slowly varying the morphing parameter until the mod-
ified function is transformed back into the original objective function [5].
Applying homotopy to algebraic optimization problems is straightforward,
but its application to the parameter identification problem is not, since the
objective function is, itself, dependent on the solution of differential equa-
tions. Homotopy was successfully applied to ARMAX models [13, 14] for
the identification of linear parameters. In the work of Abarbanel et al. [1],
the authors have coupled the mathematical model to the experimental data
for identifying parameters from a chaotic time series for first-order systems,
which is related to the homotopy method. The application of homotopy to
the general nonlinear parameter identification problem has not been studied
in the literature. In this work, we present a methodology to apply homotopy
to the problem of parameter identification. We show several examples where
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the classical deterministic methods fail to find the global minimum while the
homotopy method successfully minimizes the objective function.

8.2 Problem Statement

The dynamic equations of the physical system for which the parameters must
be identified are assumed to be of the following form:

ẋ1 = x2

ẋ2 = f(x1,x2,p, t) (8.1)

For mechanical systems, x1(t) = [y1(t), y2(t), . . . , yn(t)]T are the independent
coordinates (displacements) and p is a column vector containing the param-
eters to be identified. The system is assumed to be nonlinear, and the pa-
rameters may also appear nonlinearly in equations (8.1). Experimental data
x1e(t) = [y1e(t), y2e(t), . . . , yne(t)]

T of all the displacements are assumed to
be available over time T ; it is assumed that the velocities are not measured.
Note that it is possible to identify the system parameters with only a few
components of x1e(t) since, in coupled systems, each component of x1e(t)
contains information from all the parameters due to the coupling between
the system equations. The unknown initial conditions of the states for which
measurements are not available can be treated as unknown parameters. In
order to simplify the optimization procedure, experiments can be performed
starting from rest, such that the velocity initial conditions are zero. The goal
is to identify the parameters in the mathematical model such that the solu-
tion of the differential equations (8.1) closely matches the experimental data.
To identify the parameters, we minimize the integral of the squared difference
between the experimental and simulated states:

V (p) =
1
2

n∑
i=1

⎧⎨⎩
T∫

0

(
yie(t) − yi(t,p)

)2

dt

⎫⎬⎭ (8.2)

Note that a discrete summation can be used in place of the integral in this
equation. Given the initial estimates of the parameters, we can minimize
equation (8.2) iteratively using the Gauss–Newton method [22] as follows:

pr+1 = pr + σdr (8.3)

where σ is the step size and dr is the search direction, which can be obtained
from the following relation [26]:

H(pr)dr = −GT(pr) (8.4)
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In equation (8.4), G and H are the gradient and the approximate Hessian
of the objective function, where the second-order sensitivities have been ne-
glected in the latter:

G(p) =
∂V

∂p
= −

n∑
i=1

⎧⎨⎩
T∫

0

(
yie(t) − yi(t,p)

)∂yi

∂p
dt

⎫⎬⎭ (8.5)

H(p) =
∂2V

∂p2
≈

n∑
i=1

⎧⎨⎩
T∫

0

∂yi

∂p

T ∂yi

∂p
dt

⎫⎬⎭ (8.6)

The sensitivity data ∂yi

∂p =
[

∂yi

∂p1
, ∂yi

∂p2
, . . . , ∂yi

∂pm

]
can be obtained by solving

the sensitivity differential equations, which can be derived by the direct dif-
ferentiation of equations (8.1) with respect to the individual parameters:

∂ẋ1

∂pj
=
∂x2

∂pj

∂ẋ2

∂pj
=
∂f(x1,x2,p, t)

∂pj
+
∂f(x1,x2,p, t)

∂x1

∂x1

∂pj
+
∂f(x1,x2,p, t)

∂x2

∂x2

∂pj
,

j = 1, 2, . . . ,m (8.7)

We will briefly explain how homotopy is applied to a simple algebraic
minimization problem. Let F(p) be the objective function. We are interested
in finding parameters p∗ at which F has a global minimum. If we start from
an arbitrary point p0, and if the function has multiple local minima, it is
likely that the optimization procedure will converge to a local minimum. In
the homotopy method, we first construct the following function:

H(p, λ) = (1 − λ)F(p) + λG(p) (8.8)

where G(p), referred to as the known function, is a chosen function that
is convex in the unknown parameters, and for which the arguments of its
global minimum are known. We now begin the process by choosing λ0 = 1
and minimizing H(p, 1) = G(p). In this first stage, the minimum of H(p, 1) is
simply the minimum of G(p), which is known. Once the minimum has been
found, λ is decreased by a small amount δλ and H(p, λ1) is minimized, where
λ
 = 1−� δλ, using the converged result from the previous stage as the initial
guess for p. This process is continued until λ = 0 and the objective function
has been morphed back into F(p). Provided we are always finding the mini-
mum of H(p, λ) with an initial guess that is close to its global minimum, it
is more likely that we will find the global minimum of the function F(p). A
variant of this method has been successfully applied to complex optimization
problems involving protein structures [6] and to finding the equilibrium con-
figuration of an elastica [28]. Note that the choice of known function G(p)
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is nontrivial. In general, the homotopy method is only capable of finding lo-
cal minima; however, if the nature of F(p) is known, it may be possible to
construct the homotopy transformation in a way that increases the chance
of finding the global minimum. It is for this reason that the optimization
problem for parameter identification is generally more challenging than it is
for purely algebraic problems. In particular, the shape of F(p) = V (p) is
unknown in parameter identification problems, since it is dependent on the
solution of differential equations (8.1), thereby making the selection of a suit-
able known function G(p) very difficult. In contrast to algebraic problems,
however, where the minimum value of the objective function is unknown, the
minimum value of the objective function in parameter identification problems
is zero—provided the mathematical model is known exactly. Since the math-
ematical model is not precisely known in general, the final error may not be
exactly zero; however, it is expected to be small. We use this knowledge in
developing our homotopy transformation.

We now discuss how the homotopy method can be applied to the problem
of parameter identification. To modify the objective function, the experimen-
tal data is coupled to the mathematical model as follows:

ẋ1 = x2 + λK1 (x1e − x1)
ẋ2 = f(x1,x2,p, t) + λK2 (x1e − x1) (8.9)

Initially, when λ = 1, the coupling term acts as a high-gain observer [3, 16],
and if sufficiently high values of Ki are used, the experimental data and sim-
ulated response will synchronize. Note that λ is introduced to the traditional
definition of a high-gain observer so as to construct the homotopy transfor-
mation. Also note that the sensitivity equations (8.7) must be modified to
account for the added coupling term. For very largeKi, the objective function
becomes a flat surface with a very small magnitude, and the experimental
data x1e and simulated response x1 will closely match no matter what pa-
rameters are used. For the purposes of parameter identification, we choose the
lowest values of Ki such that the experimental data and simulated response
synchronize to within a desired tolerance ε when the initial parameter esti-
mates are used. We now decrease λ by a small amount δλ and minimize the
objective function (8.2), treating equation (8.9) as the mathematical model.
The parameter estimates are refined so as to reduce the error to βε, where
0 < β < 1. We then decrease λ further to 1−2 δλ; since the parameter guesses
have been refined, the observer gain can be reduced without increasing the
error beyond ε. At each stage in this process, we use the converged result
from the previous stage as the initial guess for p. This process is repeated
until λ = 0, and equation (8.9) has morphed back into equation (8.1). In
summary, the homotopy optimization approach follows the path of minimal
error as the observer gain is decreased. We ensure that the error is close to
zero (no greater than ε) at each value of the observer gain, with the hope
that the refined parameter guesses at the final stage are sufficiently close to



134 C.P. Vyasarayani et al.

the global optimum of the original problem. The process of applying the ho-
motopy method to the problem of parameter identification is summarized in
Algorithm 1.

Algorithm 1. Parameter identification using homotopy

Input: Experimental data (x1e), objective function tolerance (ε)
Output: Identified parameters (p)

Initialize

while λ ≥ 0 do

while V > ε do

Solve ODEs for x1 and ∂x1
∂pj
∀j

Minimize V (p) = 1
2

∑n
i=1

{
T∫
0

(
yie(t)− yi(t,p)

)2

dt

}
Solve H(p) d = −GT(p) for d

p← p + σd

end while

λ← λ− δλ
end while

return p

8.3 Numerical Examples

In this section, we present numerical examples in which the homotopy method
has been used to successfully identify the parameters in mechanical systems.

8.3.1 Linear Parameters

Let us begin with the identification of parameters for a simple pendulum. We
describe this example in detail to further explain the idea of the homotopy
method. The equations of motion for a simple pendulum are given in state-
space form as follows:

ẏ1 = y2

ẏ2 = −p sin(y1) (8.10)
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Fig. 8.1 Normalized objective function for simple pendulum

with initial conditions y1(0) = π/6 and y2(0) = 0. The solution of this system
with p = 10 for time t ∈ [0, 50] is used as experimental data y1e. The goal is to
determine p from the experimental data. We define the following minimization
problem:

p∗ = min
arg

50∫
0

(
y1e − y1(p)

)2

dt (8.11)

A direct search has been used to identify the shape of the objective function,
as shown in Figure 8.1. It can be seen that the objective function has multiple
local minima, and any classical deterministic optimization method will fail to
converge to the global minimum unless we choose our initial guess for p to be
quite close to 10. To apply the homotopy method, we modify the equations
of motion as follows:

ẏ1 = y2 + λK1 (y1e − y1)
ẏ2 = −p sin(y1) + λK2 (y1e − y1) (8.12)
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The sensitivity equations are now given as follows:

∂ẏ1

∂p
=
∂y2

∂p
− λK1

∂y1

∂p

∂ẏ2

∂p
= − sin(y1) − p cos(y1)

∂y1

∂p
− λK2

∂y1

∂p
(8.13)

Figure 8.2, again obtained using a direct search, illustrates the shape of the
objective function for different values of λ and p, using coupling parameters
K1 = K2 = 10. As can be seen, the modified objective function is convex
when λ = 1; as we decrease λ to 0, the modified objective function slowly
morphs into the original objective function shown in Figure 8.1. The line
joining the minimum of the modified function for different values of λ is
also shown. We have implemented the homotopy method for identifying p as
illustrated in Algorithm 1, with ε = 0.001 and δλ = 0.2. Using the homotopy
method with an initial guess of p0 = 15, we converge to the global minimum
at p = 10 since we always remain close to the global minimum of the modified
objective function. Without using homotopy, again starting with an initial
guess of p0 = 15, the parameter converges to a local minimum at p = 14.6755.
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Fig. 8.2 Normalized objective function for simple pendulum with 0 ≤ λ ≤ 1
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8.3.2 Nonlinear Parameters

Consider the following system, which has been studied in [3]:

ü+ 0.1u̇+ tan−1 (ku) = sin
(
t

2
+ πψ

)
(8.14)

The system is nonlinear in both k and ψ. We use k = 1 and ψ = 0.5 for
generating experimental data, and then attempt to identify these parameters
using initial guesses k0 = 4 and ψ0 = 2. The identification procedure was first
performed without using homotopy, the results of which are shown in Figure
8.3(a). Clearly, the optimization procedure (Gauss–Newton) has converged to
a local minimum where k = 4.5850 and ψ = 1.9620. The homotopy method
was then applied using the same initial guesses for k and ψ. In this example,
we use coupling parameters K1 = K2 = 10, step size δλ = 0.2, and objective
function tolerance ε = 0.01. As shown in Figure 8.3(b), the global minimum
was found and both parameters were correctly identified using the homotopy
method (we obtain k = 1.0001 and ψ = 2.5000). Note that the estimate for ψ
produces an equivalent response as does ψ = 0.5, since sin

(
t
2 + π(ψ + 2)

)
=

sin
(

t
2 + πψ

)
.
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Fig. 8.3 Parameter estimates for equation (8.14) obtained (a) without homotopy,
and (b) with homotopy

8.3.3 Noisy Experimental Data

Consider the following two-degree-of-freedom (DOF) system [3]:

ü+ 0.3u̇+ u+ C1u
3 + C2v = 0

v̈ + 0.3v̇ + u+ C3v
3 + cos(t) = 0 (8.15)



138 C.P. Vyasarayani et al.

where C1 = 1, C2 = 2, and C3 = 3 are used for generating the experimental
data for u and v, to which we add 5% white noise. In this example, we
assume that the initial conditions for all states are known. Taking as initial
guesses C0

1 = C0
2 = C0

3 = 10 and without using homotopy, the optimization
procedure converges to parameters that are different from the experimental
values (we obtain C1 = 13.3840, C2 = 7.9444, and C3 = 9.3622, as shown in
Figure 8.4(a)). Although we do not expect to achieve exact convergence due
to the noise in the experimental data, these parameter values are significantly
different than the actual values. Using the homotopy method with Ki = 10 ∀i
and δλ = 0.2, we obtain parameter estimates C1 = 0.9998, C2 = 2.0008,
and C3 = 3.0034, which are very close to the experimental values (see Figure
8.4(b)). Note that only the experimental data for u is coupled to the equations
of motion; it is assumed that the data for v is not measured. This coupling
strategy confirms that it is not necessary to measure all the coordinates
of a multiple-DOF system in order to identify all the system parameters.
The experimental data and the results from the simulated system using the
identified parameters are in good agreement, as shown in Figure 8.5.
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Fig. 8.4 Parameter estimates for equation (8.15) obtained (a) without homotopy,
and (b) with homotopy

8.3.4 Reduced-Order Modelling

In this final example, we consider the problem of identifying parameters in
a multibody system given experimental data generated using a more com-
plex model. In particular, a 14-DOF vehicle model with a fully independent
suspension, shown in Figure 8.6, is used to generate the experimental data.
This topology is recommended by Sayers [24] for simulating the handling
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Fig. 8.5 Experimental data and simulated response for equation (8.15) using iden-
tified parameters
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Fig. 8.6 14-DOF vehicle model used for generating experimental data

and braking behaviour of a vehicle, and has been adopted by several com-
mercial software packages. The position and orientation of the vehicle chassis
(mc) together comprise 6 DOF. Four lumped masses (ms), each representing
one-quarter of the suspension components, are connected to the chassis by
prismatic joints in parallel with springs (k) and dampers (c), which represent
the suspension compliance and together add 4 DOF. Each wheel is connected
to its corresponding lumped mass with a horizontally-oriented revolute joint
that allows the wheel to spin, collectively accounting for the final 4 DOF;
torques (τ(t)) can be applied at these joints to accelerate the vehicle. The
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Pacejka2002 Magic Formula tire model [21] is used to model the tire dynam-
ics. The vertically-oriented revolute joints on the front wheels (δ(t)) are used
to steer the vehicle on a prescribed trajectory, so do not add any DOF to the
system. The system parameters are obtained from [25], some of which are
shown in Table 8.1.

Table 8.1 System parameters for 14-DOF vehicle model

Parameter Value

Mass
Chassis (mc) 2077 kg
Quarter of suspension (ms) 10 kg

Stiffness
Front suspension (kf ) 48.30 kN/m
Rear suspension (kr) 30.52 kN/m

Damping
Front suspension (cf ) 3.08 kN-s/m
Rear suspension (cr) 2.33 kN-s/m

Dimensions

Front width (wf ) 0.760 m
Rear width (wr) 0.795 m
Front length (lf ) 1.353 m
Rear length (lr) 1.487 m

Experimental data generated from the 14-DOF model with Pacejka tires is
used to identify parameters in the planar bicycle model shown in Figure 8.7.
The planar bicycle model is often used for the simulation of vehicle dynamics
and for on-board stability controllers. This simple model has only 3 DOF:
the position of the chassis in the x-direction (y1), the position of the chassis
in the y-direction (y2), and the orientation of the chassis in the plane (y3).
The mass of the chassis is assumed to be mb = mc + 4ms = 2117 kg, and
the lengths are assumed to be df = lf = 1.353 m and dr = lr = 1.487 m.
The yaw inertia of the chassis is also defined to match that of the 14-DOF
model. A simple 4-parameter tire model [19] is used in place of the complex
117-parameter Pacejka model used in the 14-DOF system:

mb 

δ(t) 

df dr 

y 

x Fx, r 

Fy, r Fx, f Fy, f 

Fig. 8.7 Planar vehicle model for which parameters are sought
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sb = 1 − vx,w

Rω
(8.16)

Fx,w = Along

(
1 − e−Blongsb

)
Fz (8.17)

αb = arctan
(
vy,w

vx,w

)
(8.18)

Fy,w = Alat

(
1 − e−Blatαb

)
Fz (8.19)

where sb is the longitudinal slip, αb is the lateral slip angle, vx,w and vy,w are
the longitudinal and lateral components of the wheel velocity in the wheel
reference frame, R is the tire radius, and ω is the rotational speed of the
wheel. Forces Fx,w and Fy,w are applied directly to the wheel centers. The
tire radius (R) is assumed to be equal to the unloaded radius used in the
Pacejka model, and the vertical tire force (Fz) is simply assumed to be half
the total static load in the 14-DOF model. We wish to find values for the tire
parameters (Along, Blong, Alat, and Blat) such that the simulated response
of the 3-DOF planar model matches the experimental data obtained from
the 14-DOF model as closely as possible. Note that the planar model has no
suspension and can neither pitch nor roll.

To generate the experimental data, we must first define the required inputs.
In order to adequately capture both the longitudinal and lateral dynamics,
we first accelerate the vehicle from 4 m/s to 16 m/s by applying positive
torque to each wheel, then perform a lane-change maneuver, and finally slow
the vehicle to 6 m/s by applying negative torque to each wheel. The steer
angle and wheel torque inputs are shown in Figure 8.8. Using these inputs,
the 14-DOF vehicle model is simulated for 22 seconds and the state vector
is stored every millisecond. For the purpose of parameter identification, we
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Fig. 8.8 Inputs used to generate experimental data with the 14-DOF model
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assume that only five states are known: the position of the chassis along the
x- and y-axes, the orientation of the chassis about the z-axis, and the average
rotational speeds of the two front and two rear wheels. Note that the wheel
speeds of the 14-DOF model are required in order to calculate the tire forces
applied to the 3-DOF model (equations (8.16) to (8.19)). We use the following
objective function:

V =
3∑

i=1

⎧⎨⎩wi

22∫
0

(
yie(t) − yi(t, Along, Blong, Alat, Blat)

)2

dt

⎫⎬⎭ (8.20)

where weights w1 = 0.001, w2 = 0.01, and w3 = 1 are chosen to scale the
longitudinal position, lateral position, and orientation errors to the same
orders of magnitude. We obtain rough initial guesses Along = Blong = 100
and Alat = Blat = 1 by hand, which corresponds to an objective function
value of 1.804 × 10−2 and produces the simulation results shown in Figure
8.9.
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Fig. 8.9 Simulation results for (a) trajectory and (b) yaw angle, obtained using
initial parameter guesses

We perform the optimization procedure using the homotopy method de-
scribed above, with Ki = 0.5 ∀i, δλ = 0.1, and ε = 10−4. Convergence is
achieved after a total of 12 iterations, with a final objective function value
of Vf = 3.3 × 10−5, as shown in Figure 8.10. The identified parameters are
Along = 99.97, Blong = 99.97, Alat = 3.05, and Blat = 3.06; the correspond-
ing simulation results are shown in Figure 8.11.
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Fig. 8.10 Convergence of the objective function (normalized by the number of
data points)
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Fig. 8.11 Simulation results for (a) trajectory, (b) yaw angle, (c) longitudinal
velocity, and (d) yaw rate, obtained using identified parameters
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8.4 Conclusions

In this work, we have presented a new methodology for applying the ho-
motopy optimization technique to the parameter identification problem. We
have considered the general problem of parameter identification for nonlinear
parameters with partial state measurement corrupted by measurement noise.
The proposed homotopy method can successfully find global minima given
a wide range of initial parameter guesses. The effectiveness of the proposed
technique for parameter identification has been demonstrated by several ex-
ample problems. The authors are currently investigating the use of the ho-
motopy method for recursive parameter identification in on-line applications,
and for systems governed by differential-algebraic equations.
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Chapter 9

A Tutorial on Applications-Oriented
Optimal Experiment Design

Cristian R. Rojas, Jonas Mårtensson, and H̊akan Hjalmarsson

Abstract. Presented in this chapter is a tutorial on the design of input signals
for system identification. The chapter concerns the details of basic optimal
experiment design, computational issues, implementation and conditions that
lead to an optimal input signal. It is also addressed how the two fundamental
issues associated with system identification, model structure identification
and model validation relate to experiment design. Throughout the chapter,
a simple FIR example is employed to illuminate the concepts presented.

9.1 Introduction

The problem of how to determine an adequate model from experimental data
– system identification – is a multi faceted topic, imposing quite high demands
on the user. Two of the core issues are model structure selection and model
validation. The key to simplify these problems and others lies in ensuring
that suitable data is available for the modeling. What this means depends
very much on what the model is going to be used for. We illustrate this with
a simple example.

Example 1. Consider the finite impulse response (FIR) system

yt =
n∑

k=1

θkut−k + et (9.1)
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where yt is the output, ut is the input and where {et} is zero mean white noise
with variance1 λ = E[e2t ], and where θk ∈ R, k = 1, . . . , n are the impulse
response coefficients.

Let θ =
[
θ1 . . . θn

]T ∈ Rn and suppose that the objective is to estimate the
frequency response G(ejω , θ) =

∑n
k=1 θke

−jωk of the system. In particular let
us assume that the frequency of interest is ω = 0,, i.e. we are interested in the
static gain

∑n
k=1 θk of the system. With a constant input ut = 1, t = 1, . . .,

the system output will be

yt =

(
n∑

k=1

θk

)
+ et (9.2)

i.e. the output will fluctuate around the sought after quantity making the es-
timation problem very simple regardless of the order of the system. However,
with this input the individual impulse response coefficients {θk}n

k=1 cannot
be identified and thus, e.g., the frequency response at other frequencies than
0 can not be recovered from the data.

Thus, a given data set may be suitable for one application but not for another.
In this chapter we will outline how one can formulate optimal experiment
design problems whereby the application is taken into account.

The bibliography on optimal experiment design is extensive and include
the by now classical texts [14, 37, 2, 29]. The survey papers [1, 28] provide
good overviews of the area. Recently there have been contributions to design
in the frequency domain [15], set-membership identification [6], applications-
oriented experiment design [18, 23, 19, 4], plant-friendly design [9], convexi-
fication of the associated optimization problems [18, 23], robust experiment
design [34], least-costly identification where the cheapest experiment that
fulfills given performance specifications is designed [8], and closed loop ex-
periment design [20]. Also the robustness properties of optimal experiment
designs have been highlighted [26]. The four PhD theses [22, 25, 3, 32] provide
good coverage of recent developments.

In this tutorial we will follow the framework outlined in [19]. We will start
in the next section by discussing how to formulate such problems as optimiza-
tion problems. Next we will consider how to “translate” such optimization
problems into a computationally tractable format. This is rooted in recent
developments of convex optimization. It is well known that typically solu-
tions to this type of problem depend on properties of the unknown system.
Practical ways to handle this are discussed in Section 9.4. For applications
where the amount of properties that have to be extracted from the system by
way of system identification is limited it turns out that applications-oriented
optimal experiment designs provide “added value”. The way the estimated
model affects the application becomes less sensitive to design choices in the
identification step. This is discussed in Section 9.5.
1 E[x] denotes expectation of a random variable x.
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In order to not become submerged in technical details, we will keep the ex-
position simple by restricting ourselves to models of the type (9.1), estimated
by way of standard least-squares.

9.2 Applications-Oriented Experiment Design

9.2.1 The Set of Acceptable Models

A simplified, but conceptually attractive way, to think of the objective of any
modeling activity is that a model should be delivered to the user such that
when it is used in the application, the resulting performance is acceptable. In
fact, we could split the universe of all possible models into two sets: 1) Eapp:
the set of models for which the performance of the application is acceptable,
and 2) the set complementary to Eapp, consisting of all unacceptable models.
The optimal experiment design problem thus becomes that of designing an
experiment such that it is ensured that the resulting model belongs to the
set of acceptable models Eapp. How to achieve this depends on the underly-
ing assumptions about the data generating mechanism, i.e. the system, the
used model and the estimation method. Here, for simplicity, we will consider
standard least-squares estimation.

How to quantify what acceptable performance means is of course applica-
tion dependent. Here we will for simplicity assume that this is captured by
that a non-negative function Vapp is less than some given value 1/γ, we refer
to Section 9.3.2 for details.

9.2.2 A Stochastic Framework

We will assume that data is generated by a system of the form (9.1). To
simplify the discussion we will assume that the model structure is known, i.e.
only the parameters θ =

[
θ1 . . . θn

]T ∈ Rn are unknown. We will return to
the situation when the structure is unknown in Section 9.5. With θ̂N denoting
the parameter estimate based on N input-output samples {yt, ut}N

t=1, the
source of the discrepancy between θ̂N and θ will then, neglecting unknown
initial conditions, be due solely to the noise {et} in (9.1). Assuming this
quantity to be zero mean white noise implies that the error in the parameter
estimate will be random. More specifically, the least-squares estimate of θ is
given by [24]
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θ̂N := R−1
N fN where RN :=

N∑
t=1

ϕtϕ
T
t , fN :=

N∑
t=1

ϕtyt

where ϕt =
[
ut−1 . . . ut−n

]T . Above, we have assumed that RN is full rank
which corresponds to that data is persistently exciting [24]. Using (9.1), sim-
ple algebra gives

θ̂N − θ = R−1
N

N∑
t=1

ϕtet

Assuming the noise to be normal distributed, this implies that also the pa-
rameter estimate is normal distributed2

θ̂N − θ ∈ N(0, λR−1
N ) (9.3)

where λ is the variance of the noise λ = E[e2t ]. From (9.3) it follows that
(θ̂N − θ)T RN

λ (θ̂N − θ) is χ2-distributed with n degrees of freedom. With α
denoting the 99.5% percentile of this distribution, this in-turn implies that
the parameter estimate will end up in the confidence ellipsoid

Eid :=
{
θ̄ : (θ̄ − θ)T RN

λ
(θ̄ − θ) ≤ α

}
(9.4)

with 99.5% probability [24]. Notice that the ellipsoid Eid depends on the
experimental conditions since RN depends on the used input sequence.

9.2.3 Stochastic Applications-Oriented Experiment
Design

With the set of acceptable models Eapp given, one way of realizing the ex-
periment design paradigm outlined in Section 9.2.1 is to design the input
sequence such that

Eid ⊆ Eapp (9.5)

since then with at least 99.5% probability, the model parameter estimate will
belong to Eapp.

The condition (9.5) can be achieved by many different types of experiments
and in order to make the problem well posed some criterion has to be intro-
duced. In [8] it was proposed that experiment design should try to minimize

2 x ∈ N(m,P ) denotes that the random variable x is normal distributed with
mean m and covariance matrix P .
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the experimental cost. Following this, one should try to achieve (9.5) by as
“cheap” an experiment as possible. This leads to the following input signal
design problem

min
uN

V (uN )

s.t. Eid ⊆ Eapp

(9.6)

where uN =
[
u1, . . . , uN

]T
and where the function V (uN ) should measure

the cost of the experiment.
To illustrate the approach we return to the frequency response estimation

problem again.

Example 2 (Example 1 cont’d). The frequency response can be expressed as
G(ejω , θ) = θTΓ (ejω) where Γ (ejω) =

[
e−jω . . . e−jωn

]T , ω ∈ R. Suppose
that we want the squared error

|G(ejω , θ̂N ) −G(ejω , θ)|2 = (θ̂N − θ)TΓ (ejω)Γ ∗(ejω)(θ̂N − θ) (9.7)

(x∗ denotes the complex conjugate transpose of x) to be less than 1/γ where
the positive constant γ represents the desired accuracy. This means that

Eapp =
{
θ̄ : (θ̄ − θ)TΓ (ejω)Γ ∗(ejω)(θ̄ − θ) ≤ 1

γ

}
(9.8)

9.2.4 Alternative Formulations

The formulation (9.6) was introduced in [19] but there exist other problem
formulations that aim at achieving a similar objective. Here we briefly out-
line an approach that is closely connected to so called L-optimal design. We
continue to use the frequency response estimation problem as example. The
frequency response estimate is given by G(ejω , θ̂N) = θ̂T

NΓ (ejω), which, being
linear in θ̂N , has variance

E
[
|G(ejω , θ̂N ) −G(ejω , θ)|2

]
= Γ ∗(ejω)R−1

N Γ (ejω) (9.9)

due to (9.3). Thus the constraint

Γ ∗(ejω)R−1
N Γ (ejω) ≤ β (9.10)

for some suitably chosen constant β, captures that a certain quality of the
estimate of G(ejω , θ) is required. Replacing the set constraint in (9.6) by
(9.10) gives
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min
uN

V (uN)

s.t. Γ ∗(ejω)R−1
N Γ (ejω) ≤ β

(9.11)

We refer to [23] for further details on this approach.

9.3 Computational Aspects

When solving the input signal design problems (9.6) and (9.11) it is often
more convenient to do it in the frequency domain. Below we will show that
we can cast both these problems as convex programs in this domain.

9.3.1 Choice of Decision Variables

It is the matrix RN in (9.6) and (9.11) that depends on the input. However,
using the input sequence directly as decision variable leads to a non-convex
problem. Turning to the frequency domain, the discrete Fourier transform
(DFT) [27] of the input sequence is given by

U(ejμk) :=
N∑

t=1

ute
−jμkt, μk = 2πk/N, k = 1, . . . , N (9.12)

and with a periodic extension of the input, the DFT of the regressor sequence
{ϕt} is given by

∑N
t=1 ϕte

−jμkt = Γ (ejμk)U(ejμk ). By Parseval’s theorem,
[27], the matrix RN can be expressed as

RN =
N∑

t=1

ϕtϕ
T
t =

1
N

N∑
k=1

Γ (ejμk)|U(ejμk )|2Γ ∗(ejμk ) (9.13)

Now we let the input be parameterized by the coefficients {ct}N−1
t=0 as

|U(ejμk)|2 =
N−1∑
t=0

cte
−jμkt (9.14)

Then the (p, q)-element of RN is equal to c|p−q|. Thus RN is linearly
parametrized in terms of these cofficients. As we will see below this is in-
strumental in order to convexify both (9.6) and (9.11).
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Since |U(ejμk )|2 ≥ 0, it has to hold that

N−1∑
t=0

cte
−jμkt ≥ 0, k = 1, . . . , N (9.15)

for {ct}N−1
t=0 to be a valid parametrization. One implication of this is that

cN−j = cj . These constraints thus have to be included.

9.3.2 Using the Set of Acceptable Models

Let us now turn our attention to the set of acceptable models Eapp. Consider
first the frequency response estimation example.

Example 3 (Example 2 cont’d). As we saw in (9.4) the confidence set Eid is
an ellipsoid.

Furthermore, since (9.8) is quadratic in θ̄, Eapp for the frequency response
estimation problem also is an ellipsoid3 It is easy to verify, see [19], that the
set constraint Eid ⊆ Eapp is equivalent to

RN − γλαΓ (ejω)Γ ∗(ejω) ≥ 0 (9.16)

Now, since RN is linear in the decision variables {ct}N−1
t=0 , this inequality is a

linear matrix inequality (LMI) which is a convex constraint. If V (uN ) is the
input energy, i.e. V (uN ) =

∑N
t=1 u

2
t which in turn, using Parseval’s theorem,

can be written

V (uN ) = c0 (9.17)

then the optimal input signal design problem (9.6) can be written

min
c0,...,cN−1

co (9.18)

s.t.

⎡⎢⎢⎢⎢⎢⎢⎣

co c1 . . . cN−1

c1 c0 c1 . . . cN−2

...
. . . . . . . . .

...

cN−2 cN−1
. . . . . . c1

cN−1 cN−2 . . . c1 c0

⎤⎥⎥⎥⎥⎥⎥⎦− γλαΓ (ejω)Γ ∗(ejω) ≥ 0 (9.19)

N−1∑
t=0

cte
−jμkt ≥ 0, k = 1, . . . , N (9.20)

cN−j = cj , j = 1, . . . , N − 1 (9.21)

which is a semi-definite program and hence convex.
3 To be more precise it is a degenerate ellipsoid since Γ (ejω)Γ ∗(ejω) is singular.
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For example for ω = 0, i.e. the static gain estimation problem discussed in
Example 1, we have

min
c0,...,cN−1

co (9.22)

s.t.

⎡⎢⎢⎢⎢⎢⎢⎣

co c1 . . . cN−1

c1 c0 c1 . . . cN−2

...
. . . . . . . . .

...

cN−2 cN−1
. . . . . . c1

cN−1 cN−2 . . . c1 c0

⎤⎥⎥⎥⎥⎥⎥⎦− γλα

⎡⎢⎢⎢⎢⎢⎣
1 1 . . . 1
1 1 . . . 1
...

...
...

1 1 . . . 1
1 1 . . . 1

⎤⎥⎥⎥⎥⎥⎦ ≥ 0 (9.23)

N−1∑
t=0

cte
−jμkt ≥ 0, k = 1, . . . , N (9.24)

cN−j = cj , j = 1, . . . , N − 1 (9.25)

The diagonal elements in the matrix inequality give c0 ≥ γλα. However,
then it is straightforward to see that the choice c0 = c1 = . . . = cN−1 = γλα
both satisfies the matrix inequality and the positivity constraints (9.24). This
solution corresponds to

|U(ejμk )|2 =
{
Nγλα k = N
0 k = 1, . . . , N − 1

which in turn (taking the inverse DFT) corresponds to

ut =
√
γλα, t = 1, . . . , N

Thus we have proven that a constant input signal is optimal when the static
gain is the quantity of interest.

In general, Eapp may not be convex. One can then use the following approxi-
mation. Consider a set of acceptable models given by

Eapp =
{
θ̄ : Vapp(θ̄) ≤

1
2γ

}
(9.26)

for some function Vapp(θ̄) that has a global minimum equal to zero at the
true parameter value θ. A second order approximation is then given by

Vapp(θ̄) ≈
1
2
(θ̄ − θ)TV ′′

app(θ)(θ̄ − θ) (9.27)

since the gradient V ′
app(θ) is zero by construction. Also, by construction, the

second derivative V ′′
app(θ) is positive definite at the global optimum and when

the approximation (9.27) is used in (9.26) the set of acceptable models is an
ellipsoid given by
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Eapp ≈
{
θ̄ : (θ̄ − θ)TV ′′

app(θ)(θ̄ − θ) ≤ 1
γ

}
(9.28)

Following the reasoning in Example (3) gives that the condition Eid ⊆ Eapp

(9.5) can be approximated by

RN − γλαV ′′
app(θ) ≥ 0 (9.29)

9.3.3 Using Variance Constraints

Now we turn to the alternative constraint formulation (9.10) which involves
the inverse of RN . By making use of Schur complements, see e.g. [38], it can
be translated to a constraint that is linear in RN . Consider the partitioned
hermitian matrix M =

(
A B
B∗ C

)
where A is square and non-singular. The

Schur complement of A in M is defined as SA := C − B∗A−1B and it holds
that M ≥ 0 if and only if A > 0 and SA ≥ 0. The constraint (9.11) can
be written as β − Γ ∗(ejω)R−1

N Γ (ejω) ≥ 0 where the left-hand side is the

Schur complement of RN in the partitioned matrix MR :=
(

RN Γ (ejω)

Γ (ejω)∗ β

)
.

Since RN > 0 by assumption it follows that (9.11) is equivalent to MR ≥ 0.
Using the same arguments again we find that MR ≥ 0 if and only if the Schur
complement of β in MR is positive semi-definite (β is positive by assumption):

RN − 1
β
Γ (ejω)Γ ∗(ejω) ≥ 0 (9.30)

Note that, with β = 1
λαγ , (9.30) is also equivalent to the constraint (9.29) with

Vapp(θ̂N ) given by (9.7). Thus we end up with exactly the same optimization
problem (9.18)–(9.21) as before, but with β replacing 1

λαγ . We refer to [23]
for generalizations.

9.4 How to Handle System Dependency of the Optimal
Solution

In the formulation (9.6), typically either Eid or Eapp (or both) depend on
the true system, i.e., we have Eid = Eid(θ) and Eapp = Eapp(θ). This usually
implies that the optimal input signal will be a function of something which
is unknown prior to the experiment.

In our FIR example, Eid is independent of θ, since it is a linearly parameter-
ized model structure (unlike, e.g., ARX or ARMAX structures, where the co-
variance does depend on θ). For the frequency estimation problem, Eapp is also
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independent of θ. However, if we were interested instead in estimating the
squared magnitude of the frequency response at a given frequency, |G(ejω)|2,
then a Taylor expansion shows that Eapp is approximately

Eapp(θ) =
{
θ̄ : (|G(ejω , θ̄)|2 − |G(ejω , θ)|2)2 ≤ 1

γ

}
≈

{
θ̄ : (θ̄ − θ)TΓ (ejω)|G(ejω , θ)|2Γ ∗(ejω)(θ̄ − θ) ≤ 1

4γ

}
where the dependence on θ through |G(ejω , θ)|2 is clear.

The fact that the optimal input signal is a function of the true plant is not
necessarily a problem if we already had some prior information, say from a
previous experiment, and our goal is to design a new experiment to improve
an existing model. In this case, we can simply replace in the formulation (9.6)
Eid and Eapp by Eid(θ̂) and Eapp(θ̂), respectively, where θ̂ is a basic estimate
of the plant; the input signal obtained in this way is called a locally optimal
input signal design [13].

However, there are situations where we do not have enough reliable prior
information to design our input signal based on a previous estimate of the
plant. In the following subsections we describe two approaches to overcome
this difficulty.

9.4.1 Robust Designs

Even in the absence of a preliminary estimate of the plant, we might have
some basic knowledge about its parameters. For example, from physical con-
siderations it is sometimes possible to infer the order of magnitude of the
dominant time constant, the static gain, etc. If this is the case, we can as-
sume that we know a priori a set Θ such that θ ∈ Θ, and reformulate the
optimal input signal design problem (9.6) to account for this information.
One possibility is to consider the following robust version of (9.6):

min
uN

V (uN )

s.t. Eid(θ) ⊆ Eapp(θ), for all θ ∈ Θ
(9.31)

This problem corresponds to a robust convex program, which, save for a few
exceptions, cannot be solved exactly in a computationally tractable way [7].
Here we present a simple approximate method to solve (9.31), based on a
probabilistic relaxation technique known as the scenario approach [10]. For
details, the reader is referred to [35]. The basic idea is to replace (9.31) by

min
uN

V (uN )

s.t. Eid(θi) ⊆ Eapp(θi), i = 1, . . . ,m
(9.32)
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𝐺

recursive
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𝑢 𝑦input
design

Fig. 9.1 Adaptive input signal design.

where θ1, . . . , θm are independent random samples from a distribution Pθ in
Θ. In [11] it was shown that if (9.32) is formulated in terms of d decision
variables and m is chosen such that(

m

d

)
(1 − ε)m−d < δ

for some constants δ, ε > 0, then the solution of (9.32) will, with probability
greater than 1− δ, satisfy ‘most’ of the constraints in (9.31). More precisely,
Pθ({θ ∈ Θ : Eid(θ) � Eapp(θ)}) < ε holds with probability 1 − δ.

In Corollary 1 in [10], the following more explicit (but conservative) ex-
pression for m was proposed: m ≥ (2/ε) ln(1/δ) + 2d + (2d/ε) ln(2/ε). For
example, for d = 30, ε = 0.01 and δ = 10−10, m should be at least 7864,
which gives a tractable semidefinite program (solvable within 10 minutes on
a computer with Intel Core 2 Duo CPU of 2.53 GHZ and a standard SDP
solver).”

9.4.2 Adaptive and Sequential Designs

The idea of designing an experiment based on a previous estimate, and then
redesigning the experiment from the previous one can be carried out even
further, to arrive at the concept of adaptive input signal design. In this ap-
proach, a recursive estimator is employed to obtain a new estimate of the
plant at each time instant, and the recursive estimate is then used to simul-
taneously redesign the input sequence. Figure 9.1 presents a block diagram
of the adaptive technique.

As explained in [16], adaptive input signal design can achieve optimal per-
formance (i.e., the same performance as if the experiment were designed based
on the knowledge of the true system) under mild conditions, even though the
convergence proofs are difficult and beyond the scope of the present tutorial.
The interested reader is referred to [16, 17] for details, in particular the lat-
ter reference contains a convergence proof for adaptive signal design for ARX
models.
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9.5 Added Value of Optimal Input Signal Design

In the previous sections we have focused on the formulation of applications-
oriented optimal input signal design problems and how to solve the associated
optimization problems. An obvious question is how much that can be gained
by optimal input signal design. The answer to this question is clearly problem
dependent, and also depends on what one compares with. The reduction in
experiment time in the two case studies (a process control application and
a mechanical system) presented in [5] was roughly a factor 4 as compared
to a Pseudo-Random Binary Sequence. The paper [12] presents results from
re-tuning of an MPC controller of a process having 34 inputs and 90 outputs
at one of the world’s largest refineries, the Hovensa refinery in Virgin Islands,
United States. Partially through the use of optimal experiment design, the
total modeling time was reduced by 90%.

By solving the optimal applications-oriented input signal design problem
for different model complexities and different performance specifications it is
possible to characterize how the minimal experimental cost depends on these
quantities. This cost of complexity quantification, as it has become known,
may provide valuable information for trading off performance in the applica-
tion versus experimental effort in the identification problem. In Section 9.5.1
we discuss this for our standing example.

It is fairly obvious that optimal input signal design helps make system
properties of importance easy to detect in the measured signals. However,
a less obvious mechanism is that the optimal input signal tries to avoid to
excite system behaviours that are inessential for the application. Thus it hides
properties which are not important to the user. This dual aspect of the input
signal has some very pleasant consequences, e.g.

1. It keeps the cost of the experiment at a reasonable level for models of
high order.

2. It sometimes allows for consistent estimation of the properties of interest,
even in the presence of unmodelled dynamics.

We will discuss this further in Section 9.5.2.

9.5.1 Cost of Complexity

By focusing on specific properties of a given system, it is possible to reduce
the identification effort, measured in terms of the input signal energy required
to estimate the desired property within a given accuracy.

Example 4 (Example 3 cont’d). Suppose that (9.8) is modified to

Eapp =
{
θ̄ : (θ̄ − θ)TΓ (ejω)Γ ∗(ejω)(θ̄ − θ) ≤ 1

γ
, ∀ω ∈ [0, ωB]

}
, (9.33)
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i.e. it is required that the accuracy of the frequency response is γ over the
frequency range [0, ωB], where 0 < ωB ≤ π. Then, following [33], it can be
shown that the minimum input signal energy required (for large model orders
n) is approximately

nλγωB (9.34)

where λ is the variance of the noise et and 1/γ is the maximum allowed
variance of the frequency function estimate in the range [0, ωB].

According to (9.34), the required input signal energy increases in propor-
tion to the model order n. However, this cost can be kept low by focusing
on a more specific frequency region, i.e., by reducing ωB . This observation
reenforces the statement that input signal design can hide those properties
which are unimportant, thus providing an energy efficient experiment.

As a comparison, it can be shown, see [33] for details, that using a PRBS
(Pseudo Random Binary Sequence) as input signal requires the energy nλγπ
regardless of the bandwidth ωB to ensure that the parameter estimate ends
up in (9.33). Thus, for large model orders n, the reduction in required input
energy through the use of optimal input signal design can be significant for
small to moderate bandwidths ωB, as compared to PRBS excitation.

9.5.2 Consistent Estimation with Unmodelled
Dynamics

A simple example of the phenomenon that sometimes optimal input signal
design allows the use of restricted models is given by the static gain estimation
problem studied in the examples of this chapter.

Example 5 (Example 4 cont’d). In Example 3 we saw that a constant input
signal is optimal for the problem of estimating the static gain. However,
this particular input signal has the additional property that it still allows
for consistent estimation of the static gain if we use the following simple
static model: yt = Kut. The reason lies in the fact that a constant input
signal completely hides all the other properties of the system by making
them unidentifiable, This since, after the transient has died out, the system
behaves as

yt =

(
n∑

k=1

θk

)
ut + et

when ut = u (constant).

A perhaps more interesting example is given in [25], where it has been
shown that a nonminimum phase zero of a system G (of arbitrary order)
at z = zo can be consistently estimated with a model of the form yt =
b1ut−1 + b2ut−2 by using an input signal
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ut =
1

1 − z−1
o

rt

where rt is zero mean white noise. This input signal depends on the prop-
erty of interest, but it can be implemented using the adaptive scheme of
Section 9.4.2 [31].

9.6 Concluding Remarks

We have in this chapter provided the basics of applications-oriented experi-
ment design. There exists a wide range of extensions. By viewing the input
signal as a stationary signal with a continuous spectral density Φu(ejμ), the
spectral density takes the place of |U(ejμk)|2 in the formulation above and the
discrete-time Fourier transform (DTFT) is used instead of the DFT. An input
signal with the desired spectral density can be generated by filtering white
noise through the spectral factor of Φu(z). The Kalman-Yakubovich-Popov
lemma [36, 30] can be used to replace the positivity condition on the input
spectrum by a linear matrix inequality. This allows a wide range of model
structures to be used, e.g. ARX, ARMAX, output-error and Box-Jenkins
models. We refer to [22] for details. Also closed loop experiment design can be
handled in this way [20] and there is emerging work on applications-oriented
experiment design for non-linear systems [21].
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Chapter 10

Engine Calibration Using Nonlinear
Dynamic Modeling

Karsten Röpke, Wolf Baumann, Bert-Uwe Köhler, Steffen Schaum,
Richard Lange, and Mirko Knaak

Abstract. In recent years, engine calibration efforts have increased dramat-
ically in order to fulfill legislation requirements, in particular the reduction
of undesired emissions and fuel consumption while maintaining drivability
and meeting comfort demands. Dynamic modeling has been shown to be a
useful tool in this context. In this paper it is shown how nonlinear dynamic
modeling is applied to the virtual calibration of engines. Two different kinds
of excitation signals for the training of the models are compared and their
usability for engine calibration is analysed. It is shown that virtual engine
calibration can lead to a significant reduction of test bench costs during en-
gine and vehicle development while maintaining a high level of calibration
accuracy.

10.1 Introduction to Engine Calibration

Today’s combustion engines not only have to meet customer requirements,
but also have to comply with strict legal regulations. These regulations con-
cern particularly the combination of the emissions (e.g. NOx, CO, HC) and
the fuel consumption. Engine efficiency, emissions and fuel consumption in
this regard, form a tradeoff which highly increases the complexity of the
task. To achieve these target criteria, modern engine control systems provide
a large number of parameters that can be adjusted during operation. For
example, when operating a modern direct injection (DI) gasoline engine in
homogeneous mode, the parameters spark timing, intake camshaft, exhaust
camshaft, fuel injection timing and air-fuel ratio are set depending on the
engine’s current operating condition (see Fig. 10.1). For modern Diesel en-
gines the number of parameters may be even larger. Here, start of injection,
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air mass flow, boost pressure, rail pressure, exhaust gas recirculation (EGR)
and the timing and quantity of pilot injections can be adjusted.

Fig. 10.1 Engine inputs and responses

The control of all those actuators is carried out by the engine’s control unit
(ECU), which basically is a computer with digital and analog inputs and out-
puts. For example, the ECU determines the optimal control settings from the
current engine status defined by engine speed, environmental temperature,
intake air mass and the demand of the driver. The basis for the calculation
is the physical relationship between all involved factors, controllers and/or
stored multi-dimensional data tables. The goal of the engine calibration pro-
cess is to fill all values (up to 30,000), data tables and maps in the ECU, so
that the engine meets all requirements.

Basic calibration is a major constituent component in calibrating gaso-
line and Diesel engines. It provides the starting point for a whole host of
stages in the calibration process. This is why basic calibration needs to be
done with meticulous care since modifications later on come with far-reaching
consequences. Basic calibration of the control unit is understood to mean de-
termining optimum steady-state maps on the engine test bench with the aim
of ensuring safe and reliable engine operation. Optimization criteria encom-
pass emissions, fuel economy and running smoothness on the gasoline engine
side, and, additionally, combustion noise in the case of Diesel engines. With
gasoline engines, this involves optimizing the maps for charge sensing, valve
timing and ignition angle as well as calibrating any torque interface that may
exist. In the case of Diesel engines, the focus is on air mass, boost pressure,
rail pressure and the various injection events.
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Many engine developers employ models for the basic calibration process,
i.e. just a few measurement data are taken as the basis for the training of
a - mostly statistical - model which is then used for optimizing the basic
maps. The Design of Experiments (DoE) method is often employed for this
purpose as it can help to slash measurement input. However, as frequent
changes must be expected on the hardware side - particularly in the early
stages of developing an engine - maps from a previous construction stage or
a comparable engine are often used. This can lead to incorrect component
assessments since the maps used are not ideal for the data record in hand.
For the early phase of development, therefore, methods must be found that
permit high-speed basic calibration. At this point in time, it is admissible
to accept minor compromises on the accuracy side. In the late development
phase, when it comes to generating production-level data, it is calibration
accuracy and robustness that are of paramount importance. Here too, of
course, processes and methods must be used that save time and resources
while still ensuring quality.

10.2 Nonlinear Statistical Dynamic Modeling

Based on measurements, nonlinear statistical dynamic modeling determines
the mathematical relation between inputs and outputs without trying to
adopt the physical system structure. The relation is not unique and the mod-
eling assumptions made will affect the model behavior and the necessary
effort to obtain it. Generally, the model terms cannot be associated with a
physical meaning (black box modeling).

Linear system identification is well established and a sound theoretical
foundation has been reached [8]. The extension to nonlinear system identifi-
cation has only recently found a broader attention, where a main focus is put
on single input/single output (SISO) applications. State of the art combus-
tion engines, however, are influenced by several parameters and are therefore
consequently multiple input/single output (MISO) systems.

System identification is closely related to response surface modeling in
statistics [2]. The main idea is to use a sequence of designed experiments to
obtain an optimal response, i.e. a statistical model. DoE methodology assures
a sufficiently accurate description with a minimum number of experiments.
Since the latter can be extremely costly, their number is the limiting factor
in many disciplines, such as modeling combustion engines.

Statistical modeling is originally defined for static conditions and is well
established for internal combustion engines [10]. Its extension to non-linear
system identification has been described e.g. in [5]. The formal method of DoE
can consequently be used for planning the measurements and minimizing the
experimental effort.
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Starting from a general system with only little a-priori information is equiv-
alent to a highly redundant representation of information. This means that
the general model will have much more parameters than the system itself.
Through efficient parameter identification, the relevant parameters need to
be selected.

For the modeling of internal combustion engines, the state of the art
consists of data-based steady-state models with an abstract, non-linear ap-
proximator for reproducing or modeling of steady-state operating states.
This could be polynomials, neural networks, local linear neuro-fuzzy mod-
els (Lolimot), statistical interpolation methods or probabilistic models [9, 6].
Any possible combination of these approaches with physical models that in-
herently allow for time dependencies will entail complementing the statistical
approximators with dynamic components. This is usually based on the ap-
proach of external dynamics [10], resulting in the currently most common
model types:

• Volterra series
• time-delay neural networks (TDNN)
• dynamic local linear neuro-fuzzy models

The structure of parametric Volterra series is made up of a nonlinear trans-
formation of the input quantities by polynomials with a subsequent finite re-
sponse filter (FIR) stage. Additionally an infinite response filter (IIR) stage
is used to cope with dynamic systems with large time constants. In general
the model equation is given by

y(k) = g[x(k), x(k−1), . . .]+a1y(k−1)+a2y(k−2)+. . .+aNy(k−N), (10.1)

with g(·) as the nonlinear transformation of the inputs x(k), x(k-1), ... . The
noteworthy properties of Volterra series are:

• the linearity of parameters
• the high flexibility (ability to approximate Wiener and Hammerstein sys-

tems)
• and the easy stability check (by methods of linear system theory)

The linearity of parameters allows for the estimation of a global solution
on the basis of least squares or related methods, like weighted least squares
(WLS) or total least squares (TLS). In case of outliers in the data there are
also appropriate methods available, like e.g. robust regression [7]. In case of
an autoregressive (AR) stage, the use of instrumental variables usually gives
better parameter estimation results since the noise spectrum is not required
to be shaped like the AR spectrum.
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Fig. 10.2 Schematic structure of parametric Volterra series

10.3 Basic Engine Calibration Using Nonlinear
Dynamic Modeling

10.3.1 Test Design

Common to all data based modeling techniques is the great importance of
the data quality, i.e. the distribution of measurement points. In many cases
the user has the possibility to adjust the controlled variables and to design
the test as necessary.

A sound framework for the design of system identification tests is given by
the method ”Design of Experiment” (DoE), which considers the influence of
measurement points to parameter estimation. By means of DoE it is possible
to optimize the distribution of measurement points in a statistical sense and
to achieve an optimal ratio of the number of measurements to parameter ac-
curacy. It is no surprise that DoE methods have become very popular in the
field of engine calibration as they allow for the high-dimensional modeling of
modern combustion engines with 8 and more parameters. But the applica-
tion of DoE to nonlinear dynamic modeling is not always a straightforward
task. The basic DoE principle, however, remains the same: The appropriate
excitation depends on the system to be identified or the underlying model.
That means, the more prior information is available the better the test can
be adapted to the system under investigation.

A peculiar difficulty for nonlinear dynamic systems in combustion engine
modeling is given by the fact that there is only little prior knowledge available
about suited model structures for transient emission modeling. Especially
the unknown number of system states makes it practically impossible to de-
sign statistically optimal excitation sequences. Besides adaptive approaches
based on online modeling and test design [4] there are only a few alternative
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excitation signal types, which are used in engine modeling. The basic wave-
forms are

• ramp
• step
• sinus

Ramp-like sequences are often used for validation purposes, e.g. as a speed-
ramp to simulate an acceleration phase. For identification tasks we use ei-
ther step-like or sinusoidal signals, designed as Amplitude Modulated Pseudo
Random Binary Sequences (APRBS) or chirp, respectively.

10.3.1.1 APRBS

A pseudo-random binary sequence (PRBS) is a white stochastic sequence
with good applicability to linear system identification. It can take on levels
of plus and minus one, and has a constant power density as it is a white
sequence. In case of good prior knowledge of the system it may also be useful
to apply non-white PRBS for parameter training.

In addition to the variation of hold times, the APRBS is generated by
a variation of the amplitude levels. An example of an APRBS is shown in
figure 10.3. There, the amplitude modulation is pseudo-random and has the
purpose to cover the a priori unknown nonlinear characteristics. In case of
polynomial nonlinearities in a Hammerstein setup [9] it is also useful to de-
sign the amplitude levels in a statistical optimal way, e.g. as D-optimal points
within the legal hull. This approach helps to improve the safety of the engine
measurements at the test bench and results in a higher accuracy of the esti-
mated parameters. The major drawback of APRBS signals is their step-like
nature which may not be appropriate for all engine inputs, like e.g. relative
load of gasoline engines. It may also cause an unstable operation at the test
bench.

Fig. 10.3 Example of an APRBS
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10.3.1.2 Sinusoidal Excitation

An alternative possibility of practical engine excitation is given by sinusoidal
sequences with variable instantaneous frequency, like e.g.

x(t) = sin
(
2 · π · f · t2

)
. (10.2)

These so called chirp sequences are easy to create and have proven to be
very well suited for combustion engine modeling [1]. Within IAV, chirp se-
quences were successfully applied to Diesel as well as gasoline engines. The
direct design parameters are the frequency range of interest, the distribution
of frequencies, i.e. linear or logarithmic, the chirp sweep duration and also
the phase shifts between different inputs. These excitation signal parameters
affect the quantities of interest: coverage of the test space, the condition num-
ber of the design and the inter-input correlation. A nonlinear optimization
algorithm, like e.g. Particle Swarm Optimization [3] may be used to determine
a suited parameter set.

The big advantage of using sinusoidal signals for combustion engine excita-
tion is their continuous slope, but there are also advantages from a theoretical
point of view [1]:

• excitation of important frequency regions
• high D-optimality value
• easy control of the gradient of adjustment
• polynomial transformations are orthogonal for sinusoids

Having designed a suited excitation sequence, it is still necessary to scale
the inputs for safe engine operation, i.e. to avoid violations of the engine hull.
This is done by amplitude modulation on basis of the valid hull, as shown in
figure 10.4.

Fig. 10.4 Amplitude modulation of a sinusoidal sequence
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The disadvantage of sinusoidal excitation signals can be seen as the lack of
steady state excitation phases and the related hold times which are required
to identify systems with larger time constants. However, by adding steady
state excitation sequences this disadvantage can be overcome.

10.3.1.3 Practical Realization

Depending on the calibration task different frequencies and adjustment
ranges need to be considered. E.g. in case of hardware in the loop (HIL)/
software in the loop (SIL) environments or the calibration of ECU models
for torque or temperature, the excitation signals have to cover broader model
parameter input ranges than in case of modeling near a known optimum. Fur-
thermore it plays a crucial role whether the engine model is used for controller
tuning or for prediction of steady state conditions.

In the subsequent example, the task was to create an engine model which
is able to predict the transient and steady state behaviour of a gasoline V6
engine under warm operating conditions. This model is mainly used for com-
plete SIL testing of a complex test bench functionality, where good transient
and steady state prediction is required. The steady state behavior and the
boundaries of the system are well known from previous steady state DoE
and grid measurements. The engine excitation boundaries are described by
a convex hull. This convex hull information is required for the design of ex-
citation signals within legal engine limits. The following six quantities are
used for engine excitation: Engine speed, relative engine load, spark timing,
intake cam phase, exhaust cam phase, air-fuel ratio (lambda). Figure 10.5
shows the designed excitation sequence with chirp signals before the scaling
into the convex hull.

We used two different types of excitation: a pure sinusoidal approach and
a mixed design with three channels as APRBS. Similar designs were used as
validation sequences. Each design fulfills the demanded constraints regarding
ranges of amplitudes and maximum allowed gradient of adjustment. However,
during the design process of APRBS it was difficult to consider limited step
sizes and to ensure full modulation at the same time. This finally resulted
in a slightly less modulation of APRBS amplitudes, as can be observed by
comparison of Fig. 10.6 and 10.7.

10.3.2 Modeling

For the virtual optimization of engine parameters it is necessary to establish
models for a number of engine quantities such as emissions, torque, knocking,
IMEP-COV (Indicated Mean Effective Pressure - Coefficient of Variance),
pre-catalyst exhaust gas temperature, fuel consumption and load. As model



10 Engine Calibration Using Nonlinear Dynamic Modeling 173

Fig. 10.5 Dynamic test design with sinusoidal excitation

type parametric Volterra series are applied. Depending on the target quan-
tity polynomial orders up to 4 and interaction orders up to 3 are used. Input
quantities are engine speed, throttle angle, intake valve timing, exhaust valve
timing, spark timing and air-fuel ratio. Also depending on the target quantity,
delayed versions of the inputs are required to account for system dynamics
with short time constants. The pre-catalyst exhaust gas temperature model
uses one additional feed back term. The significant terms of the polynomial
are selected using the orthogonal least squares (OLS) term selection proce-
dure as described in [9]. For modeling it is necessary to synchronize the data
of the different sensors (time alignment).

Dynamic measurements usually provide a large amount of data within
a short time. The number of training data for the sinusoidal excitation is
about 33000 samples, for APRBS about 18000 samples. The sampling rate is
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10 samples/second. That means the overall measurement time is 55 min for
sinusoidal and 30 min for APRBS signals. The quality of the data is ensured
by the test design as described in the previous subsection and by a visual
inspection of the data to check the plausibility, the modulation amplitude
and the noise level.

To evaluate the modeling results, the following measures are used:

• RMSE (root mean square error):

RMSE =

√√√√ 1
N − 1

N∑
i=1

(yi − ŷi)2 (10.3)

• nRMSE (normalized RMSE):

nRMSE =
100 ·RMSE

maxi(yi) − mini(yi)
, (10.4)

where N is the number of measured samples, yi is the modeling target and
ŷi is the estimated target signal. The RMSE is measured in the same unit
as the target quantity wheras the nRMSE is measured in %.

Table 10.1 and table 10.2 show the modeling results for sinusoidal excita-
tion and for APRBS excitation, respectively.

Table 10.1 Modeling results for sinusoidal excitation signals

modeling target training validation
RMSE nRMSE [%] RMSE nRMSE [%]

COa 0.2 % 4.07 0.2 % 7.94

HCb 187.0 ppm 5.50 349.0 ppm 6.61
NOxc 227.0 ppm 5.69 212.0 ppm 5.52
relative load 2.2 % 3.27 3.4 % 4.52
torque 3.7 Nm 1.64 4.8 Nm 2.13

temperatured 7.2 ◦C 2.32 18.8 ◦C 5.65
knocking 10.7 % 6.09 11.2 % 5.48
fuel mass flow 0.6 kg/h 2.19 0.8 kg/h 2.94
COVe 0.6 % 7.43 1.0 % 8.64

acarbon monoxide, bhydrocarbon, cnitrogen oxide, dexhaust gas temperature before
catalyst, ecoefficient of variance (IMEP).

For a visual impression of the modeling results, Fig. 10.6 and Fig. 10.7 show
modeled vs simulated plots for the torque, modeled on the basis of sinusoidal
and on the basis of APRBS signals, respectively. Between sinusoidal training
tests and sinusoidal validation tests the engine was dismounted from the test
bench and installed again later. Due to minor setup changes the differences
between training and validation results are larger than for APRBS.
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Table 10.2 Modeling results for APRBS excitation signals

modeling target training validation
RMSE nRMSE [%] RMSE nRMSE [%]

COa 0.2 % 4.26 0.2 % 6.07
HCb 144.0 ppm 5.33 179.0 ppm 6.07
NOxc 260.0 ppm 6.89 226.0 ppm 5.81
relative load 2.2 % 4.38 2.2 % 5.35
torque 3.9 Nm 2.03 4.4 Nm 2.99

temperatured 6.2 ◦C 2.33 11.2 ◦C 4.14
knocking 5.8 % 8.27 7.0 % 9.08
fuel mass flow 0.6 kg/h 2.27 0.7 kg/h 2.57
COVe 0.5 % 5.40 0.4 % 9.71

acarbon monoxide, bhydrocarbon, cnitrogen oxide, dexhaust gas temperature before
catalyst, ecoefficient of variance (IMEP).

Fig. 10.6 Torque modeling using sinusoidal excitation: training (left) and valida-
tion (right) results (measured-vs.-simulated plots)

Fig. 10.7 Torque modeling using APRBS excitation: training (left) and validation
(right) results (measured-vs.-simulated plots)
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10.3.3 Virtual Engine Calibration

The models from subsection 12.2.2 are used for calibration of optimum valve
timings in various operating points. This comprises the calibration of spark
timing to produce maximum torque and eventually using the optimized spark
in further valve timing calibration.

As a first step, optimal spark timing values for each extended operating
point given by the quadruple {engine speed, load, intake cam phase, exhaust
cam phase} are calculated. The optimal spark timing for a given quadruple is
assumed to be the spark timing with a maximum related torque. The torque
is determined using the dynamic torque model. As a constraint the modeled
knocking and exhaust gas temperature values must not exceed user defined
thresholds. So, for each extended operating point a spark sweep diagram as
depicted in Fig. 10.8 is calculated. If knocking and exhaust gas temperature
are below the given thresholds, the spark timing of the maximum torque is
considered as the optimum. Since dynamic models are used, it is required to
calculate the static final torque value, i.e. the torque value after completion
of the settling phase.

Fig. 10.8 Spark sweep vs. torque: measured (square) and simulated (circle)
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Using this optimum spark timing, within the next step the optimal com-
binations of valve timings are determined for each extended operating point.
The optimum valve timing is selected according to the maximum torque sub-
ject to the constraint of running smoothness (COV).

The described steps are accomplished for the models based on sinusoidal
excitation and the models based on APRBS excitation separately. The results
are subsequently compared to the optimization results of the grid measure-
ment reference. The comparison for the operating point {engine speed = 3000
rpm, relative load = 50 % } is depicted in Fig. 10.9 to 10.10. For the shown
example, the grid measurement for torque in Fig. 10.9 has its best value at
the combination of1 IVVT=40 ◦/ EVVT=20 ◦. The dynamic model with
sinuoidal excitation shows its optimum at the combination of IVVT=40 ◦/
EVVT=22 ◦; for APRBS excitation models the optimum is at IVVT = 40 ◦/
EVVT = 15 ◦(interpolated).

The deviations between the grid measurement reference and the models
for brake specific fuel consumption (BSFC) are depicted in Fig. 10.11 and
10.12 for the sinusoidal and the APRBS excitation, respectively.

1 IVVT: intake cam phase, EVVT: exhaust cam phase.
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Fig. 10.9 Optimization results for engine speed 3000 rpm and load 50 %: torque
(left) and COV (right)
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Fig. 10.10 Optimization results for engine speed 3000 rpm and load 50 %: NOx
(left) and temperature before catalyst (right)
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Fig. 10.11 Deviation of BSFC as calculated with the dynamic model based on
sinusoidal excitation signals from grid measurement reference in [%]

Fig. 10.12 Deviation of BSFC as calculated with the dynamic model based on
APRBS excitation signals from grid measurement reference in [%]
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10.4 Discussion

The results of the virtual engine calibration show that grid measurement,
sinusoidal excitation based calibration and APBRS excitation based calibra-
tion arrive approximately within the same range of the parameter settings.
This can be considered as a proof of concept of the virtual engine calibration
methodology. The error plots in Fig. 10.11 and 10.12 depict the error of the
virtual calibration with respect to the calibration based on grid measure-
ments. The errors are in general very small. It depends on the development
stage whether this error is acceptable or not. The essential benefit of the
virtual calibration technique is the required measurement time of only about
one hour. So, early development stages, where a fast calibration is more im-
portant than accuracy, can take benefit from this virtual calibration process.

Beside the virtual engine calibration it becomes apparent that both ex-
citation techniques, i.e. sinusoidal excitation and APRBS excitation, can be
successfully used for modeling and for the subsequent optimization. The re-
sult tables show relative mean errors within an acceptable range of around 5
% for training and validation for both excitation techniques. Since the num-
ber of training samples and also the amplitude range of the excitation signals
are not the same it is not advisable to compare the numbers directly. This
applies particularly to the error plots in Fig. 10.11 and 10.12.

As Fig. 10.8 shows, the optimum of the spark sweep is rather flat. That is,
a relatively large variation of the spark timing causes only small changes of
the torque. It is hence important to have a good model accuracy in order to
have a high certainty about the position of the spark optimum. Furthermore,
for the determination of the optimum, a sufficient amplitude modulation
of the excitation signals is essential. Otherwise, the optimum of the spark
may be outside the model range which limits the usability of the model and
the optimization. This underlines that a careful test design is crucial for a
successful application of the proposed method.

10.5 Conclusion

In this paper, nonlinear statistical dynamic modeling is applied to the virtual
calibration of engines. It is shown that there is a tradeoff between calibration
accuracy and calibration time. While the loss of accuracy is usually very small
and below a few per cent, the savings in calibration and measurement time are
significant. Consequently, the integration of this method into the development
cycle may lead to great cost savings. Furthermore, it has been shown that
there is no preference for APRBS or sinusoidal excitation within the modeling
phase. The integration of the nonlinear dynamic modeling approach into
different, already existing, toolchains is feasible without great adaptation
efforts.
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Development III. expert-Verlag, Renningen (2007)

[6] Köhler, B.-U.: Konzepte der statistischen Signalverarbeitung. Springer, Hei-
delberg (2005) ISBN 3-540-23491-8

[7] Kötter, H., Schneider, F., Fang, F., Güsner, T., Isermann, R.: Robust Regres-
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Chapter 11

Representation Limits of Mean Value
Engine Models

Carlos Guardiola, Antonio Gil, Benjamı́n Pla, and Pedro Piqueras

Abstract. Mean Value Engine Models (MVEMs) have been widely used for
internal combustion engine modelling with main application areas on the de-
sign and development of engine control systems. However, modellers must be
aware of the limitations of these MVEMs which are associated to the sim-
plification of the geometry and the time scale, and the partial consideration
of the physical phenomena involved. This chapter analyses through several
real-life examples the effects of some of the most important simplifications
done in MVEMs.

11.1 Introduction

Modelling has become a key tool in many engineering applications. The au-
tomotive internal combustion engine field is not an exception, and along the
last decades a huge variety of models have been developed and applied for
different design and analysis problems. Models range from complex 3D Com-
putational Fluid Dynamics (CFD) to simple linear transfer functions and
they usually are selected for a given application according to different crite-
ria, which include the accuracy and prediction capabilities of the model, the
development and tuning cost, and the computational cost of the model.

Model accuracy, understood as the ability of the model to accurately rep-
resent the engine behaviour, is a critical issue. It must be also considered that
it is possible for a model to be extremely accurate only when simulating the
engine operation in the design conditions (or the those used for the model
tuning), while failing to properly predict the engine behaviour on different
conditions. Model prediction capability is also crucial for computer-aided en-
gineering (CAE) applications, where design decisions are usually founded on
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simulation results while no experimental data is available for model tuning.
In general, the more the model is based on the physical representation of the
system, the better it is able to predict the off-design behaviour.

Model development and tuning is a time demanding task. Although many
advances have been done for automated modelling (specially for data driven
models), trial-and-error is still needed in many steps of the model develop-
ment process and a slight redefinition of the model architecture can imply to
completely restart the identification task. For model tuning, pre-existent data
is needed. Available data will compromise model accuracy, and in the case of
pure data driven models, the representation range of the model is restricted
to the range of the available data. In the case of physical-based models, usu-
ally less data is needed due to their higher prediction capabilities, however
model development process and tuning can become tedious because of the
more complex mathematical structure.

Finally, the program complexity and execution time stands a limitation for
the model selection. Despite the huge advancements in computing power, a
CFD simulation can involve several days for a complex simulation in current
workstations. Slower models are restricted for the assistance in design and
analysis during the engine development phase while simple physical based
models are used for extensive simulations for control system development.
Only simpler models are envisaged for online tasks in control, like model-
based control, since computation time must be kept several times below real
time.

Plenty of models have been proposed for engine simulation along the last
5 decades [1, 2, 3]; models are usually classified according to the spatial and
time resolution adopted for the problem representation and, at least, the
following groups can be identified:

• Mean value models. Mean value models neglect the in-cycle variation that
most engine physical quantities (flow, pressure, etc.) experience during
the engine cycle. This in-cycle variation is related to the fact that the
internal combustion engine is dominated by processes which occur peri-
odically during the engine cycle (intake process, compression, combus-
tion, expansion and exhaust). As its name suggest, mean value models
only predict the average value of the different variables. On the other
hand, the system representation in this kind of models is reduced to a
(limited) number of states. Hence they are usually referred as 0D models
or lumped parameters models. Within this group, two families of models
can be differentiated, although differences may become clinal:

– Data driven models (DDMs). Derived from pure mathematical iden-
tification process, data driven models are based on the direct fitting
of a mathematical model structure. Different alternatives have been
explored, being some of the most popular state space models, transfer
functions, neural networks, fuzzy models or hybrid models. Prediction
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capability of pure data driven models can be compromised because of
their nature, which is not directly based on the physical description
of the system; however, this drawback can be shortcut through an ad-
equate selection of the tuning dataset, or the application of adaptive
techniques. DDMs can be very fast (several times faster than the real
engine), thus allowing their implementation in optimisation solvers
for model-based predictive control.

– Physical-based mean-value engine models (MVEMs). Derived from
simple mass and energy balances, MVEMs (also known as first-
principle models) are quite popular for being a compromise between
pure mathematical DDMs and slower physical models. MVEMs can
benefit of a user-friendly component based approach, where inter-
changeable components are combined for modelling the full engine.
On the other hand, moderate computing time have made them very
popular for testing and developing software components. Generally
DDMs and MVEMs are not grouped together, however they are
quite similar in the simplification adopted, and hence in their limita-
tions. Additionally, there are some models, usually referred as grey-
box models, which combine the physical-based approach with a data
driven final tuning.

• Emptying-and-filling models (E&FMs). Emptying and filling models are
first-principle models that, in opposition to the MVEMs, describe the in-
cycle variation of the engine quantities. Although they still have a simple
spatial representation of the engine (i.e. they are 0D or lumped parameter
models), they are able to provide an insight in the internal evolution of
the gas inside the cylinder and to represent pulsations in the manifolds
(which are modelled as volumes). In some cases E&FMs are referred in the
literature as crank-angle solved (CAS) models, because they are computed
in the crank-angle domain instead of the time domain, or because of their
ability of representing the in-cycle evolution of the different variables as
a function of the crank-angle.

• Wave action models (WAMs). One-dimensional geometric description of
the engine manifolds permits the inclusion of the momentum conserva-
tion equation (which added to the mass and energy balance results in
the Euler equation set), and thus the representation of wave effects. In
many engines wave dynamics influence on the air management process
cannot be neglected, since the pressure at the intake and exhaust ports
is affected by strong pulsations. Wave action models usually combine the
1D description of the manifolds with first-principle E&FMs of cylinders
and different engine subsystems.

• Multi-dimensional models (CFD). On the basis of a detailed geometri-
cal description of the system, Navier–Stokes equations can be formulated
and solved. CFD simulations solution provides a description of the veloc-
ity and composition field for complex geometries, being the only way to
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Table 11.1 Main characteristics of the different modelling techniques.

DDM MVEM E&FM WAM CFD

Spatial resolution 0D 0D 0D 1D 3D
Time resolution MV MV CAS CAS CAS

Physical description no/very low low low medium complex
Prediction capabilities no low medium medium high
Computational cost very low low medium high very high
Main application control control develop. CAE CAE CAE

simulate 3D mixing problems. At present understanding, Navier-Stokes
equations are able to describe the fluid-dynamics accurately. However,
the direct numerical simulation (DNS) is extremely time consuming, and
different techniques are needed for lowering computing time, like the in-
clusion of turbulence models (e.g k–ε), Reynolds-averaged Navier-Stokes
equations (RANS), or Large-eddy simulation (LES), where larger turbu-
lent scales are explicitly solved. When considering combustion modelling,
a combination of a spray model (describing fuel injection, jet break-up
and droplet evaporation), a mixing model, an ignition model, a turbulent
combustion model and a chemistry model (which includes pollutant for-
mation) must be considered [4]. The complexity of the problem and the
broad range of time and length scales do not allow a generalised approach,
and it stand a hot topic in research [5].

Table 11.1 summarises the main general characteristics of the models pre-
sented in terms of spatial and time resolution, physical description of the sys-
tem, prediction capabilities and computational cost; main application area is
also identified. When analysing the model accuracy, it must be remarked that
the models describing the system physics (right part in Table 11.1) are able
to provide a better prediction of the system behaviour when no experimental
data is available (on the basis of the physical properties of the system). How-
ever, after being tuned with available experimental data, DDMs and MVEMs
can provide a good input-to-output mapping within the identification range
and conditions. In this case, their accuracy can be even superior of that of
the more complex physical approaches, and they can also exhibit limited
extrapolation capabilities, specially in the case of MVEMs.

Although Table 11.1 could suggest that DDMs and MVEMs cannot com-
pete with other modeling techniques as CFD or WAM, this is not by far
the actual situation: because of the low computational power required and
the existence of identification methods, and their accuracy within the iden-
tified range, DDMs and MVEMs are usually preferred (and sometimes the
only modeling approaches available) for control and diagnosis in automotive
applications.

In this context, significant advances have been done in improving DDM
and MVEM accuracy, computation time and in the generation of automated
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model generation and identification tools. However, the modeller must be
aware that, because of the simplistic physical representation assumed in these
models, there are problems that need a more complex approach. The rest of
the chapter is devoted to the identification of the main phenomena that can-
not be modelled through the MVEM (and DDM) approach, and the presenta-
tion of some application examples in which these phenomena are important.

11.1.1 Main Limitations of the Mean Value
Representation

In general, both MVEMs and DDMs are based on a simplistic representation
of the engine system, with the following assumptions:

• The in-cycle variation of any variable in the engine is disregarded. Usual
time resolution is in the order of the engine firing frequency, and hence
in-cycle variations are neglected.

• A limited number of states are used for the system representation, and
hence neither 3D nor 1D flow characteristics can be reproduced. Usually
intake manifold is lumped into a single volume, and the same occurs with
the exhaust manifold; ducts are usually represented by equivalent nozzles.

A summary of the equations usually used in MVEMs can be found in [6].
Today, MVEMs are a common tool: simplified versions of MVEMs are inter-
nally run in current electronic control units (ECU) for estimating unmeasured
quantities, while more complex MVEMs are used for the design and develop-
ment of engine control systems. For many applications, the improvement in
precision obtained does not usually justify the computing time needed even
for E&FMs[7].

However, the modeller must be aware of the limitations of these MVEMs,
which are associated to the simplification of the geometry, the time scale,
and the oversimplification of the physical phenomena involved. In order to
cope with the simplified physical representation, the modeller usually must
increase the number of tuning parameters. As far as the physical phenom-
ena are not properly represented and hence most of the tuning parameters
strongly depend on the operation conditions, a collection of maps are usually
needed in order to provide a full representation of the engine behaviour.

Some of the most troubling issues in engine modelling through MVEMs
are the following:

• Engine volumetric efficiency. Due to the reciprocating operation of the
engine and the cyclic opening and closing of the valves, neglecting the
in-cycle variation of the pressure at the intake and exhaust ports can re-
sult in significant deviations in the resulting breathing capacity of the en-
gine. Furthermore, wave effects on the manifolds can improve (or worsen)
the trapped air mass beyond 20%. MVEMs partially solve the problem
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through volumetric efficiency maps, which must be carefully tuned. Al-
though these mapped corrections can be sufficient during steady state
operation, pulsating flow effects or exhaust gas recirculation (EGR) tran-
sient cannot be mapped nor easily predicted.

• Three-dimensionality and asymmetries in the intake system.
Three-dimensional nature and asymmetries of intake and exhaust sub-
systems of real engines may take significant effects on the cylinder-to-
cylinder charge distribution, influencing the trapped air mass in each
individual cylinder. In case of high pressure exhaust gas recirculation,
significant differences in the cylinder-to-cylinder gas composition can
exist.

• Unsteady flow and distributed pressure losses. In cases where pressure
loss is distributed, as in the case of porous media, or when pulsating flow
occurs, important differences can appear between the equivalent nozzle
representation and the real engine behaviour.

• Turbine swallowing capacity and efficiency. Automotive engines use pulse
turbocharging, that is, the turbine profits from the pressure pulses in the
exhaust manifold. Using mean value assumption results in a significant
bias in the estimate of the available isentropic power. Additionally, in-
stantaneous efficiency is affected by the ratio between the gas and blade
speed, thus resulting in important variations of the efficiency during the
engine cycle. Directly using exhaust manifold mean values and the effi-
ciency obtained in steady-state standard gas stands can be the cause of
significant deviations. Hence, tuning coefficients are needed for adjusting
the behaviour of the turbine.

• Compressor surge occurrence. Compressor performance is usually mapped
with steady tests; as far as significant pulsations do not reach the com-
pressor, this mapping can reproduce on-engine behaviour with fidelity.
Although in some conditions pulsations can be significant, or unsteady
effects associated with the engine transients can appear, the most complex
compressor behaviour to predict is surge occurrence. In most MVEMs,
surge effect is included through the surge line, which assumes that the
surge occurrence is only dependent on the compressor corrected flow and
the compressor speed. However surge is a complex dynamical process,
which is related with the internal flow conditions in the compressor.
Flow pulsating conditions or compressor inlet geometry can significantly
mitigate (or increasing) the surge occurrence.

• Detailed combustion and pollutant formation modelling. Combustion and
pollutant formation is strongly dependent on the in-cycle evolution of the
gas and fuel mix in the cylinder; computing this evolution is out of the
MVEM approach (but simple input-output models can be used for control
purposes [8, 9]). Although E&FMs or 1D spray description can provide
quite good results for some combustion modes and some pollutants [10],
in other cases the three-dimensional mixing and reacting processes inside
the geometrically complex combustion chamber cannot be neglected; thus
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Table 11.2 Suitability of the different modelling techniques for solving different
problems.

DDM MVEM E&FM WAM CFD

Volumetric efficiency - - Fair Good Good
Wave effects - - - Good Good
Asymmetries - - - 1D 3D
Unsteady flow - - - 1D 3D

Turbine Poor Poor Fair Fair Good
Surge - Poor Poor Fair Good

Combustion - - Poor Poor Good

CFD simulation are the only feasible approach. Even then, probabilistic
assumptions must be usually done, and still many advances are needed
for providing an accurate general solution to the problem.

Table 11.2 provides an overview of the suitability of the different modelling
techniques for the detailed modelling of different subsystems and phenomena
occurring in the internal combustion engine. Note that suitability does not
ensure that the effect is properly modelled with present knowledge. Next
sections provide several real-life examples that illustrate situations where
the simplifications assumed in the MVEMs are not feasible. The fact that
MVEMs (including DDMs) are not able to reproduce these effects with suf-
ficient accuracy does not implies they are useless, but highlights the neces-
sity of a right selection of the modelling technique depending on the model
objective and the relevant phenomena involved.

11.2 In-Cycle Variation

Most quantities associated with the operation of the internal combustion en-
gine exhibit an in-cycle variation due to the periodicity of the engine events
(intake, combustion, exhaust, etc.), and the mean value assumption is in
many cases hardly acceptable. For example, Figure 11.1 illustrates the pres-
sure and the mass flow in-cycle variations for a heavy duty diesel engine; for
the case flow in the EGR duct (which corresponds to the lateral entry of the
venturi in the figure) peak-to-peak amplitude variation is higher than 200%
the mean value.

Although in-cycle variations do not completely invalidate the mean-value
modelling concept, as far as the system behaves in a non linear way, MVEM
results will result on significant deviations from the actual engine behaviour.
Unfortunately, many relevant phenomena occurring in the internal combus-
tion engine are extremely non-linear, and neglecting the signal pulsation im-
plies the inclusion of correction parameters, whose validity is restricted to
the tuned conditions.
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Fig. 11.1 Flow through a venturi used for improving EGR rate in conditions of
boost pressure exceeding mean exhaust manifold pressure. Modelled values have
been computed with OpenWAMTM.

In the simplest cases, the pulsation of the different signals can be explained
through the emptying-and-filling process; however, in other cases wave action
is needed for accurately predicting the amplitude and phasing of the pulsa-
tion. Thus, E&FMs can suffice in some situations, while WAMs are needed
for the more general case.

In some cases, including important processes like the turbine swallowing
capacity and power, the flow through elements subject to important pressure
pulsations (e.g. EGR circuit) or the cylinder intake process, the pulsating
effect is not negligible.

In the case of the turbine swallowing capacity, the non-linearity on the
flow characteristic of the turbine causes significant deviations if averaged
variables are considered. According to Zinner [11], the predicted mean-value
mass flow exceeds the actual flow in pulsating conditions. The difference
between both quantities strongly depends on the inlet pressure profile; in
cases with important peak-to-peak pulsation, the difference can exceed 20%.

Equivalently, pulsation also modifies the power provided by the turbine.
Here two effects must be considered: pulsating flow has higher power avail-
ability than mean-value flow [11, 12, 13], and instantaneous turbine efficiency
is affected by the ratio between blade and gas speeds, being the last signifi-
cantly modified according to the pressure pulses. Significant variations in the
expected turbine power exceeding 40% can thus appear [11].

Both effects occurring in automotive turbines are usually solved using tur-
bine E&FMs, while 1D WAMs are usually used for the exhaust system mod-
elling when wave effects are significant.

With respect to the flow through elements, significant divergences in the
MVEM approach are obtained with highly pulsating conditions providing a
low mean flow. For example, Chevalier et al. [14] report that using a MVEM
approach in a throttle valve can cause up to 50% error (because the nonlin-
ear pressure drop-flow characteristic), while a revised model including some
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corrections due to compressibility and pressure pulsation was used for lower-
ing the error down to 11%. In the case of distributed pressure losses, like flow
through an EGR duct for wide-open EGR valve positions, a WAM is needed
for proper modelling because of the combination of pressure pulsations and
wave effects. However, E&FMs behave quite well for punctual pressure losses.

Last interesting example is related with the cylinder intake process. Since
the valve opening varies during the engine cycle the problem is highly non-
linear. The existence of pressure waves in the cylinder ports, and the different
timing of the pressure peaks, with regards to the valve closing, dramatically
affect the resulting volumetric efficiency. MVEMs usually assume that the
volumetric efficiency is known before-hand, and intake mass flow presents a
proportional variation with the mean density at the intake plenum (known
as the speed density equation); steady-state volumetric efficiency is mapped
and used in a quasi-steady approach. In opposition, WAMs can be used for
estimating the volumetric efficiency, as shown in Figure 11.2.

Fig. 11.2 Example of volumetric efficiency prediction through OpenWAMTM[15].

MVEM approach for the volumetric efficiency has important limitations:
on one hand, volumetric efficiency can differ from the nominal one when en-
gine settings are modified (for example EGR valve opening, which permits
the wave interaction between the intake and exhaust manifold); on the other
hand, during engine transients (including speed acceleration, variable nozzle
turbine closing, EGR valve position variation, etc.), instantaneous volumetric
efficiency can differ from its steady state value. Although [14] reports diver-
gences below 2%, this results are hardly extensible to all engines and every
kind of transients (specially if turbocharged engines are considered).
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11.3 Distributed Pressure Losses: Flow through Porous
Media

Because of their simplification in the spatial representation of the system,
both MVEMs and E&FMs concentrate the pressure losses along ducts into
singular pressure drops, often assumed to be equivalent to orifices. However
the actual behaviour of distributed pressure losses can be significantly differ-
ent, specially if strong flow pulsations occur. Another specific problem that
is hardly described by equivalent 0D models is the flow through porous walls,
as in the case of diesel particulate filters (DPF).

The definition and complexity of the DPF models differ depending on
the extent of the objectives. Basic analysis to evaluate the pressure drop
taking place across the porous medium is traditionally raised with simple 0D
models (MVEM or E&FM), which approximate on a lumped term the inertial
effect at inlet and outlet monolith cross-sections [16]. If only the monolith is
analysed, the pressure drop at clean conditions neglecting the Forchheimer’s
effect and assuming incompressible flow can be expressed as
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where ΔpDPF is the stagnation pressure drop; μ is the dynamic viscosity;
Q represents the volumetric flow rate; VDPF and L are the monolith vol-
ume and lenght respectively; α and ww are the honeycomb cell size and the
porous wall thickness and define the cellular structure of the monolith. The
non-inertial pressure drop is a function of the porous wall permeability kw

and the friction process. The pressure drop due to friction in square porous
channels depends on the momentum transfer coefficient F . On the other hand,
the inertial pressure drop depends on the porous wall contribution given by
the Forchheimer’s coefficient βF and the pressure drop due to local contrac-
tion and expansion at the inlet and outlet of the monolith channels. These
contributions are considered together in a solely pressure drop coefficient ςt.

The potential of this sort of lumped-parameter approach lies on the possi-
bility to provide the value of the porous wall permeability, which is a property
determined by only the pore structure and then not dependent on fluid prop-
erties nor flow mechanisms. According to equation 11.1, the pressure drop to
volumetric flow ratio is a linear function of the volumetric flow. The indepen-
dent term is a function of the dynamic viscosity, the monolith geometry and
the porous wall permeability and represents the non-inertial contribution to
the pressure drop whereas the slope covers the inertial mechanisms affecting
the pressure drop phenomena:
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The value of the non-inertial term can be determined from experimental
monolith pressure drop measurement carried out under steady flow condi-
tions. As a consequence, the wall permeability can be determined as:
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The model can be expanded to the calculation of the pressure drop under
load filter conditions, which besides the estimation of the inertial pressure
drop coefficient (ςt) needs the additional estimation of the particulate layer
properties, such as soot permeability and thickness.

Another similar model to deal with the calculation of the DPF pressure
drop consists in the definition of a pressure drop coefficientK. This coefficient
relates the stagnation pressure drop and the kinetic energy at the filter inlet:

ΔpDPF = K
1
2
ρu2 (11.4)

This approach allows the solution of a quasi-steady boundary condition
where the pressure drop is locally concentrated [17], which can be used in-
distinctly for MVEMs or for E&FMs (although final result could differ de-
pending on the variables to be averaged because of the existence of quadratic
terms). The same solution can be included as boundary condition in a WAM,
as sketched at central plot in Figure 11.3.

There, the inlet and outlet cones are modelled as volumes whereas the
monolith geometry is defined by two ducts separated by the boundary condi-
tion solving the pressure drop. The total length of the ducts coincides with the
length of the monolith. All of them are half-length so that it is assumed that
all the flow covers the half length of the inlet channels, where the pressure
drop is locally imposed, and goes into the outlet channels. Thus, although
the pressure drop is calculated with a quasi-steady approach, the model ac-
counts for the influence of the monolith length on the flow dynamics. The
pressure drop coefficient has been determined from experimental data and
corrected taking into consideration the pressure drop that the model geome-
try involves. This treatment leads to very accurate predictions of the pressure
drop as bottom plot in Figure 11.3 shows for a wide range of cold steady flow
operating conditions.

Despite the interest of mean value models for engine modelling and wall-
flow monolith pre-design [19], one-dimensional models (top plot in Fig-
ure 11.3) provide a more detailed description of the flow dynamics in a wall-
flow DPF. Under steady flow conditions, 1D models yield a pressure drop
prediction of high agreement with experimental data, but similar to that
provided by lumped-parameter approaches as (a) plot in Figure 11.4 shows.
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Fig. 11.3 Scheme of the distributed pressure loss (top) and of the lumped pressure
loss (centre) for the DPF pressure drop prediction into the gas dynamics software
OpenWAMTM. Bottom: results of the model with steady flow.

However, main differences and improvements arise from the fact that 1D
models account for the pressure drop through the porous medium as an axial
distributed phenomenon along the channels. As a consequence, the effect of
the plug end at the inlet channel and the flow regime on the porous media
properties and flow distribution are successfully simulated. Graphs (b) and
(c) of Figure 11.4 show the normalised channel and filtration velocity profiles
along the length of a pair of inlet-outlet channels for low and high Reynolds
number at the inlet of the DPF respectively.

The clearly different gas properties distribution shown along the porous
wall depending on operating conditions underlines the importance of consid-
ering the axial dimension: the flow distribution controls the soot deposition
both during deep bed and cake filtration regimes. The soot and ash distribu-
tion along the porous wall determines the properties of the particulate layer,
such as permeability, thickness or soot packing density; these characteristics
are also related to the regeneration process, due to their influence on heat
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Fig. 11.4 Modelling of steady state wall-flow DPF response with a one-
dimensional unsteady compressible non-homentropic flow model implemented in
OpenWAMTMsoftware.

transfer phenomena, location of the regeneration start and the existence of
hot spots under expected engine operation conditions.

As shown in Figure 11.4, the essentially one-dimensional nature of the
porous wall pressure drop process and its dependence on flow regime do not
invalidate lumped-parameter results under steady flow. However, under un-
steady flow, the increase of spatial resolution results in deeper knowledge
of DPF response, fundamental to explore the effects that the filter intro-
duces on the engine response depending on the exhaust line architecture
[20, 21]. The accuracy in the simulation of the filter dynamic response gov-
erns the reliability of further analysis regarding filter placement influence
on engine performance or turbine efficiency. A current example is the eval-
uation of multi-functional exhaust manifold configurations containing the
DPF aftertreatment device and EGR flow as thermal insulator. As exam-
ple of 1D DPF model features, a comparison of the transmitted and reflected
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waves by a wall-flow DPF is performed in Figure 11.5 under impulsive flow.
Graph (a) compares experimental data with the results of mean value model
based on a quasi-steady treatment of the pressure drop presented in Fig-
ure 11.3. In spite of the inclusion of the monolith length, underprediction of
the attenuation, as the transmitted wave results shown, and phase shift in the
reflected wave appears leading to a poor description of the filter dynamics. On
the contrary, the one-dimensional unsteady compressible non-homentropic
flow model [17], whose results are plotted in graph (b) of Figure 11.5, pro-
vides a more accurate prediction. In engine modelling context, these results
would mean reliable data for task demanding filter geometry optimization
and the development of engine control strategies in several aspects, such as
VGT or EGR valves actuators, consideration of DPF operating conditions
regarding soot loading or regeneration state, etc.

Fig. 11.5 Comparison of filter dynamics response under impulsive flow conditions.

11.4 Three-Dimensional Flow

While 0D codes cannot calculate the spatial distribution of the flow prop-
erties in engine components, 1D codes are able to compute the flow field in
internal combustion engines resolving the flow equations only in the main
flow direction, and assuming uniformity of the flow field in the perpendic-
ular plane. Despite the advantages in terms of computing time of 0D and
1D models, the optimisation of engine components with complex geometries
requires the use of 3D-CFD codes. The main reason for the use of 3D-CFD
codes is the need of resolving three-dimensional flow effects that cannot be
properly captured by the more simplistic 0D and 1D models. In contrast,
both 0D and 1D codes allow modelling the whole engine, while computation
requirements of CFD codes limit their application to the modelling of en-
gine subsystems. In this sense, 0D-1D codes can be employed to provide the
boundary conditions for the 3D simulation of particular components. Next
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sections are devoted to two examples of situations where 3D modelling is
required, since the intrinsically three dimensional nature of the phenomenon
must be considered. Selected examples are the EGR flow repartition amongst
cylinders, and the simulation of the effects of the compressor inlet geometry
on the surge phenomenon.

11.4.1 EGR Flow Repartition

Since current HSDI engines operate with EGR rates as high as 50% the ef-
fect of the unequal EGR distribution becomes important. While the high
linearity between intake CO2 concentration and NOx emissions allows cylin-
ders with higher EGR rates to compensate the NOx emitted by cylinders
with lower EGR rates, particulate emissions do not increase linearly with in-
take CO2 concentration. Then, the uneven EGR distribution between cylin-
ders may increase particulate emissions[22]. In addition, cylinder-to-cylinder
charge dispersion becomes a critical aspect on the control of low temperature
combustion systems [23]. For these reasons, some investigations have been
carried out in recent years in order to improve the inlet manifold design or
to develop devices that assure a suitable mixing between air and EGR [24].
Since the time scale governing the mixing process between species in the
intake manifold of an engine is too low for most of the measuring devices,
the use of CFD codes has gained importance in the process of engine mani-
fold design [25]. In fact, engine models can calculate engine parameters such
as instantaneous mass flows at different locations which cannot be obtained
experimentally, but are necessary to understand gas mixing phenomena.

The engine intake manifold can be modelled with three different ap-
proaches, in increasing order of complexity they are:

• 0D models, where the intake manifold is represented by a single volume
attached to the air mass flow duct coming from the intercooler, the EGR
duct and the pipes which guide the intake charge to the cylinders.

• 1D models that simulate the intake manifold by means of a network of
flow-splits, pipes and orifices.

• 3D models in which the spatially resolved flow distribution is obtained
by dividing the actual manifold in cells with dimensions of tipically 1 to
10mm.

In figure 11.6 an scheme of the three different approaches is represented.
Despite of the valuable information that 0D and 1D models provide

concerning the evolution of thermodynamic variables such as temperatures,
pressures and concentrations, when a spatial resolution of those variables is
required in an element with such a complex geometry as that presented in
figure 11.6, 3D modelling becomes imperative. In fact, it is worth noting that
the 0D approach for modelling intake manifolds, i.e. a volume attached to the
cylinders, is not appropriate because flow would be distributed to every pipe
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Fig. 11.6 Schemes of the intake manifold employed in the different simulation
approaches. a: 0D model. b: 1D model. c: 3D model

in the same way, losing the manifold geometry effect on the gas dynamics.
As far as 1D models are concerned, the grid of pipes shown in figure 11.6
only solves the problem partially. Nevertheless, it should be underlined that
despite of the limitations of the 0D and 1D models, they are key tools in
the study of the gas distribution amongst cylinders since they are required to
provide the boundary conditions for the 3D model, serving as time dependent
tabulated inputs for the 3D-CFD code. Figure 11.7 shows the methodology
employed for analysing the EGR distribution amongst cylinders [26]. First,
a set of experimental test is done in order to obtain the necessary informa-
tion to fit 0D and 1D engine models. In spite of the fact that one-dimensional
models provide some information about mass flow distribution between cylin-
ders, one-dimensional hypothesis is too hard for obtaining suitable results.
However, 0D or 1D models become essential for feeding the CFD models
with the required boundary conditions. The results of the CFD model are
employed to retrofit the 0D-1D model in order to take into account the EGR
distribution effects on the engine performance. Finally, the CFD results are
compared with experimental data to validate the model.

Figure 11.8 shows the comparison between the measured and calculated
EGR rate at the four cylinders under various working conditions. A strong
linear correlation between measured and calculated values can be observed.
Small differences are attached to modelling and measuring uncertainties, how-
ever the combination of 0D-1D engine codes and 3D models of particular
engine parts can be validated by means of this picture.
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Fig. 11.7 Scheme of the methodology employed to obtain the EGR flow distribu-
tion amongst cylinders

Fig. 11.8 Measured EGR versus values predicted by the 3D model with the pro-
posed methodology.

11.4.2 Compressor Surge

Compressor operating ranges are limited by surge when running at low mass
flows and high compression ratios. Downsizing and the high low-end torque
requirements of current diesel engines, have make surge to become a major
concern in the boosting system definition. In the design process of the en-
gine air system, the turbocharger selection mainly consists of choosing a set
turbine-compressor whose operating maps fit the engine air mass flow and
pressure demands to reach a given engine performance. Those maps are ob-
tained in particular facilities under steady conditions [27]. Nevertheless, in a
real engine, both compressor and turbine work under pulsating conditions,
and then important differences between the actual turbocharger behaviour
and the steady state maps predictions can appear [28]. In addition, due to
packaging limitations, the air system layout in a current engine differs from
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those used in the turbocharger tests benches. Particularly, the ideal straight
compressor inlet pipe arrangement can seldom be used, and a 90◦ elbow is
often employed for reducing packaging volume. Some studies in the literature
have highlighted the important effect of the compressor inlet flow distribution
on surge phenomenon [29]. Both the pulsating conditions and the particular
air system layout give rise to the fact that the surge limit obtained in tur-
bocharger tests benches hardly fits with surge occurrence on engines.

Concerning the compressor modelling, compressor maps have been tradi-
tionally employed in 0D and 1D models successfully [30]. Even there are 0D
models able to manage with compressor surge [31]. Nevertheless, since those
models are based on compressor maps and cannot take into account the com-
pressor inlet flow pattern if high accuracy is required near the surge line, their
application is limited to cases where the compressor inlet line coincide with
that employed in the turbocharger characterisation. As far as 3D models are
concerned their high accuracy make them the suitable option to carry out
surge comprehension studies.

The modelling approach for gaining insight into the flow inside the tur-
bocharger is the application of 3D calculation models, which are able to solve
the governing flow equations. When applied to internal combustion engines,
3D models have to address specific problems linked to the flow unsteadiness,
high Reynolds numbers involved, and the complex variable geometry of the
solid boundaries. However, these problems have been partially solved in re-
cent years as result of the significant improvement in power and speed of
modern computers, and in the ability of the 3D models to solve complex
flows.

A combined methodology that includes 3D calculations and experiments
has been successfully applied in order to study the behaviour of centrifugal
compressors working near the surge conditions. CFD calculations have been
performed on a 3D domain reproducing the real geometry of the compressor
an the inlet and outlet ducts for different flow conditions at 150000 rpm.
The selection of this speed is justified because this point presents significant
instabilities for a wide range of air mass flows before the deep surge occurs.

The steady state calculations allow to reproduce with accuracy the com-
pressor behaviour in its stable operation zone, as sketched in Figure 11.9. Near
the surge conditions, the calculation diverges below a critical mass flow rate,
due to the transient nature of the surge phenomenon. Therefore, unsteady
calculations are necessary to reproduce the instability processes, namely ro-
tating stall and surge, that appear in the compressor when the mass flow rate
is reduced to these critical values. The instability is detected in the CFD sim-
ulations map because higher oscillations in the pressure ratio are detected,
as shown in Figure 11.9.

Also analysis of the internal 3D flow has been performed in order to get a
better understanding of the compressor behaviour. Although the visualised
steady point is inside the normal operating zone of the compressor, pressure
and velocity contours show two instability zones (lower pressure levels) that
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Fig. 11.9 Calculated and experimental compressor map. (left) Stable zone, (right)
near surge zone.

lead to back flow in the periphery of sections immediately upstream of the
rotor, see Figure 11.10 (top). These instability cells grow (low pressure zones
fill the whole section) as the mass flow rate decreases to levels near to those
producing surge, and recirculation is more evident, as shown in Figure 11.10
(bottom).

CFD techniques are thus able not only to predict surge occurrence, but
provide a valuable tool for inferring the causes yielding to surge. On the
other hand, CFD calculations have proved their value for analysing the effect
of different geometries at the compressor inlet.

11.5 Summary

This chapter has reviewed several alternatives for internal combustion engine
modelling, ranging from detailed 3D description of the system through CFD
simulation, to simple lumped-parameter MVEMs and DDMs. Model struc-
ture selection is usually based on a trade-off between computing time and
model performance, and also of development and tuning effort. MVEM and
DDM approaches are able to provide cost-effective solutions with adequate
accuracy, and are more and more used in engine control and diagnosis.

However, because mean value models are limited in the spatial (a discrete
number of states are used) and temporal (only mean value is considered)
resolution, they have difficulties for properly representing phenomena that



204 C. Guardiola et al.

Fig. 11.10 Axial Velocity contours upstream of the inducer. (top) stable zone,
(bottom) near surge zone.

depend of a complex spatial or temporal pattern. This includes cylinder fill-
ing and emptying process, compressor and turbine performance, unsteady
flow in manifolds or three-dimensional flow mixes. In cycle-pulsations af-
fecting turbine behaviour and emptying and filling process in the cylinders,
distributed pressure losses, three dimensional EGR flow repartition and com-
pressor surge are some characteristic examples involving physical phenomena
hardly included in mean value models. However, even in these cases mean
value models can usually map the input-to-output behavior but are not able
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to predict the behaviour when operation conditions widely differ from the
reference situation.
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Chapter 12

Identification Methods for Reliable and
High Dynamic Off-Road Engines

Christian Benatzky and Gerd Schlager

Abstract. With the introduction of the emission level EU Stage 3B / US
Tier 4i in 2011 for Off-Road engines, new engine concepts are mandatory, due
to the necessity to introduce exhaust aftertreatment equipment for all kind of
applications with more than 130kW power. To utilize these technologies and
their components a function based approach for the whole system is necessary.
Therefore, modeling and identification techniques are the key technologies to
achieve the control performance which is necessary to fulfill customer and
legislative requirements. In order to discuss these points, the paper presents
two examples from the fuel path. First, a systematic way to derive a high
pressure pump model, which is able to run in real time, is shown. The second
example discusses an approach to use identification methods to compensate
injector remanence effects. In the outlook different future identification topics
and challenges are outlined as starting points for future investigations.

12.1 Introduction

With the introduction of the emission level EU Stage 3B / US Tier 4i in 2011 a
completely new situation for all Diesel Off-road engine manufacturers is given.
To reach the emission limits, exhaust aftertreatment systems are necessary for
all kind of applications with more than 130kW rated engine power. Therefore,
the engine concept hast to be changed from a simple layout as used for EU
Stage 3A (low rate, internal or external exhaust gas recirculation (EGR))
to engine concepts which can provide optimal conditions for the exhaust
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aftertreatment system. According to the application (excavator, wheel loader,
mobile crane, et cetera) the following concepts are feasible:

• High EGR rate engine with Diesel Particulate Filter (DPF)
• Stage 3A (low or no EGR) engine with high performance Selective Cat-

alytic Reaction (SCR) catalytic converter
• Medium rate EGR Engine with DPF and SCR

Due to the missing SCR infrastructure on construction sites, Liebherr de-
cided to use the engine concept with high EGR rate and DPF for earth
moving equipments. Thus, the following technologies, which are new within
the Liebherr group, had to be introduced:

• 2 stage turbo charging system to realize the high pressure ratio which is
necessary for the EGR rates (30% at rated engine speed)

• Common Rail System (CRS) with the possibility to realize multiple in-
jections within one cycle (post injection to achieve low soot values, due
to after oxidation effects)

• DPF with HC doser to realize a reliable active regeneration also for low
load applications

• Actuators and sensors necessary for engine thermal management

The comprehensive introduction of exhaust aftertreatment systems also sig-
nificantly influences the whole vehicle behavior. To compensate negative ef-
fects (e.g. dynamics) due to high EGR rates and to realize a better (or at least
the same) behavior as those of the predecessor Stage 3A engines, advanced
control strategies are necessary. To achieve these goals a function based ap-
proach was introduced on the engine sub-system level. The new strategy also
required a new ECU platform and a new tool chain to cover the model based
approach. The main challenges with respect to the function development are:

• Common Rail System (CRS):

– High pressure fuel path: Injector and high pressure pump (HPP) con-
trol

– Low pressure fuel path with the functional integration of the HC
doser. Due to the large number of applications different hardware
designs are necessary. Each of the applications has its own engine
and temperature characteristics and each design its own boundary
conditions. Therefore, the design of the functions should be done in
such a way that a high calibration effort is avoided.

• Air path:

– EGR control, especially dynamic issues. Due to the high EGR rates
the engine dynamic is reduced in a way which is not acceptable for
the customer. Thus, new methods like predictive control functions
are necessary. Liebherr Machines Bulle SA develops and produces
the whole power train for a construction machine, consisting of the
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engine, the power split box and also the hydraulic pumps and mo-
tors. Thus, the optimization of the dynamic behavior can be done
on the basis of the sub-system power train. This leads to an addi-
tional benefit, because the signals of the servo control valve from the
hydraulic pump can be utilized in a feed forward control structure
to reduce the dynamic lag between torque demand (operator) and
torque generation (diesel engine).

– Thermal management to fulfill the exhaust aftertreatment require-
ments. To achieve optimal conditions for the HC doser, the Diesel
Oxidation Catalyst (DOC) and also the DPF should have optimal
temperatures. Therefore, a thermal management is mandatory, which
must work in all operating conditions without influencing the machine
dynamics.

In 2014 the emission level Tier 4, which includes also On Board Diagnostics
(OBD) will be introduced. To fulfill the requirements for OBD in a cost
effective and reliable way, that is without a high number of sensors, new
approaches and methods in identification and control are necessary.

12.1.1 The Fuel Path as System Example

In order to point out some identification needs, the fuel path is a suitable
example of a system built from different components governed by multiple
physical domains. The system is shown schematically in Fig.12.1 where the
main components are

• fuel pre- (LPP) and high pressure pumps (HPP) both driven at pump
speed n

• actuators (volume control valve VCV, pressure control valve PCV, HC
doser HCD driven by currents iV CV , iPCV , and iHCD)

LPP

inlet

HPP

mHCD
. HCD

cooler fine filter distr. VCV

plow

mPCV
. PCV

rail

prail

n

iHCD iPCV

injectors

iINJ outlet

mINJ
.

p
in

p
out

Fig. 12.1 Fuel path system
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• sensors (low and high pressure sensor yielding plow and prail)
• injectors driven by the current profile iINJ

• low and high pressure circuit elements (cooler, fine filter, distributor,
daisy chain system, et cetera).

The first step in developing the overall fuel path system is to design, improve
and optimize each of the components themselves. This task relies on detailed
physical models in order to understand the underlying physical principles
and to improve the component itself by extensive utilization of simulation and
optimization. With the optimized components, one is able to put together the
overall system, where the main goal is to achieve some prescribed, desired
functions. These may include sophisticated control strategies, means for fault
detection and fault diagnosis or some compensating functionality. For each
of the functions a model of the system or subsystem can be used in the ECU
to compute state variables, error signals or state dependent corrections.

In order to realize models which are able to run on the ECU and to achieve
an overall desired system function the complexity of the simulation models
has to be reduced. This consequently leads to the necessity of applying iden-
tification methods to estimate function and system parameters as well as to
minimize the output error between complex and simplified models.

12.2 Fuel Path Subsystem Examples

In the following two examples are discussed to demonstrate the needs for
identification in the field of Off-Road applications. The first example shows
a simplification procedure for a high pressure pump (HPP) model which is
able to satisfy both requirements, accuracy of the predicted flows (an thus
the related pressures) as well as fast computation. As a second example the
compensation of the remanence effects of a fuel injector solenoid on multiple
injections is discussed.

12.2.1 Efficient High Pressure Pump Model

Generally, during the hardware development cycle a simulation model of the
considered component is built in order to support the engineers with insight
into the underlying physical phenomena as well as to reduce development
time and costs by shifting the workload from the testbed to the simulation.
Therefore, such a model is usually of high complexity and thus infeasible for
real time application purposes. Considering an HPP model one such exam-
ple is the small mass and high contact stiffness of the inlet and outlet valves,
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respectively. Clearly, such a model can not run in real time on an ECU and
furthermore the memory footprint would be too large. In order to meet the
calculation run time requirements a different approach has to be chosen to
achieve a fast and accurate fuel path model.

In the case at hand a highly sophisticated model of a two piston in-line
HPP [4] was available (compare Fig.12.2). Therefore, the basic idea is to
replace the full dynamic HPP model by a functional description of the flows
at the pump in- and outlets augmented by the mass balance of the pump.

inlet valve outlet valve

Fig. 12.2 HPP functional scheme

12.2.1.1 Functional Flow Description and Data Generation

The relevant inputs for a functional description of the pump flows are:

• pump speed n,
• pump inlet pressure pin after VCV,
• and pump outlet pressure pout.

In order to be able to fit functional models for the pump flows Qin (inlet)
and Qout (outlet) steady state data are generated utilizing the validated fully
dynamical model of the HPP implemented in an overall fuel path model ac-
cording to Fig.12.1. Considering the system model, these flows as well as the
pressures at the in- pin and the outlets pout are crank angle dependent sys-
tem states and have to be averaged over one pump revolution. Thus, for each
triple (n, pin, pout) values for Qin and Qout result. In Fig.12.3 the resulting,
already averaged, data for n=1000rpm are shown. Since the input space is
of dimension 3, one possibility would be to fit a map χ(pin, pout) over pin

and pout for some pump speeds nj and then interpolate between the different
maps, as utilized in [6]. The disadvantage is the amount of storage capac-
ity required, especially when the input dimension increases. To reduce this
problem χ, at every engine speed nj , could also be fitted with an appropriate
function and the individual functions could then be combined via activation
functions τ(nj) (radial basis function approach [3])
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Q =
N∑

j=1

χ(pin(nj), pout(nj)) · τ(nj). (12.1)

Another possibility can be derived for the special shapes of Qin and Qout

(Fig.12.3):

1. The pressure at the pump outlet pout determines the maximal flow that is
possible for an optimally filled HPP cylinder (provided enough pressure
pin is available at the pump inlet → VCV fully open).

2. The pressure at the pump inlet pin determines only how well the HPP
cylinder is filled.

Therefore, a more simple model is given by

Q = f(pin, Θ1(n)) · g(pout, Θ2i(n)); i = a, b, c. (12.2)

Such a model has to be fitted for both flows, Qin and Qout.

12.2.1.2 Model Structure and Parameter Identification

Since the inlet pressure pin determines the filling state of the HPP cylinders
(0→not filled, 1→completely filled) f(pin, Θ1(n)) is chosen to be a tanh-
function with a center at 0.78bar and an exponent of 3.5 to provide for
anti-symmetric behavior
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f =
{

1
2

[
1 + tanh

(
pin − 7.8 · 104

Θ1

)]}3.5

, (12.3)

whereas for g(pout, Θ2i(n)) a parabola is sufficient

g = Θ2a +Θ2b

( pout

2.5 · 108

)
+Θ2c

( pout

2.5 · 108

)2

. (12.4)

It has to be remarked, that for each pump speed n the parameters Θ1, Θ2a,
Θ2b, and Θ2c for the functions f and g have to be fitted. Therefore, each of
the parameters Θ1 − Θ2c itself (8 parameters; 4 for Qin as well as Qout) is
modeled as a parabola

Θk = αk + βk

( n

4000

)
+ γk

( n

4000

)2

= h(αk, βk, γk). (12.5)

For the above given functions, f reflects the (normalized) influence of pin on
Q and g adjusts the flow to the real physical values. Additionally, in (12.4)
and (12.5) g and h have been normalized to a maximum outlet pressure of
2500bar and a maximum pump speed of 4000rpm. Finally, it has to be pointed
out that for f also the center and the exponent could have been chosen as
(nonlinear) parameters to be optimized, which has been omitted for reasons
of simplicity. Thus, the overall identification procedure is:

1. First identify Θ1 as well as Θ2a, Θ2b, Θ2c of (12.3) and (12.4) by nonlinear
and linear identification methods [1], respectively.

2. Then fit the parameters αk, βk ,γk of (12.5) by linear identification.

The results are given in Fig.12.4 and Fig.12.5 for the flow at the pump inlet
Qin.
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12.2.1.3 Simplified HPP Model

In Fig.12.6 a comparison between the flows computed with the full HPP
model and the calculation results of the functional approach is given. One can
observe, that the simplified model fits the data quite well. In order to replace
the full HPP description in the overall fuel path model (compare Fig.12.1) by
a simpler version, the functional flow description is combined with the mass
balance of the pump as shown in Fig.12.7. Since the simplified HPP model
is to be coupled into the overall fuel path system model, the pressures at the
pump in- and outlet are states of the overall system as well as inputs to the
functional flow description f*g, which is a part of the simplified HPP model.
Applying the mass balance to the flow source one obtains the leakage of the
pump

Qleak = Qin
ρin

ρout
−Qout. (12.6)

Furthermore, utilizing the standard flow equation for a valve with flow coef-
ficient α, cross section A, according diameter dvalve, and density ρ

Qleak
∼= αA

√
2pout

ρout
= α

d2
valveπ

4

√
2pout

ρout
, (12.7)
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Fig. 12.6 Comparison of pump flows for fully dynamical and simplified models
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Fig. 12.7 Model structure of the simplified HPP model including the functional
flow description f*g

the state dependent diameter of the valve can be calculated from

dvalve =

√
4Qleak

απ

√
ρout

2pout
. (12.8)

In (12.7) the counter pressure downstream of the valve has been omitted, since
in general the pressure at the pump outlet pout (rail pressure) is much larger.
Additionally, the valve diameter dvalve represents the overall, state dependent
cross section, through which the leakage is flowing from the cylinders via the
pistons to the pump crank shaft.

Equations (12.2), (12.3), (12.4), (12.5), (12.6), and (12.8) are implemented
in SimulationX in order to achieve a simple high pressure pump model which
then is implemented in the overall fuel path model. Thus, a system model
capable of predicting steady state and dynamic pressure changes is obtained.
The simulation results are shown in Fig.12.8, where iV CV is the current
applied to the VCV and dB is the diameter of a valve representing the flow
through the injectors. Consequently, the rail pressure prail results from the
injector flows as well as Qout and Qleak. This simple model reflects the system
dynamics in a suitable way. For n = 2000rpm a slight disturbance at the
beginning of the simulation can be observed. This results from the fact, that
in the case of the full model the cylinders of the pump are completely filled
at t = 0s, whereas the simple model directly yields the mean value of the
flow.
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Fig. 12.8 Comparison of simulation results for the full dynamic model (black) and
the simplified one (red)

12.2.2 Injector Remanence Compensation

In order to remain inside the boundaries of exhaust emission imposed by
legislation an efficient fuel injection equipment (FIE) calibration is necessary.
To reach this goal the behavior of the injector has to be well-known and
controlled for a wide range of operating conditions. One effect distorting the
injection functionality is the remanence behavior of the injector solenoid.

12.2.2.1 Solenoid Remanence Influence on Multiple Injection

On the left hand side of Fig.12.9 the effect of the solenoid remanence can
be observed from the increased mass of the second injection, although the
electrical injection time tINJ is the same for both. On the right hand side
both the mass for primary and secondary injection are given over the distance
tD, which is the duration between the end of the first and the beginning of
the second injection (a definition of the current profile parameters is shown
in Fig.12.10). With increasing tD the influence of the primary injection on
the secondary one decreases.

The reason for this effect is the magnetic remanence of the injector solenoid
which results in a time delay between the electric current iINJ and the mag-
netic force. Thus, the hydraulic opening delay tSOI,h is not only dependent
on the parameters of the current profile, but also on tD. The main difficulty
now is, that the mass flow profile ṁ and thus the injected mass mINJ as
well as the hydraulic start of injection tSOI,h depend on a large number of
parameters, which are:

• time between two injections tD
• duration of the first injection tINJ,1

• rail pressure prail
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Fig. 12.9 Left: mass flow ṁ and current profiles iINJ for tINJ=1200μs,
prail=1800bar, iH1 = 25A, and tD=800μs; right: injected masses mINJ for first
and second injection over tD

• fluid/injector temperature T
• Hold 1 current iH1 (boost current level to open the injector)
• position of injector in the daisy chain.

Therefore, a perfect compensation of all these influences on mINJ and tSOI,h

is nearly impossible with standard map-based corrections. In the underlying
case a more powerful strategy is necessary to efficiently reflect and thus reduce
the remanence effects on the mass flow profile ṁ.

12.2.2.2 Compensation Function Structure

Since the magnetic force depends on the parameters of the current profile,
the secondary injection can be influenced either by the value of the Hold 1
current iH1 or the electric starting point of the injection tSOI,e. A possible
structure for a compensation function is given in Fig.12.10 on the left, where
additionally on the right hand side the current profile parameters are defined.
The given structure suggests, that from the desired mass mINJ and the
desired hydraulic start of injection tSOI,h the electric start of injection tSOI,e

and the injection duration tINJ are calculated (model 1; reflects primary
and secondary injection nominal and thus remanence free operation). Then,
in a second step (model 2), a tD-dependent update either for the hold 1
current (method 1 ) or the electrical start tSOI,e (method 2 ) of the secondary
injection are calculated and applied to the injector. A suitable way in dealing
with the input space dimensions of models 1 and 2 as well as the strong
coupling between input space directions is to apply Neural Network (NN)
methods [3] or polynomial models [2].
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Fig. 12.10 Left: structure of compensation scheme; right: current and mass flow
parameters

12.2.2.3 Modeling

To be able to derive model1 and model2, according data of the variables
to be modeled have to be generated. This can be done by either utilizing
a simulation model of the injector or directly measuring the injected mass
mINJ and hydraulic start of injection tSOI,h on the hydraulic test bed. In
this study, simulation data are applied in the modeling procedure and as
structures for models 1 and 2 fully coupled polynomial models of third order
are chosen and fitted utilizing the Matlab Model-Based Calibration Toolbox.

Generally the fitting of models 1 and 2 is straight forward: after the nec-
essary data have been obtained the polynomial coefficients can be calculat-
ed/optimized. Additionally, for model2 an intermediate step is necessary,
since the quantity to be modeled, the correction value, has to be obtained
iteratively at every operating point. The according work flow is given in
Fig.12.11 for method 2 (correction of electrical start of injection tSOI,e,2;
analogous work flow for method 1 ). In a first step the reference case (single
injection, remanence free) is simulated, which provides as output the injected
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t INJ,2
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single
injection

tD

prail
T

m(k).
WLS tSOI,h,2

mINJ,2

disturbed
case
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mINJ,2m(k).

K

−

−

− e INJ,2

e SOI,h,2

ITERATION

Fig. 12.11 Structure of data generation scheme
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mass quantity mINJ,2 and the hydraulic starting point tSOI,h,2 of the second
injection. Regard that these data can directly be utilized for the fitting of
model1. Then, in the second step the disturbed case (multiple injections,
remanence effects) is simulated and compared to the reference case. As a
consequence the errors of the injected mass eINJ,2 and the hydraulic start of
injection eSOI,h,2 are obtained. Normally, the remanence effects lead to an
early start of injection and thus the correction is calculated as K · eSOI,h,2.
Since a correction of the start of injection also adjusts the injected mass quan-
tity, a correction based solely on eSOI,h,2 suffices. Here the gain K determines
the speed as well as the stability of the iteration/adaptation. Regard, that
the calculated correction is applied to the electrical start of injection tSOI,e,2

and the electrical duration of injection tINJ,2.
One difficulty in this scheme is to obtain in an automated and robust

way the hydraulic start of injection tSOI,h,2 from the mass flow profile ṁ(k),
recorded with the sampling time ΔT . This is achieved via the WLS blocks
indicated in Fig.12.11. There, the rising (or falling) edge of ṁ(k) is fitted
with a line and the data range is restricted via the weighting function W in
a Weighted Least Squares (WLS) procedure [1]. In the current case the WLS
algorithm is given by

Wṁ(k) = [t(k) 1] ·
[
a
b

]
= Xθ, (12.9)

where t(k) is the time vector corresponding to ṁ(k) and θT = [a b]T is a
vector of the line parameters. Then the parameter vector θ is derived from

θ =
(
XTWTWX

)−1
XTWTWṁ(k), (12.10)

where the diagonal diag(W ) of the weighting matrix W is given by

diag(W ) =
ψ

maxψ
(12.11)

and the function ψ by

rising edge : ψ =

{
t ≤ tmax

(
ṁ(k)−ṁ(k−1)

ΔT

)2

t > tmax 0

falling edge : ψ =

{
t < tmax 0

t ≥ tmax

(
ṁ(k)−ṁ(k−1)

ΔT

)2

(12.12)

In (12.12) tmax results from

tmax = t|max(ṁ(k)) . (12.13)
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Fig. 12.12 Left: ṁ and slopes; right: ψ for rising and falling edge

The off-diagonal elements of W are set to zero. In Fig.12.12 an example
is shown demonstrating the chosen WLS procedure. Clearly, the mass flow
profile is only fitted at the rising and the falling edge, respectively.

12.2.2.4 Simulation Results

In Figure 12.13 simulation results for the proposed methods 1 and 2 are given
for mass flow and current profiles of the second injection. Compared to the
reference mass flow profile without remanence effects (no pre-energization
of the injector solenoid) both methods are basically capable of correcting
the mass flow profile. The choice of the method to be implemented depends
on the ECU software architecture as well as the underlying compensating
philosophy. Where method 1 is more difficult to implement in the ECU (shot-
to-shot change of the Hold 1 current controller set point), it also leaves tINJ

and tSOI,h the same for both injections. Therefore, method 1 may be more
intuitive for practical implementation.
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Fig. 12.13 Mass flow and current profiles of secondary injection for tINJ=1200μs,
prail=1800bar, and tD=800μs: uncompensated, reference (without first injection)
and compensated mass flows (method 1 : iH1 compensated; method 2 : tSOI,e com-
pensated)
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Finally, it has to be pointed out that with the adaptation/modeling frame-
work presented above a validated simulation model can be utilized to derive
a pre-calibration of the models to be used on the ECU before going on the
test bench, thus minimizing test bed costs.

12.3 Summary and Outlook

In this paper two examples have been utilized to demonstrate the necessity
of identification methods in order to fulfill future requirements for Off-Road
engines. Both examples have been taken from the function development do-
main for the FIE system in order to highlight their potential in this industrial
field. Another area, not addressed here but also of high interest, is the topic
of virtual sensors e.g. the replacement/enhancement of the mass flow sensor
by a mass flow estimation/prediction based on a measurement of the turbo
charger speed. The replacement of complex hardware with equivalent models
increases the reliability of the engine and leads to a reduction of the calibra-
tion costs. One of the challenges for this kind of model is to additionally take
into account aging effects.

From all these examples one concludes, that following the automotive in-
dustry, the Off-Road sector exhibits an increasing amount of topics in which
identification methods are not only helpful or desirable but strongly needed.
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Chapter 13

Dynamic Mapping of Diesel Engine
through System Identification�

Maria Henningsson��, Kent Ekholm, Petter Strandh,
Per Tunest̊al, and Rolf Johansson

Abstract. From a control design point of view, modern diesel engines are dy-
namic, nonlinear, MIMO systems. This paper presents a method to find low-
complexity black-box dynamic models suitable for model predictive control
(MPC) of NOx and soot emissions based on on-line emissions measurements.

A four-input-five-output representation of the engine is considered, with
fuel injection timing, fuel injection duration, exhaust gas recirculation (EGR)
and variable geometry turbo (VGT) valve positions as inputs, and indicated
mean effective pressure, combustion phasing, peak pressure derivative, NOx

emissions, and soot emissions as outputs. Experimental data were collected
on a six-cylinder heavy-duty engine at 30 operating points. The identification
procedure starts by identifying local linear models at each operating point.
To reduce the number of dynamic models necessary to describe the engine
dynamics, Wiener models are introduced and a clustering algorithm is pro-
posed. A resulting set of two to five dynamic models is shown to be able to
predict all outputs at all operating points with good accuracy.

13.1 Introduction

The heavy-duty engine market is dominated by compression-ignition diesel
engines, due to their high energy conversion efficiency. Traditionally, this high
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efficiency has come at the price of high levels of nitrogen oxides (NOx) and
soot particle emissions.

In the last decade, the emissions legislation has been dramatically tight-
ened which has pushed for a shift in technology, either through introducing an
aftertreatment system for NOx reduction or through in-cylinder techniques.
In the latter case, the combustion process is cooled down using a lower com-
pression ratio, high levels of exhaust gas recirculation (EGR), and suitably
chosen fuel injection timings resulting in so called Low Temperature Com-
bustion (LTC) [7].

Control is a key factor for successful LTC diesel engines. One reason is
that slow dynamics involved in e.g. EGR flow and cylinder wall temperature
play a more important role when ignition delays are prolonged. Another rea-
son is that tight requirements both in terms of emissions legislation and fuel
economy make error margins tight. Diesel engine control design is normally
based on a mix of physical mean-value models and experimental maps spec-
ifying optimal operating points in terms of emissions and fuel efficiency [1].
Feedback control uses indirect measurements such as manifold pressures and
gas flows.

New sensor technology makes additional information from the combustion
process available. Recently, NOx sensors have been introduced in produc-
tion engines giving the opportunity to adjust actuator settings according
to measured emissions instead of precalibrated maps. These developments
open up for e.g. model predictive control (MPC) that explicitly handles emis-
sion trade-off optimization based on on-line measurements of emissions. To
that purpose, low-complexity dynamic models of the engine that also include
emission formation are needed, this objective being the purpose of the work
presented in this paper. The approach has been to use black-box system
identification.

The focus has been to use direct measured information on the interesting
engine outputs instead of relying on indirect measurements combined with
models and maps. Measurements from a NOx sensor, an opacimeter, and in-
cylinder pressure sensors are therefore used. Though not all of these sensors
are used in today’s production engines, one can expect that if the benefits
are large enough, the technology will eventually be available.

Different actuators can be used to optimize emissions, e.g. EGR and vari-
able geometry turbine (VGT) valve positions [9, 8], fuel injection parame-
ters [2], variable valve actuation [15], or some combination of these [5]. In
this paper, the combined effect of the most significant diesel engine actuators
(EGR, VGT, injection timing, and injection duration) is examined. These
actuators are standard in heavy-duty diesel engines today and are all essen-
tial for optimization of engine operation. It would be desirable also to include
engine speed as an input to the model, but for practical constraints in the
laboratory setup that was not possible in this work.

The paper is organized as follows. Section 13.2 presents the experimental
equipment and Section 13.3 briefly describes the thoughts behind the choice
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of engine outputs and the experiment design. Section 13.4 describes the iden-
tification procedure, starting with local linear models that are expanded to
Wiener models. A clustering algorithm is proposed to reduce the number
of dynamic models required to describe the engine dynamics. Section 13.5
evaluates the identified models. Finally, conclusions and directions for future
work are presented in Section 13.7.

13.2 Experimental Equipment

The experiments were conducted on a six-cylinder turbo-charged heavy-duty
diesel engine with a displaced volume of VD = 12e-3[m3]. The compression
ratio of the engine was reduced to rc = 14.1 to facilitate low-temperature
combustion. The engine was equipped with unit injectors for diesel where
fuel injection timings could be set individually for each cylinder, with a low-
pressure exhaust gas recirculation (EGR) loop where the EGR rate could be
adjusted by a valve in the exhaust pipe, and with a variable geometry turbo
(VGT) where the turbocharging also could be adjusted by a valve.

All cylinders were equipped with piezo-electrical, water-cooled pressure
transducers of type Kistler 7061B [12], with cylinder pressure data sampled
every 0.2 crank angle degrees using a Microstar DAP 5400a/627 data acqui-
sition board [13]. The control system was based on a standard PC running
Linux enabling cycle-to-cycle control. Fuel injection timings were updated
every engine cycle, and the setpoints for the valve positions were updated
with a frequency of 10 Hz.

The pressure measurements p as a function of crank angle θ from the
in-cylinder pressure sensors were used to compute indicated mean effective
pressure yIMEP, combustion phasing α50, and maximum pressure derivative
dp. The indicated mean effective pressure is defined as

yIMEP =
1
VD

∫
pdV, (13.1)

where the integral is taken over an engine cycle, and the maximum pressure
derivative as

dp = max
θ

dp

dθ
(13.2)

From the cylinder pressure p, the heat release rate dQ is computed using the
relation

dQ

dθ
=

γ

γ − 1
p(θ)

dV

dθ
+

1
γ − 1

V (θ)
dp

dθ
(13.3)

for the apparent heat release rate based on a fixed ratio of specific heats [3].
From the heat release rate, α50 is defined as the crank angle degree where 50
% of the heat has been released,
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Q(α50)
maxθ Q(θ)

= 0.5 (13.4)

Emissions of NOx were measured using a Siemens VDO / NGK Smart NOx
Sensor [14]. Soot emissions were measured using an opacimeter from SwRI
measuring the percentage of light absorbed by the exhausts in the exhaust
pipe.

13.3 Experiment Design

Four control variables act as inputs to the model:

• the crank angle of start of fuel injection uSOI

• the fuel injection duration measured in crank angle degrees uFD

• the position of the EGR valve uEGR

• the position of the VGT vanes uVGT

such that
u =

(
uSOI uFD uEGR uVGT

)T
. (13.5)

For the main part of the work, five model outputs were considered; the
net indicated mean effective pressure yIMEP, the crank angle degree of 50 %
fuel burnt α50, the peak cylinder pressure derivative over the cycle dp, the
nitrogen oxide concentration yNOx and the opacity of the exhausts yop giving
a measure of soot concentration

y =
(
yIMEP α50 dp yNOx yop

)T
. (13.6)

The first three output variables were cylinder-individual. The last two out-
puts, yNOx and yop were common to all cylinders. These five outputs were
chosen because they are all required in the model predictive control setup for
which the model is intended to be used. The planned control design setup is
to minimize yop and yNOx, to let yIMEP follow a reference, to keep α50 at a
setpoint corresponding to maximum brake torque, and to limit dp to avoid
combustion modes that may damage the engine.

Many alternative measured outputs could be considered. By including
more measured outputs in the model, prediction of the original outputs to
be used for control could be expected to improve when more information is
available for prediction. An extended set of outputs was thus also considered,
where intake manifold pressure pin and ignition delay αID were added to the
output vector,

yext =
(
yIMEP αID dp yNOx yop pin α50

)T
. (13.7)

The ignition delay was defined as αID = α10 − uSOI, the time measured in
crank angle degrees from start of injection until 10 % of fuel was burnt.



13 Diesel Engine Dynamic Mapping 227

The study is limited to low and medium load operating points, where the
possible impact of low temperature combustion is the greatest and where
the associated slow dynamics are most dominant. A fixed engine speed of
1200 rpm was chosen, the study could easily be expanded to multiple en-
gine speeds using the same methodology. Three different loads were chosen,
corresponding to yIMEP = {4 bar, 7 bar, 10 bar}. At each load three different
values of start of injection uSOI were chosen, and at each such value four
points in the uEGR-uVGT plane were determined. A few initial steady-state
maps were used to define suitable operating points in terms of emissions
and brake efficiency. At each operating point suitable amplitudes for pseudo-
random binary sequence (PRBS) signals were determined. The switching fre-
quency of the PRBS signal was adjusted to the dynamic characteristics of
each of the inputs (more frequent switching for the fuel injection variables
uSOI and uFD, and less frequent for the gas flow variables uSOI and uVGT).
In total, 30 operating points were defined: 6 at load yIMEP = 4 bar, 12 at
load yIMEP = 7 bar, and 12 and yIMEP = 10 bar. At yIMEP = 4 bar, it was
concluded that keeping the VGT valve fully open at uVGT = 100 was optimal
in terms of emissions and fuel economy, so there was no need for excitation
of that input. An overview of the operating points is given in Table 13.1.

13.4 Identification Procedure

Data of length 2800 engine cycles were collected at each operating point.
The sample period was one engine cycle. Constant offsets were removed.
From each data set, two separate data sets each of length 1300 engine cycles
were taken for identification and validation. To avoid any cross-correlation
between the identification and validation data, they were separated by 200
engine cycles. It was concluded that offsets differed between the cylinders
whereas the dynamics were similar, so models were only identified for cylinder
5 which was determined to be representative for all six cylinders. The outputs
were scaled to obtain the same order of magnitude.

The identification procedure is divided into two parts. First, linear mod-
els are identified separately for each operating point. Then, the number of
models needed are reduced by introducing Wiener models and performing a
clustering algorithm.

13.4.1 Identification of Local Linear Models

Linear state space models for each operating point of the form

xk+1 = Axk +Buk +Kwk

yk = Cxk +Duk + wk

(13.8)
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Table 13.1 Operating points

Op. yIMEP uSOI uFD uEGR uVGT speed
point (bar) (CAD) (CAD) (%) (%) (rpm)

1 4 −5 5.8 10 100 1200
2 4 −12 5.8 10 100 1200
3 4 −20 5.8 10 100 1200
4 4 −5 5.8 13 100 1200
5 4 −12 5.8 13 100 1200
6 4 −20 5.8 13 100 1200

7 7 −5 7.1 53 33.5 1200
8 7 −10 7.1 53 33.5 1200
9 7 −15 7.5 53 33.5 1200
10 7 −5 7.1 56 40 1200
11 7 −10 7.3 56 40 1200
12 7 −15 7.5 56 40 1200
13 7 −5 7.2 50 23 1200
14 7 −10 7.4 50 23 1200
15 7 −15 7.6 50 23 1200
16 7 −5 7.3 56 28 1200
17 7 −10 7.4 56 28 1200
18 7 −15 7.5 56 28 1200

19 10 −9 10.4 76 29 1200
20 10 −13 10.8 76 29 1200
21 10 −17 10.7 76 29 1200
22 10 −5 10.5 82 29 1200
23 10 −10 10.6 82 29 1200
24 10 −15 10.8 82 29 1200
25 10 −5 10.6 82 40 1200
26 10 −10 10.6 82 40 1200
27 10 −15 10.8 82 40 1200
28 10 −5 10.5 90 40 1200
29 10 −10 10.6 90 40 1200
30 10 −15 10.9 90 40 1200

where xk ∈ Rn, uk ∈ Rr, and yk ∈ Rm were identifed using the n4sid algo-
rithm of the System Identification Toolbox in Matlab. As validation criterion,
variance accounted for (VAF) was used [4]. For output i, VAF is defined as

V AF (i) = 100
(

1 − var(yi − ŷi)
var(yi)

)
(13.9)

where yi is the measured output in the validation data, and ŷi is the predicted
output of the model. The VAF gives the percentage of the variance of the
output that is described by the model.
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Models of orders n = 2 to n = 12 were identified at each operating point.
The mean VAF over the five outputs as a function of model order for 20-step
prediction is shown in Figure 13.1.
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Fig. 13.1 VAF as a function of model order for the 30 operating points.

Low model orders, n < 5, lead to poor prediction. At some operating
points, low-order models even lead to negative VAF (not included in Fig-
ure 13.1 for the sake of clarity) corresponding to a higher variance in the
prediction error than in the measured outputs. Increasing the model order
beyond n = 7 can give a small improvement in VAF, but not sufficient to
motivate the greater computational burden of such large models for control
design. From Figure 13.1, it can be concluded that model order n = 7 is
suitable to describe the data. There is a large spread in VAF between the
operating points for a fixed model order. This spread is mainly caused by
different excitation of the outputs compared to the noise level at different
operating points.

Figure 13.2 shows how VAF varies with prediction horizon for the five
outputs for operating point 1.

13.4.2 Identification of Models for Extended Output
Set

Models were also identified for the extended set of outputs in Eq. (13.7) and
validated in terms of prediction of the original five outputs. Figure 13.3 shows
the result for operating point 1. For low orders, the VAF for these models
are significantly lower than for the original output set. This outcome could
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Fig. 13.2 VAF for different prediction horizons for the five outputs.

be expected, since with additional outputs the models need to incorporate
additional dynamics particulary the slow intake manifold pressure evolution.
At higher model orders, the VAF is similar for the original and the extended
output set. It was thus concluded that there was not much to be gained
from including the extra two outputs in the models and Kalman filter. In the
following, only the original output set is considered.

13.4.3 Reducing the Number of Models

The purpose of the identification scheme is to find appropriate models for
model-based control design. Since the process is clearly nonlinear, the con-
troller must be based on more than one linear model leading to additional
complexities of gain-scheduling and model-switching. With the computa-
tional resources available today, a feasible controller with cycle-to-cycle con-
trol in real-time cannot be based on 30 local linear models. Moreover, the
models identified here are for a single engine speed and low-to-medium loads
only. Expanding the mapping to cover the entire load-speed range of the
engine, more models would have to be added.
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Fig. 13.3 VAF for 20-step prediction of models obtained for operating point 1
with the original and extended sets of outputs.

It is therefore of interest to see how close in behavior the models are to one
another, i.e., if the same model could be used for more than one operating
point. To that purpose, cross validation of all identified models to validation
data at all operating points was performed. Figure 13.4 shows the resulting
VAF for 20-step predictions.

It can be seen that, in general, the best model for data from an operating
point is the model identified at that operating point, as would be expected.
Some combinations of models and operating points give good predictions,
others do not. Note that models identified at low load (operating points 1
to 6) cannot be used at higher loads since these models do not contain the
uVGT input, as described in Section 13.3.

Here, two steps are taken to find a limited number of dynamic models de-
scribing the data at all operating points. First, Wiener models are introduced
to compensate for different gains at different operating points. A clustering
algorithm is then applied to group the operating points and find a suitable
model for each group.

13.4.3.1 Wiener Models

A powerful extension of linear models are the Wiener and Hammerstein model
classes [4]. A Wiener model is a linear dynamic model in series with a static
nonlinearity on the output, see Figure 13.5. A Hammerstein model is the
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Fig. 13.4 Mean VAF for cross validation of the models identified at the 30 oper-
ating points with validation data at all operating points. Values on the diagonal
are high, corresponding to good fit between model and data at the same operating
point.

equivalent with the nonlinearity on the input. The static nonlinearity f(·)
adds a large flexibility to the linear dynamic model at a moderate cost. If
the nonlinearity can be inverted, control design can be based entirely on
linear techniques. Here, we choose to use Wiener models rather than Ham-
merstein models because we have a 4-input-5-output system, which gives one
more degree of freedom when transforming the output rather than the input.
Previously, models of the form

H(z) f(·)
u ȳ y

Fig. 13.5 A Wiener model consisting of a linear model H(z) with a static nonlin-
earity on the output f(·).

xk+1 = Aixk +Biuk +Kiwk

yk = Cixk +Diuk + wk,

where xk ∈ Rn, uk ∈ Rr, yk ∈ Rm, were identified for operating points
i = 1, · · · , 30. A Wiener model extends this representation to
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xk+1 = Aixk +Biuk +Kiwk

ȳk = Cixk +Diuk + wk

yk = f i(ȳk)

Consider the dynamic model Mi(Ai, Bi, Ci, Di,Ki) to be given from the
previous identification procedure. We now wish to find a representation of
the nonlinearities f i(·) to let model i better fit data at another operating
point j. This can be done through a local linearization of f i(·) at operating
point j,

M ij =
∂f i

∂ȳ

∣∣∣∣
op point=j

(13.10)

From the set of local linearizations M ij and the offsets removed at each op-
erating point, approximations of the nonlinearities f i(·) can be reconstructed
as e.g. piecewise linear functions.

We now wish to find the matrices M ij to optimize the fit between model
i and identification data j. To make the representation simpler and to avoid
over-parameterization of the model, the matrices M ij are constrained to be
diagonal, M ij = diag(mij

1 , · · ·mij
m), such that the nonlinearity f i(·) is decou-

pled into m scalar nonlinearities, one for each output.
Denote by ˆ̄Yij ∈ RN×m the data series of predicted outputs at operating

point j using model i with the nominal gain matrix M ij = I. It then holds
for the output data series of Wiener model Ŷij

Ŷij = ˆ̄YijM
ijT

(13.11)

The optimal gains mij
k , k = 1, · · · ,m, can now be found by solving the convex

optimization problems

min
Mij diagonal

||Yj − ˆ̄YijM
ijT

||2F (13.12)

where Yj is the measured output data series at operating point j.
The cross validation was redone with an optimized scaling matrix M ij for

each pair of model and data operating points i and j. The resulting VAF can
be seen in Figure 13.6. Notice the large improvement in VAF when matching
models to different operating points compared to Figure 13.4.

13.4.3.2 Model Clustering

From Figure 13.6, we can see that some of the linear models with adapted
gains well describes data at many operating points. We define by V the VAF
matrix illustrated in Figure 13.6, where element vij corresponds to the mean
VAF over the five outputs when using Wiener model i for a 20-step prediction
of validation data at operating point j. The matrix V can be used to group
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Fig. 13.6 Mean VAF for cross validation of the models identified at the 30 operat-
ing points with validation data at all operating points with gains adapted to form
Wiener models. Note the large improvement compared to Figure 13.4.
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Fig. 13.7 Dendrogram of operating point clustering.

operating points to a limited number of models. A hierarchical agglomerative
clustering algorithm is used to that respect [6].

The algorithm is based on the relative VAF loss matrix ΔV , where the
elements are given by

Δvij = vjj − vij , (13.13)

and a clustering matrix C initialized as

C = ΔV (13.14)
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The element Δvij is a measure of how much VAF that is lost by removing
model j and using model i instead for that operating point. The hierarchical
clustering algorithm successively merges two of the existing clusters at each
step until only one cluster remains. At each step, the algorithm first finds the
minimum element of C, corresponding to the smallest VAF loss, and merges
models in cluster j into the cluster for model i. A new column is added
to C representing the new cluster. The distance to other models for the
newly formed cluster is defined as the worst-case distance over the included
operating points to the model. The details of the algorithm are described in
Algorithm 2.

Algorithm 2. Clustering algorithm based on the relative VAF loss matrix
ΔV and the clustering matrix C.
1: Let K = number of operating points.
2: Initialize C = ΔV .
3: Set diag(C) =∞ to mark that a cluster cannot merge with itself.
4: for k = K + 1 to 2K − 1 do
5: Find indices i, j of minimum element of C
6: Merge cluster i and j into new cluster k, assign cluster i model to cluster k.
7: Add a column to matrix C corresponding to cluster k, let c�k =

max(Δv�s1 , · · · , Δv�sL), where s1 to sL are the operating points previously
assigned to clusters i and j, now to cluster k.

8: Set c�k to ∞ for models that have previously been removed.
9: Remove clusters i and j by letting c�i =∞, c�j =∞.

10: Remove cluster j model by letting cmodel(j)� =∞.
11: end for

13.5 Identification Results

The result of the clustering procedure can be illustrated in a dendrogram,
see Figure 13.7. The dendrogram shows the merges of operating points into
clusters as a tree structure, starting at the bottom where every operating
point is in its own cluster. On the y-axis, the loss of VAF is shown for each
merge. It can be seen that a few models may be removed at no loss at all,
which means that a model identified at a different operating point proved to
be marginally better than the corresponding model in some cases. This result
is likely due to the choice of prediction horizon in the computation of VAF.
A large number of models may be removed at a moderate cost; if a loss of
5 % is accepted only six clusters remain, if 10 % can be accepted only four
clusters are needed.

It can be noted that the clusters are not randomly assembled. With only
two clusters remaining, one consists of the low load operating points 1 to 6,
and the other to the medium and high load operating points 7 to 30. The
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medium-to-high load cluster is further divided at a lower level into one cluster
for medium load operating points 7 to 18 and one for high load operating
points 19 to 30.

If we settle for five clusters, corresponding to a VAF loss of 7.5%, the
worst-case fit between model and operating point will occur for operating
point 3 which has been assigned to model 5. Figure 13.8 shows the measured
output validation data at operating point 3, the 20 step prediction using
model 3, and the 20 step prediction using model 5 with the adapted Wiener
gain for operating point 3. It can be concluded that prediction of all outputs
is very good using model 3, and only slightly worse using the adapted model
5. It can be expected that model 5 with the adapted Wiener gain is accurate
enough to be used for control design.

13.6 Discussion

In general, it can be concluded that prediction based on the identified local
linear models was very good for all five outputs. Standard system identifi-
cation algorithms were used to fit dynamical black-box model of moderate
order to four-input-five-output data sets. Considering the complexity of the
task, the results are surprisingly good. Furthermore, the Wiener modeling
combined with the clustering algorithm reduces the number of dynamic mod-
els needed to an acceptable level while keeping the predictive ability of the
remaining models high. The results are a promising start for model based
control design that uses direct emissions measurements.

Alternative approaches to the Wiener gain approximation and clustering
procedures could be taken. For larger freedom in fitting data and models
at different operating points, non-diagonal Wiener gain matrices could be
considered. Whereas no detailed analysis of non-diagonal structure vs. cluster
complexity was done, we would expect that the increase of coefficients to
estimate would deteriorate statistical properties and thus require more data.
Other clustering techniques might also be considered, such as the Tagaki-
Sugeno model structure [11].

The choice of measured variables to be included as model outputs is not
evident. From the purpose of the study, it is clear that yIMEP, yNOx, and
yop need to be included. Besides reduced emissions, an important goal of
diesel engine control is to minimize fuel consumption. In the test engine,
fuel consumption measurements were slow and inexact, so they were not a
viable choice of output. Since combustion phasing α50 is one important factor
in determining the efficiency of the engine, it was included as an output to
allow for some influence over brake efficiency in the control design. To limit
audible noise and avoid damage to the engine, it is necessary to limit the
peak pressure derivatives over the cycle dp, which was thus included as an
output.
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Fig. 13.8 Measured output of validation data at operating point 3 (gray solid line),
20-step ahead predicted output of local linear model identified at the same operating
point (dashed line), 20-step ahead predicted output using model assigned through
clustering algorithm (black solid line). The clustering algorithm was specified to
set the level of accepted VAF loss at 7.5 %, yielding 5 dynamic models for the 30
operating points. Data are provided in scaled, arbitrary units.

Identification using the extended output vectors did not show any bene-
fits by including intake manifold pressure and ignition delay as outputs to
the models. These quantities are common in research on diesel engine com-
bustion and intuitively one would expect that using information from these
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additional measurements would result in better prediction. It is likely that the
information could be of use if some other model structure were considered.

A common issue in system identification of control-oriented models of diesel
engines is to handle the MIMO and nonlinear nature of the process. As more
actuators are added to provide new degrees of freedom for optimizing emis-
sions and fuel consumption, the experiment design and control design tasks
suffer from the curse of dimensionality. The same is true for the approach
suggested here. Expanding the study to cover the entire speed-load range
of the engine and possibly also other inputs such as a second fuel injec-
tion would substantially increase the number of operating points required for
identification.

Thus, new developments in actuator technology make the control design
task harder. However, we could expect that this will to a certain extent be
counteracted by new developments in sensor technology. With added on-
line measurements of the important outputs, such as NOx, the requirements
on off-line calibration could be substantially reduced. A fine grid of pre-
calibrated static maps could be replaced by a coarse grid of dynamic models.
If done right, the total experimental effort required for developing the engine
controller need not increase.

Physical modeling could be advocated in order to reduce experimental ef-
forts. The results presented here could give some insights into the necessary
structure of a physical model to be used for the purpose of on-line control of
emissions. The authors are not aware of a practical physical model of moder-
ate order with the chosen set of inputs and outputs. It would be interesting
to pursue work in that direction, and to see a discussion of what physical
quantities that best represent the 7 states needed for prediction.

A number of approaches to model MIMO, nonlinear dynamics of the diesel
engine presented in the literature use neural networks [2, 10, 8]. In contrast
to these works, the procedure presented here produces models on state-space
form including noise models that fits directly into the framework of common
control design methodologies such as MPC and LQG. State-space models are
convenient for MIMO processes since they provide a compact representation
of the response in all inputs and outputs and only one order needs to be
chosen for all inputs and outputs.

13.7 Conclusions

A method to model diesel engine dynamics over a range of operating points
using system identification was presented. The model captures the influence of
the most significant actuators on a set of important engine outputs. Notably,
the model can predict measured emissions very well. For future work, it will
be of interest to see what can be achieved using direct closed-loop control
of measured emissions instead of indirect control through other measured
variables which has been the dominant approach hitherto.
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Chapter 14

Off- and On-Line Identification of Maps
Applied to the Gas Path in Diesel Engines

Erik Höckerdal, Lars Eriksson, and Erik Frisk

Abstract. Maps or look-up tables are frequently used in engine control sys-
tems, and can be of dimension one or higher. Their use is often to describe
stationary phenomena such as sensor characteristics or engine performance
parameters like volumetric efficiency. Aging can slowly change the behavior,
which can be manifested as a bias, and it can be necessary to adapt the
maps. Methods for bias compensation and on-line map adaptation using ex-
tended Kalman filters are investigated and discussed. Key properties of the
approach are ways of handling component aging, varying measurement qual-
ity, as well as operating point dependent model quality. Handling covariance
growth on locally unobservable modes, which is an inherent property of the
map adaptation problem, is also important and this is solved for the Kalman
filter. The method is applicable to off-line calibration of maps where the only
requirement of the data is that the entire operating region of the system
is covered, i.e. no special calibration cycles are required. Two truck engine
applications are evaluated, one where a 1-D air mass-flow sensor adaptation
map is estimated, and one where a 2-D volumetric efficiency map is adapted,
both during a European transient cycle. An evaluation on experimental data
shows that the method estimates a map, describing the sensor error, on a
measurement sequence not specially designed for adaptation.

14.1 Introduction

There are high demands on the control and diagnosis functionality in en-
gine control units and to achieve the desired performance they need accu-
rate information about the system state. State information is acquired using
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measurements with sensors as well as through estimation algorithms that uti-
lize models of the system. The latter is important since measurements are not
always possible because sensors are either; unavailable, impossible to install,
or too expensive for the intended application.

In control and diagnosis systems, models play an important role. These
models can be represented in many ways either as equations or, as is very
common, by utilizing maps (or look-up tables) that represent a function
[1, 10]. Examples of maps can be found in sensor calibration data (1-D)
or the volumetric efficiency of the engine (often 2-D). In particular, maps are
frequently used to describe relations where physical models are unavailable or
too complex for on-line implementation, e.g. sensor and actuator character-
istics, cooler efficiency, injector characteristics, and aftertreatment systems.

A common situation is that the dynamics is well captured by the model
but there are stationary errors (bias), which will be referred to as a biased
model. This has been observed in for example truck engines [2]. Another
important issue is that the system ages and there is need for adjusting the
models accordingly to capture and account for such effects. There is thus a
need for calibrating maps off-line at development time, and adapt the maps
on-line while the system is running to capture aging.

For the off-line case it is worth noting that it is straight forward to include
the map parameters in the total parameter vector θ and apply standard iden-
tification methods. Routines for on-line map adaptation have been considered
in [10, 12, 4] and the approach discussed below builds upon the latter. In par-
ticular it includes a systematic way for handling aging and other slowly vary-
ing uncertainties. Simultaneous bias compensation and on-line map adaption
is a key property which is of industrial value since the method integrates well
with existing map-based solutions.

14.2 Method Outline

The sections to come presents a systematic approach for designing an observer
that adapt maps on-line at the same time as it reduces stationary errors in
a model. The starting point is a default model, in discrete time state space
form,

xt+1 = fdef(xt, ut)
yt = h(xt),

(14.1)

with states x ∈ Rnx , inputs u ∈ Rnu , and outputs y ∈ Rny , that suffers
from stationary errors, see Figure 14.1 for an example. These model errors
can exhibit both fast and slow dynamics, arising from for example operating
point dependent bias and aging respectively.
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Fig. 14.1 Typical example of model output from a biased model [2], where Wref

is the air mass-flow measured by a reference sensor. As often is the case the model
captures the dynamics well but suffers from operating point dependent stationary
errors.

The objective is to handle these model errors in a systematic way by:
using an on-line recursive algorithm, identifying model errors, and adapting
the model. A direct way to achieve this is by introducing a parameterized
function,

qfcn(xt, ut, θt), (14.2)

in (14.1) and augmenting the state vector with the parameter vector θ

θt+1 = θt (14.3a)
xt+1 = f(xt, ut, qfcn(xt, ut, θt)) (14.3b)
yt = h(xt). (14.3c)

The idea with a construction like this is to let the parametrization (14.2)
capture the operating point dependence, and use the parameters, θ, intro-
duced as new states, to track the aging. With (14.3) as basis an observer
that estimates the augmented state vector, (x, θ), can be designed. Note that
it is possible to incorporate prior information into the map identification pro-
cess, such as limitations, smoothness, trends, etc., by altering the right hand
side of (14.3a).

The following example of a parameterized function qfcn, from an automo-
tive application [2], has served as motivation for the work and will later be
used in the evaluation.

Example 1. In a heavy duty diesel engine with exhaust gas recirculation
(EGR) and variable geometry turbocharger (VGT), the air mass-flow through
the compressor is vital information for safe and clean engine control. There-
fore the engine is typically equipped with a mass-flow sensor. However the
sensor signal is subjected to an operating point dependent error, due to
sensor installation and local flow fields, and this measurement error has to
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Fig. 14.2 Air mass-flow sensor error map with the grid points denoted with the
pair (W i, θi) corresponding to a correction factor θi at a mass-flow of W i.

be compensated for when it is used in the engine control unit (ECU). The
relation between the true air mass-flow W and measured air mass-flow Wmeas

can be stated as
Wmeas = (1 + qfcn(W, θ))W

where the function qfcn is presented graphically in Figure 14.2. W i are grid
points, and θi are the corresponding correction parameters. In this case the
sensor model is represented by a 1-D linear interpolation map, where W lies
between grid points W i ≤W ≤ W i+1 and the interpolation is defined by

qfcn(W, θ) = θi +
(θi+1 − θi)
W i+1 −W i

· (W −W i). (14.4)

Due to aging it is necessary to adapt this map, see [2] for a longer discussion.
�

Note that with the construction (14.3), using parameters to track aging, the
observer stores information about the operating point dependent errors, i.e.
the parameters act θ as a memory.

The development of a model like (14.3) for identification and its usage
for estimation entails that some new issues have to be addressed. The main
concern is how to update the parameters, θ, in a controlled manner, which is
the topic of Section 14.3, with respect to observability and observer tuning.
Here the parameterization of qfcn is given and the interested reader is referred
to for example [7] for a discussion on how to find a structure and suitable
regressors.

The system (14.3) is in standard state space form which means that any
suitable observer design can be applied. The choice here is to use a stochastic
filter which entails introduction of noise in (14.3) to describe model and mea-
surement uncertainties. An approach for estimating states while at the same
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time handling unknown parameters is to apply a joint parameter and state
estimating extended Kalman filter (EKF) [6]. An advantage of stochastic fil-
ters compared to deterministic observers is that, not only the state estimate,
but also an estimate of the estimation error statistics is computed. The esti-
mation error statistics is used in the computation of the filter feedback gain,
which gives the stochastic filters natural tuning parameters that allow filter
tailoring to handle system aging, unknown state initialization, time depen-
dent model and measurement quality, outlier rejection etc., see Section 14.3.2
for the discussion. For these reasons the joint parameter and state estimating
EKF is used.

14.3 Observability

In estimation, observability or detectability of the system at hand is central
in order to ensure correct and consistent estimates. This section is devoted
to the observability of (14.3), where q represents linear interpolation. The
observability discussion is conducted on the continuous time system,

θ̇ = 0
ẋ = f(x, u, q(x, θ))
y = h(x),

(14.5)

corresponding to (14.3). The results are valid also for the discrete time system
as long as the sample time is chosen small enough [5].

Intuitively, a system containing linear, or higher order, interpolation with
the interpolation grid points as parameter states is not locally observable.
This can be seen by considering the air mass-flow adaptation map in Exam-
ple 1. Considering the total system, assuming more than one interpolation
interval, this can be understood by the intrinsic nature of the linear inter-
polation (14.4). Since not all parameters are involved in the interpolation
computation in each operating point, some parameters are always locally un-
observable. However, even if only one interpolation interval is studied and the
non-interacting parameters are disregarded, e.g. consider only the shaded re-
gion of Figure 14.2, the ordinary rank condition, stating sufficient conditions
for observability, is insufficient for assessing local observability of the reduced
system. To illustrate consider (14.5) in a single interval,

θ̇i = 0

θ̇i+1 = 0

ẋ = f(x, u, q(xj , θ
i, θi+1))

y = h(x), yk = xj .

(14.6)
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For Example 1 this is realized by studying a stationary operating point where
the interpolation variable, xj , is in Ii =]xi

j , x
i+1
j [, corresponding to the shaded

region enclosed by W 8 and W 9 in Figure 14.2. Here the corresponding param-
eters θ8 and θ9 are unobservable according to the ordinary rank condition,
i.e., the Jacobian of ⎛⎜⎝ h(x)

Lfh(x)
...

⎞⎟⎠ ,

where Lf denotes the Lie derivative along the vector field f , with respect to
x, θi, θi+1 will be rank deficient in all operating points. Hence direct use of
the rank condition for assessing, both local and global, observability for this
system is not possible. To ensure global observability of (14.5), a trajectory
has to be considered and analytical results for establishing observability are
derived in [4].

14.3.1 Unobservable Modes and Covariance Growth

According to the previous paragraph, at any given time there are generally
some parameters θi that are locally unobservable in (14.3). A property of
EKF observers based on systems with locally unobservable states is that the
estimation error covariance matrix grows linearly for the unobservable states
if system noise for these modes is present, see [4]. This effect is illustrated in
Figure 14.3, where the variance of three parameter states, θ5, θ8, and θ10 from
Figure 14.2 are plotted versus time. Parameter θ5 corresponds to a parameter
that is not observable at all for the studied trajectory, while the parameter
θ8 is observable during the first half of the trajectory and unobservable for
the second half. For the parameter θ10 the case is reversed. The effects of
this covariance growth is two-sided: 1) it offers a way to achieve fast update
of old parameters while protecting often updated parameters from spurious
measurements, 2) it may cause numerical problems affecting the filter stability
when considering the life-time of the system, which has to be handled.

In engine map adaptation, experience indicates that adaptation algo-
rithms, not using the EKF and joint parameter and state estimation, have
problems concerning system aging and occasional spurious measurements.
For example an engine, whose trajectories do not span the entire parame-
ter space during normal operation and only occasionally enters some areas,
may suffer from undesired system behavior caused by old parameters corre-
sponding to seldom visited operating points. In these cases, a linearly growing
uncertainty for seldom updated parameters enables a fast parameter update
rate of old parameters without risking large errors in the state estimates. This
can in some sense be thought of as a dynamic forgetting factor similar to re-
cursive least square (RLS) techniques [9] and is a highly desirable property in
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Fig. 14.3 The figure shows the development of the estimation error variance for
three parameter states. One that is unobservable during the entire trajectory –
θ5, one that is observable for the first half of the trajectory – θ8, and one that is
observable for the second half of the trajectory – θ10.

engine adaptation algorithms not only to handle aging parameters but also
to protect updated parameters.

After discussing the positive effects induced by the locally unobservable
parameter states it remains how to ensure stable observer operation even
though some parameter states never may become observable, causing the
corresponding covariance matrix elements to grow without bound. A direct
and intuitive way of handling this linear growth of estimation error covariance
of the locally unobservable parameter states is to introduce an upper limit
for the corresponding estimation error covariance matrix elements. A possible
such upper limit is the initial error covariance matrix, P0, and with this choice
the introduction of yet another tuning parameter is avoided [4].

14.3.2 Method for Bias Compensation

In the sense of map adaptation as a way of reducing bias, it is reasonable
to compare the proposed map adaption method to other common ways of
reducing operating point dependent estimation errors. One such method is
presented in [3], where the state vector is augmented with a bias state that
is used directly to describe the model error,

xt+1 = f(xt, ut, qt)
qt+1 = qt

yt = h(xt).
(14.7)

A main difference is that an observer based on (14.3) facilitates separate
tracking of fast changes in operating point and slower changes due to aging.
For an observer based on (14.7) this is not possible and it is necessary for the
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bias state to change approximately as fast as the system dynamics, otherwise
it will not be able to track a change in system operating point. However,
a rapidly changing bias state will also capture high frequency disturbances,
and will thereby not be able to withstand spurious measurements to the same
extent as the slower parameter states θ in (14.3).

14.4 Method Evaluation

To evaluate the method two studies are performed, a simulation study and a
study utilizing experimental data. The two evaluations address the problem
of estimating and adapting the air mass-flow into an engine from two dif-
ferent perspectives that are mutually exclusive. That is either the mass-flow
measurement, or the volumetric efficiency is considered to be most accurate.
A third alternative is to install an accurate reference sensor, which is only
possible in a test cell or development vehicle and not an option for a consumer
product.

The simulation study demonstrates the capability to adapt a 2-D map for
the volumetric efficiency while the experimental evaluation addresses the air
mass-flow sensor adaptation problem presented in Example 1. The aim of the
simulations are to show the convergence of the approach and the effect of a
trajectory that only partly spans the map grid. As a part of the convergence
analysis an investigation of the effect of incorrect noise models when using
the EKF as a parameter estimator [8] is included.

The experimental part shows the result of the method applied to experi-
mental data with the aim to analyze robustness and performance in presence
of model errors. Since the approach supplies a solution to the problem of
biased default models solved in [3], the performance of that approach is pre-
sented as a comparison.

In both studies the non-linear model of a heavy duty diesel engine, devel-
oped in [11], is used together with measurements from an engine in an engine
test cell. An overview of the model schematics is presented in Figure 14.4.
The model has three states, intake and exhaust manifold pressures, and tur-
bine speed which all are present in the model output together with the air
mass-flow through the compressor. The data is collected during a European
Transient Cycle (ETC).

In the simulation study, feedback from the intake manifold pressure and
turbine speed sensors are used whilst in the experimental evaluation, feedback
from all sensors except the exhaust manifold pressure sensor are used. The
performance is evaluated with respect to all states and outputs, i.e. intake
and exhaust manifold pressures, turbine speed, and air mass-flow through
the compressor.
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Fig. 14.4 Schematic overview of the diesel engine model with EGR and VGT [11],
showing model states (pim, pem, and ntrb), inputs (uδ, uegr, uvgt, and ne), and mass-
flows between the different components (W , Wei, Weo, Wegr, and Wt). Rectangles
with rounded corners denote control volumes.

14.4.1 Study 1: Simulation

The simulation study serves three purposes; illustrating convergence of the
approach, show that the method applies also to higher map dimensions, and
highlighting the effect of trajectories that does not span the entire map grid.

14.4.1.1 Observer for the Simulation Evaluation

In the simulation evaluation the observer is constructed using the model
developed in [11] and replacing the volumetric efficiency sub model with a
six-by-six parameterized cubical spline interpolation map, q(neng, pim, θ), pre-
sented in Figure 14.5, which gives a model in the form (14.3). An alternative
to using a spline for the interpolation would be to use bilinear interpolation.
Here the spline is chosen to favor the smoothness of the volumetric efficiency.

14.4.1.2 Simulation Evaluation

Figure 14.5 shows the true and adapted volumetric efficiency maps together
with the ETC trajectory. The transparent upper surface corresponds to the
true volumetric efficiency to be estimated and the lower, with a rough grid
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Fig. 14.5 True and estimated volumetric efficiency together with level curves of
the difference between the two. The level curves are also imposed by the ETC
trajectory, used as adaptation cycle, represented by the gray dots.

of 6 × 6, the estimated map at the end of the ETC, which was initialized 10
percent units below the true map. At the bottom of Figure 14.5 level curves
of the absolute estimation error are plotted together with the ETC trajectory
to better illustrate the correlation between well adapted map areas and how
the grid is spanned by the trajectory. As expected, map areas where the
trajectory spends much time are well adapted while grid points in areas not
spanned by the trajectory is unadapted and remains at their initial values.

14.4.1.3 Noise Model Sensitivity

A theoretical analysis of the EKF as a parameter estimator is presented in [8],
which concludes that the parameter estimates will be biased if an incorrect
noise description is used.

Inspired by this theoretical analysis and the fact that true nature of the
noise seldom is completely known a simulation study is performed with the
aim to analyze the influence of incorrect noise assumptions. The analysis is
executed by applying the above designed observer to several sets of simulated
data where the system and measurement noise variance and color had been
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adjusted. Neither of these simulations show of any problem of consistent
convergence of the sensor error parameters.

Even though the analysis in the studied case does not indicate this to be an
issue the potential problem can not be discarded in general. Even if the main
purpose of the parameters is, as in the engine applications addressed here,
their function as a memory there exist applications where this is an issue. In
such cases it is straightforward to use the in [8] modified EKF algorithm for
improved convergence properties.

14.4.2 Study 2: Experimental Data

To assess the performance and robustness of the method an evaluation using
measurements from an engine in an engine test cell is conducted. Since in this
case there are other significant model errors present, besides the air mass-flow
sensor error, an extra bias state is introduced to improve the state estimates.
The additional bias state is introduced according to (14.8) to compensate
for a known model deficiency in the compressor mass-flow. The adaptation
map, q(W, θ), is in this case defined by Example 1. Note that, in this case the
adaptation map is situated in the measurement equation which is formally
treated in [4].

14.4.2.1 Observers for the Experimental Evaluation

The observer designs for the experimental evaluation are, starting with those
without an extra bias state: An EKF based on the default model developed
in [11] directly,

xt+1 = f(xt, ut)

yt =
(
xpim,t xntrb,t hW (xt)

)T
,

referred to as Def. An EKF with an extra bias state introduced in the mea-
surement equation to describe the air mass-flow measurement error from the
method developed in [3],

xt+1 = f(xt, ut)
qt+1 = qt

yt =
(
xpim,t xntrb ,t hW (xt) + qt

)T
,

referred to as Aug. A joint state and parameter estimating EKF based on
the default model and a parameterized bias,
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Table 14.1 Mean estimation error using experimental data for Def., Aug. and
Map.

Meas.
With ΔWcmp,t Without ΔWcmp,t

Def. Aug. Map. Def. Aug. Map.

pim[Pa] 4208 169 -210 13875 13176 13019
pem[Pa] -10987 -13746 -14420 -2339 -3454 -3450
ntrb[rpm] 69 16 29 -57 -19 5
W [kg/s] 0.008 -0.020 -0.020 0.031 0.035 0.035

xt+1 = f(xt, ut)
θt+1 = θt

yt =
(
xpim,t xntrb,t (1 + qfcn(hW (xt), θt))hW (xt)

)T
,

referred to as Map. where the parameterization of qfcn is presented in Fig-
ure 14.2. The primary difference between the three observers are presented
schematically in Figure 14.6, where the feedback part of each observer is
highlighted.

The additional bias state, complementing those for handling the measure-
ment error, is introduced according to the ideas in [3]. The purpose is to
reduce the estimation errors due to a known error in the compressor model
causing incorrect prediction of the compressor mass-flow, i.e. for Def.

xt+1 = f(xt, ΔW,t, ut)
ΔW,t+1 = ΔW,t

yt =
(
xpim,t xntrb,t hW (xt, ΔW,t)

)T
.

(14.8)

14.4.2.2 Experimental Evaluation

With the introduction of an extra state, compensating for the compressor
mass-flow, the estimate of the intake manifold pressure becomes significantly
better at the expense of the exhaust manifold pressure estimate, while the
estimates of turbine speed, and air mass-flow is almost unaffected, see Fig-
ure 14.7 and Table 14.1. While Table 14.1 shows the mean estimation error,
Figure 14.7 shows the estimation error probability density functions (PDF).

In Section 14.3.2 the tuning of Aug. and Map. were discussed, especially
the different philosophies of the bias describing states, i.e. the relatively fast
bias state in Aug. and the slow map states in Map. In Figures 14.7 and 14.8,
and Table 14.1 the similarity in estimation performance between Aug. and
Map. is striking, which is an expected result. The mean estimation errors
for pim and ntrb are reduced while the mean estimation errors for pem and
Wcmp are slightly increased. That is, in absence of outliers Aug. and Map.
are comparable with respect to output estimation performance. The benefit
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Fig. 14.6 Schematics that highlight the feedback part of the three observers, Def.,
Aug., and Map, studied in the experimental evaluation. The main difference be-
tween the three configurations are shown in the block on the Ŵ feedback signal,
below the h(x̂) block. To the left the inputs and feedback signals are shown, and
to the right the four evaluation outputs are shown. Note that the dimension of the
output signal of the Kalman gain block have different dimensions for the different
observers.
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Fig. 14.7 Probability density functions of the estimation errors showing bias and
estimation error statistics.

with Map. is that it produces an adaptation map, and enables the possibility
to track aging and protection against corrupted measurements.

From Figure 14.8 it is seen that, even though there are unknown model
errors present, besides the compressor mass-flow, the method manages to
estimate a map that describes the difference between modeled and measured
air mass-flow through the compressor well. Notice that there are large number
of samples at air mass-flows slightly below 0.2 kg/s and that only few of these
are from stationary operation.
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Fig. 14.8 By Aug. and Map estimated mass-flow corrections showing the agree-
ment in bias estimation of the two methods. The solid line with dots representing
the final adaptation map of Map. and a color map of the distribution of the air
mass-flow correction estimated by Aug.

Finally, all this shows that an adaptation map can be estimated even
though the data used is from the highly transient ETC, not specially designed
for air mass-flow sensor adaptation.

14.5 Conclusions

In modern control and diagnosis systems, model based estimation has
achieved increased attention and especially interesting are techniques to han-
dle the inevitable model errors. A method for on-line map identification,
based on standard observer methodology, that handles the specific issues
of aging parameters and occasional corrupted measurements is discussed. A
common technique in engine applications is adaptation maps that describe
the model errors. A method for storing bias information from different op-
erating points, based on the EKF as parameter estimator, is investigated.
This method achieves simultaneous estimation of original model states and
parameters, and applies to adaptation of engine maps.

An inherent property of the adaptation of maps is that the system is
locally unobservable. Stochastic observers together with a parameterized bias
that has locally unobservable states is an asset that handles seldom updated
parameters and gives robustness against occasional spurious measurements
in ordinary map adaptation algorithms. The linear growth of estimation error
covariance, that comes as a result of local unobservability of the parameters,
also forms a potential numerical problem for the observer and a way to limit
this growth without introducing extra tuning parameters is provided.

The method is evaluated in a simulation study, where it is demonstrated
that it estimates both the engine states and a parameterized 2-D adaptation
map for the volumetric efficiency. An experimental evaluation shows that the
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method achieves the same estimation quality with respect to mean and maxi-
mum absolute error, as the method developed in [3], but adds value in that an
engine adaptation map can be simultaneously estimated. Furthermore, the
successful demonstration on experimental data, that inevitably introduces
unknown model errors and noise, shows the robustness of the method. The
method achieves simultaneous state estimation and map adaption, without
using test cycles especially designed for adaptation, and it is therefore suitable
for both on- and off-line calibration of maps.
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Chapter 15

Identification Techniques for Control
Oriented Models of Internal Combustion
Engines

Daniel Pachner, David Germann, and Greg Stewart

Abstract. The use of mathematical models is widespread in the design pro-
cess of modern internal combustion engines. A driving factor for this trend
is the rising complexity of engine systems due to tightening emission limits
and increasing demands on fuel efficiency. This chapter focuses on control
oriented models for turbocharged diesel engines which were specifically de-
veloped for use in an advanced model based control design process. A number
of challenges had to be overcome to guarantee stability of these models both
in simulation and during identification. The solutions for these issues are
presented in this chapter together with an innovative identification approach
which performs the calibration of the overall engine model on top of the
previously executed identification of individual engine components. Example
modeling results are included for a six cylinder commercial diesel engine with
EGR and dual stage turbocharging.

15.1 Introduction

Internal combustion engine systems for automotive applications are becom-
ing increasingly complex. One of the main drivers for this trend is the ever-
tightening emissions regulations. In order to meet these stringent emission
limits the addition of various components to the engine design are required.
Examples include turbocharging [4, 9, 17], catalytic converters [23, 15], par-
ticulate filters [11] and various topologies of EGR systems [22]. At the same
time high demands are made towards cost of ownership, fuel efficiency, and
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drivability of automotive and heavy duty applications. As a result the state
of the art engine systems have become complex plants comprised of numer-
ous highly nonlinear subsystems originating from various fields of technology
that interact with one another in challenging ways.

Addressing all these issues in a systematic fashion during the overall de-
sign process of internal combustion engines is beyond the scope of ad hoc
techniques. As consequence mathematical models of the engine have been
increasingly employed over recent years in order to assist the design process.

The application area of such models is quite diverse. At one end of the mod-
eling spectrum “proactive” models, often used before an engine or component
is built, are employed to predict the behavior of potential engine configura-
tions in order to avoid or reduce costly build-integrate-test iterations with
engine components. Another important use of modeling techniques is in their
key role in an efficient control design process. Accompanying the rising com-
plexity of engine systems systematic techniques are required in making the
design of high performance controllers industrially practical. A control ori-
ented model provides crucial information in this process in order to properly
characterize and quantify the multivariable dynamic interactions.

This chapter will concentrate on issues and techniques that were developed
for the task of creating control oriented models of turbocharged diesel engines.
In particular, these models were developed primarily for use in a proprietary
control design process which allows for a systematic and efficient synthesis of
explicit model predictive controllers for turbocharged diesel engines [18]. A
brief overview of this controller design process is given in Section 15.2 before
discussing the nature of the control oriented models required for this process
in Section 15.3. In order to guarantee robust behavior of the models during
simulation and identification a number of challenges had to be overcome.
These issues are described in Section 15.4. The main aspect of the paper is
focused on the identification of these models and is covered in Section 15.5
which treats steady state identification both on a component level as well as
for the overall model. The importance for this distinction and the justification
to use both techniques is discussed in Section 15.6. This chapter concludes
with the obtained predictions accuracies in Section 15.7.

15.2 Background

This chapter is focused on identification techniques applied to control ori-
ented models (COM) of turbocharged diesel engines developed for the use
in a proprietary controller design process. In this section the overall control
design process is briefly summarized in order to provide the context for the
requirements to be satisfied by the engine models. Additional details on the
applied control technology may be found in [18].
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Engine systems are becoming increasingly complex in order to meet strin-
gent emission limits. This circumstance imposes demanding requirements on
the control functionalities as various multivariable interactions and nonlin-
earities have to to be addressed adequately while also taking into account
engine variability due to production tolerance and aging. The application of
traditional controller design techniques can result in a very resource intensive
procedure and in some cases has even been reported to become the bottle-
neck of the entire engine design process. Furthermore, achieving acceptable
controller performance requires a high skill level of the developer designing
and tuning these conventional control functionalities.

On this background a design process and set of software tools have been
developed which address these issues in the control design in a systematic and
partly automated way making the process more efficient and less dependent
on the skill level of the developer. A simplified work flow of this process is
depicted in Figure 15.1. In general the depicted steps are followed in the order
illustrated with iterations back to earlier steps being common in practice -
for example to perform controller tuning iterations.

The controller design process begins with the definition of the engine lay-
out in form of a plumbing diagram. An example of such a layout is depicted
in Figure 15.2 which illustrates the engine referred to throughout this chapter.
Based on this information the user configures the control oriented model of the
engine. As can be seen in Figure 15.2 turbocharged diesel engine are comprised

Fig. 15.1 Simplified work flow of H-ACT controller design process.
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of various components including turbines, compressors, valves, coolers, the en-
gine etc. each of which have their own mathematical submodels.

In order to identify the parameters of the nonlinear engine model a set
of measurement data is required. This data will include compressor and
turbine maps supplied by the turbocharger vendor and on-engine measure-
ment data. The engine measurements can either come from preexisting data
out of the standard engine mapping process or can be generated specifically
for the model identification by carrying out a tailored design of experiment
which typically takes two to three days to collect. Using this engine data the
model identification process will fit the free parameters of the model compo-
nents such that the nonlinear control oriented model quantitatively matches
the behavior of the true engine. This process will be described in detail in
Section 15.5.

In the next step of the design process in Figure 15.1 the nonlinear model
will be used to derive the feedforward component of the engine controller.
The feedforward control is a function that maps the engine operating points
(characterized by engine speed, fuel injection quantity, and possibly other
parameters) to a set of actuator positions such that the engine outputs will
approximately match their desired setpoints at steady-state. The feedback
control is based on model predictive control (MPC) techniques to generate
an optimal controller. Due to the computational restrictions of current ECUs
and the fast time constants of the engine the feedback controller is designed
with a set of linear models which were generated from the nonlinear COM at
various operating points in the speed/fuel range of the engine.

The control design process described here is inherently model based
and results in a true multivariable controller which addresses the nonlinear

Fig. 15.2 Example diagram of engine layout used throughout this chapter.
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interactions present in the internal combustion engine. As in standard MPC
(see for example [10]), the feedback controller tuning allows the user to adjust
weights on tracked setpoints to enforce tighter tracking of certain controlled
variables while relaxing the tracking of other less important variables. Addi-
tional weights are also provided for each actuator which allows the designer
to define the preference of certain actuators to carry out most of the con-
trol activity while others (e.g. throttles) are used only if absolutely necessary
to achieve acceptable setpoint tracking. A technique similar to [1] is used
to ensure the model predictive control delivers the closed-loop performance
desired by the user.

The described process is flexible and is independent of the engine layout.
At the same time different combinations of tracked variables can be selected
while enforcing constraints on actuators as well as system outputs such as
NOx emissions or turbocharger speed. The software solution presented in this
section was developed with the goal of integration into industrial practice.
Careful consideration was given to existing development processes for indus-
trial engine control and how the control function interfaces in the hierarchical
software structure.

While the models presented in this chapter can be very useful for an initial
and efficient analysis of engine systems this section has endeavored to make
it clear that their main purpose is to be used in the controller design process.
The requirements to be satisfied by such control oriented models will be
discussed in the next section.

15.3 Model Type and Requirements

In the control design process described in the previous section the control
oriented model is employed for two purposes, the derivation of the feedforward
controller and the synthesis of the feedback controller. The quality of the
feedforward control is directly connected to the accuracy of the model, but
is not required to be perfect since the feedforward control is combined with
a multivariable feedback control to reduce the system sensitivity to model
uncertainty and eliminate steady-state errors through integrating feedback
action.

From this perspective the accuracy requirements of control oriented models
can be described as medium while the model complexity is normally desired
to be low for the sake of efficient development times and straightforward
extraction of linear models. In addition, the prediction capabilities of a COM
outside the range of the data used for identification should be fairly good.
This can reduce the required amount of measurement data and thus reduce
the time and cost of a test cell experiment campaign.

Besides providing an approximation to the dynamic response within the
bandwidth of the closed-loop control system an important contribution of the
COM is to provide an accurate prediction of the derivatives of the tracked
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variables with respect to the engine actuators, or in other words the system
gains. Inaccurate prediction of the gains can have a detrimental effect on the
control performance and even lead to system instability for example when
the sign of the gain is modeled incorrectly causing the feedback controller
to take action in the wrong direction (see for example the linear analysis
in [16]). A correct prediction of the gain sign is a basic prerequisite of any
modeling activity but it is not always straightforward due to the significant
nonlinearities present in turbocharged engine systems [17, 9, 13].

In Figure 15.3 for example the influence of the variable geometry turbine
(VGT) actuator is shown towards both the fresh air flow and the boost pres-
sure for two different engines at fixed engine speed and injection quantity
while all other actuators remain constant. For the engine on the right in
Figure 15.3 closing the VGT increases the boost pressure initially but after
a certain point the effect reverses and closing the VGT further causes the
pressure to drop. A similar behavior is shown for the engine on the left of
Figure 15.3 with respect to the air flow. In other words, the sign of the gain
from an actuator towards a tracked variable can reverse and this behavior
has to be adequately captured in the COM in order to guarantee acceptable
controller performance.

There are various types of models used in practice. Deriving a categoriza-
tion system in order to classify these model types is not always straightfor-
ward. A categorization which is sometimes applied groups models into white,
gray and black box models [21]. This is a rather coarse classification and is
used here merely for illustration purposes to distinguish the models described
in this chapter from other model types. A simplified comparison of the three
model categories regarding their attributes is shown in Table 15.1.

Fig. 15.3 Left : Diesel engine in 8 liter displacement range with high pressure EGR
and VGT turbocharger. Right : 2.2 liter diesel engine with high pressure EGR and
VGT turbocharger. For both engines VGT position is given in %-closed.
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Table 15.1 Model types and attributes

White Box Gray Box Black Box

Model detail high medium low
Computational time high medium low
Identification data low medium high
Extrapolation capabili-
ties

high medium low

White box models usually have a very extensive model detail allowing them
to have a very limited number or even no tuning parameters. As a consequence
the amount of data required for the identification of these parameters is
rather small or not at all required. A disadvantage of this model category
is the development time required to derive the system detail as well as the
high computational burden it entails to simulate these complex models. Many
types of computational fluid dynamic (CFD) models can be assigned to the
category of white box models and to a certain extent GT-Power models which
are widespread in the automotive sector [19]. These use large amounts of a
priori information on the engine geometry and are largely based on physical
principles requiring little or no data for identification.

Black box models on the other hand are usually of very simple structure
and efficient in simulation but require a large amount of identification data.
Essentially these models are based on experimental data alone and do not
incorporate a priori known physical principles. Experimental data for this
model category is usually obtained by sweeping the relevant actuators and
recording the system outputs of interest. A low order dynamic model struc-
ture is then selected which adequately can reproduce the system behavior
[8]. Typical examples of black box systems are Hammerstein-Wiener models
[3], nonlinear polynomial structures such as NARMAX models [2] and neural
network approaches [14]. The main issue with black box models is that for
nonlinear systems they can only be guaranteed to be accurate in the vicinity
of the region where the data was acquired. Outside of this region the extrap-
olation capability is rather poor. In addition minor changes to the system
configuration can require to rerun the entire experiments which is a time and
cost intensive process.

Gray box models can be viewed as a compromise between white and black
box models. They are usually based on physical knowledge in the form of first
principles combined with a small number of tuning parameters which only
require a limited amount of experimental data for identification [20]. At the
same time the extrapolation capabilities of gray box models are reasonably
good due to the incorporation of physical principles. Because of the moderate
system complexity the development effort for these models as well as their
computational requirements are significantly reduced compared to white box
models.
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Recalling the requirements of control oriented models it is evident that out
of the three categories described above gray box models are best suited for
the use in the control design process. They combine reasonable computational
demands with sufficient accuracy and extrapolation capabilities while requir-
ing a limited amount of identification data. The models presented in this
chapter can be considered as belonging to the category of gray box models.

As depicted in Figure 15.2 models of turbocharged engine systems are com-
prised of various components each of them represented by a specific math-
ematical submodel. To a large part these submodels can be represented by
static nonlinear functions like the compressor model shown in Figure 15.4.
However, a few dynamic processes also have to be considered like the inertia
of the turbocharger and the mass exchange in the engine manifolds in order
to capture the dynamic response of the engine.

An important aspect of the control oriented engine models presented in
this chapter is that they neglect the discrete cycles of the engine assuming
the main processes are spread out over an entire engine cycle. These types
of engine models are often referred to as mean value models (MVM) [6].
Very fast phenomena like the combustion are treated as a static process. In
addition, no spatial variation in the variables is considered allowing these so-
called lumped parameter models [5] to be represented by ordinary differential
equations (ODE).

15.4 Internal Combustion Engine Modeling Challenges

Once the gray box model structure is selected and configured based on the
engine architecture as explained in Section 15.2, its parameters must be esti-
mated from the data. Typically, the model parameters will be fit via numeri-
cal minimization of the error norm, often the weighted sum of squared errors
however very often a priori information will be available on the parameter
values. In the course of solving this optimization problem a number of diffi-
culties were encountered and two of the main issues will be described in this
section.

The model structure can be represented by a block diagram similar to Fig-
ure 15.2. To model the dynamic system equivalent to a system of first order
ordinary differential state space equations, block of two types suffice: nonlin-
ear static functions and integrators. Generally the nonlinear static functions
correspond to physical components of the engine(compressor, heat exchanger,
etc.) and host the majority of the unknown parameters of the model. The few
remaining unknown parameters are associated with the integrators and typi-
cally correspond to the dynamic response of the engine model (turbocharger
inertia, manifold volumes, etc.). Though the various realizations of engine
models can be different, for the following it is important to keep in mind
that any model in this work can always be decomposed into integrators and
nonlinearities.
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15.4.1 Constrained Domains

A problem comes forward immediately when dealing with such model struc-
tures: the input values to the components may be restricted to certain
domains.

The first principles equations implemented by the components model the
physical reality under certain conditions only. For example, the mean value
model equations typically have their correct physical meaning only if the
mass flow has defined direction, the turbocharger speed is positive etc. Quite
often the component nonlinearities are discontinuous on the input domain
boundaries, may have infinite absolute values and vertical asymptotes there.
Both represent convergence problems for convex optimization techniques.

Also polynomials and rational polynomials are often being used for the
empirical modeling [5, 7] of the engine components and are usually valid
approximations for physically realistic input values. Thus if the model accu-
racy for the initial parameter estimates is not sufficient to provide physically
realistic input values to all such model components, the identification may
fail.

Though this problem is usually not encountered with linear or mildly non-
linear systems, an internal combustion engine model usually contains a num-
ber of nonlinear functions with restricted input domains. The compressor
model defined in Section 15.5.1 can serve as an example here. Therefore, the
problem has to be solved systematically: As a first step, one must determine
feasible initial estimates of the model parameters. Only then, it is possible
to evaluate valid model predictions and a valid gradient vector to update the
model parameters. Not only should the initial estimate be feasible, but it
should remain so during all the iterations of the model identification. Hence,
the engine model identification is in fact a constrained optimization problem
with complex nonlinear constraints. Two types of constraints imposed on the
optimized parameters exist. The first type is a simple physical limit on a
parameter. As an example, a manifold volume must clearly be non-negative.
The second type is a physical limit on model signals. As an example, the
direction of the turbocharger rotation is fixed and should not be reversed.
If the direction reversal happens simulating the model with valid inputs and
initial conditions, the parameter values are incorrect (they violate the con-
straint). However, it is not clear which parameters should be changed in what
direction to satisfy the constraint. Therefore, the second constraint type is
more complicated as it involves the complicated relationship between the
parameter values and the model solution.
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15.4.2 Ensuring Stability of Model

The turbocharged engine model contains several feedback paths. The princi-
pal feedback is closed by each turbocharger shaft. The turbine clearly affects
its own inputs through the air path. This feedback is interesting because it
may easily become positive, and hence unstable mathematically. However on
the engine the turbocharger speed cannot become unbounded due to the fi-
nite total energy available in the fuel. There must always be a limit at which
the positive feedback becomes negative and the turbocharger acceleration
approaches zero.

Unfortunately, the fact that the real engine turbocharger speed cannot be-
come unstable is not sufficient to prevent a computational engine model from
doing so. The positive feedback may accelerate or decelerate the turbocharger
speed easily especially when the model parameters are still inaccurate in the
course of model identification. If this happens, it may be impossible or dif-
ficult to solve the model equations numerically. In practice, this will lead
to slowed down evaluation of the model predictions and may not converge.
Even a successful convergence, can be accompanied by signals that are quite
far from the true physical solution. In which case they will likely violate the
physical domain constraints and aggravate the constrained domains prob-
lem described in Section 15.4.1. Thus, the convergence of the optimization
algorithm may be lost.

Another feedback path is typically created by the exhaust gas recirculation
(EGR) valve. Though the feedback is not positive (as is the feedback of the
turbocharger path), it complicates the causality relationships and makes the
model stability analysis more challenging.

15.5 Identification of Internal Combustion Engine
Models

From the preceding section, it should be clear that the engine model identi-
fication is not an easy task. Suppose the model is represented in the form of
state-space equations:

dx(t)
dt

= f(x(t), u(t), θ)

y(t) = g(x(t), u(t), θ)
(15.1)



15 Control Oriented Models of Internal Combustion Engines 267

Let N model input/output measurements be available across the engine
operating range. We will denote the input output samples as follows:

u(tk), y(tk) for k = 1, . . . , N (15.2)

a reasonable cost function for model identification could be:

min
θ, x(t)

∑
k

‖y(tk) − g(x(tk), u(tk), θ)‖ subject to
dx(t)

dt
= f(x(t), u(t), θ)

(15.3)
However, in practice it is extremely difficult to solve such an idealized cost

function directly. As mentioned above the model (15.1) is highly nonlinear,
the dimension nθ of the parameter vector θ ∈ Rnθ may be large (the example
in Section 15.7 involves nθ = 88 parameters), and the state vector x(t) may
not be accurately known exactly at all measurements points k = 1, . . . , N .
(Hence the appearance of x(t) as an argument in the optimization (15.3).)

In this section we will present a stepwise approach of modifying the ideal
cost function (15.3) to make the identification of the control relevant prop-
erties of the model in (15.1) more practical. For this purpose the first step
of the procedure is the identification of individual model components. These
results are then used to initialize the identification of the overall steady-state
response of the model (i.e. with all component models interconnected with
one another). In a last step the identification of the parameters responsible
for the dynamic response is carried out.

As discussed above, the control oriented model at hand is composed of
static nonlinear components and integrators. From an intuitive point of view,
these static nonlinear components correspond to physical engine components
(compressor, turbines, valves, etc.) whose inputs and outputs are typically
measured in practical engine test cell work. Thus a natural decomposition of
the identification problem (15.3) is suggested here. Subsection 15.5.1 presents
the challenges when identifying individual static nonlinear engine components
from measured engine data. Subsection 15.5.2 describes the issues involved
in identifying the collective steady-state response of all components in their
contribution to the overall input output behavior of the model. Subsection
15.5.3 presents the approach applied to identify those elements of the model
such that (15.1) matches the dynamic response in the measured engine data.

15.5.1 Identification of Static Nonlinear Engine
Components

In Subsection 15.4.1 we noted challenges posed by requiring the parameters
and signals associated with the model components to satisfy constraints. In
this subsection we consider this issue in the course of fitting the individual
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engine components to their measured input output data. With components
such as valves, throttles, heat exchangers, this data is typically obtained by
measurements on the engine in the test cell. Data used for fitting compressor
and turbine models are provided by the turbocharger vendor [12]. In terms
of the dynamic model (15.1), the functions f and g are in fact composite
functions built from the individual component models according to the model
structure. Hence, both the vector of the state derivatives dx/dt and the vector
of measurements y(t) can be equated with outputs of certain components. The
components inputs are either the model external inputs u(t) or the outputs
of other components.

The models of the compressor presented in [7] provide a suitable example of
two important considerations when designing component models. The model
of compressor flow illustrates the importance of considering constraints in
each component. The model of compressor efficiency shows that the selection
of the functional form of the component is a key decision in the success of
the modeling approach.

According to [7], the compressor flow model is based on the algebraic rela-
tion between the dimensionless head parameter Ψ and dimensionless flow rate
Φ both of which are constructed from measurements of pressure, tempera-
ture, speed and flow recorded during the turbocharger mapping process. (For
simplicity, the weak dependence on Mach number will be neglected here.) We
will use the following equation:

Φ = k3 −
k1

k2 + Ψ
(15.4)

To identify the compressor flow model, parameters ki have to be fitted to
the data {Φj, Ψj}. The function (15.4) is discontinuous with vertical asymp-
totes. In addition, prior physical information on the function Φ includes: the
function’s domain is to the left of the singularity in (15.4) and it should be
decreasing function of Ψ . Meaning that the following inequalities hold:

k2 + Ψ < 0
k1 < 0

(15.5)

It can be verified the least squares identification algorithm of the ki param-
eters converges to the true parameter values from any initial estimate where
the constraints (15.5) are satisfied. We will prove it for the noiseless data.

Proof. We suppose the constraints (15.5) are satisfied by the true parameter
values k∗i . Then, the convex nonlinear least squares optimization method
converges to the true values if the constraints are satisfied by the initial
values of the parameters. The claim can be proven analyzing the sum of
error squares which will be minimized by the parameter estimates:
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1
2

∑
j

e2j =
1
2

∑
j

(Φ(Ψj , k1, k2, k3) − Φj)
2 (15.6)

The derivatives of just one error square with respect to the unknown pa-
rameters are products of the model prediction error and derivatives of the
predictions with respect to the parameters ki:

1
2
∂e2j
∂ki

= ej
∂Φ(Ψj , k1, k2, k3)

∂ki
(15.7)

Using (15.4, 15.5), the Φ derivatives signs are:

∂Φ

∂k1
=

−1
Ψj + k2

> 0,
∂Φ

∂k2
=

k1

(Ψj + k2)2
< 0,

∂Φ

∂k3
= 1 > 0 (15.8)

Hence, in (15.8), all derivative signs are known a priori if the constraints
(15.5) hold. Then, because the derivatives (15.8) are non-zeros, the prediction
error square derivative is zero only if the prediction error is zero. For noise
free data, all prediction errors are zeroed by the true parameter values k∗i . It
follows that the true parameter values represent the unique stationary point
in the convex feasible set defined by the constraints (15.5). This ends the
proof.

The flow model illustrated by the solid line on the left in Figure 15.4
answers the equation (15.4) when the numerical optimization of the ki pa-
rameters was started from a feasible point satisfying (15.5). The dashed line,
in contrast, was started from an infeasible point.

Another way of addressing the constrained domains of component model
inputs is by replacing the static nonlinear model components with the lin-
early extrapolated versions. The extrapolation is based on the linearization
around the closest admissible input values. Receiving the vector of input val-
ues uk, the component finds the closest admissible point ua

k optimizing over
the admissible set Uk with respect to its vector element vk.

yk = fk(ua
k, θk) +

∂fk

∂uk

∣∣∣∣
ua

k

(ua
k − uk)

ua
k = arg min

vk∈Uk

‖uk − vk‖
(15.9)

Example 1. Consider fitting data to the model with a constrained domain:

y =
k

x− a
, x > x0 > a (15.10)
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The model can be linearly extrapolated outside the domain as follows:

x1 = max{x, x0}, y =
k

x1 − a

(
1 − x− x1

x1 − a

)
(15.11)

The gradient (dy/da, dy/dk) is approximated by the gradient at x0 in case
the x value is not admissible.

Besides the flow the other important submodel of the compressor com-
ponent is its efficiency and here we use it as an example to illustrate the
importance of the selection of a suitable functional form in maintaining con-
straints on model signals. The influential paper [7] proposed to model the
compressor efficiency as a quadratic function of the dimensionless flow rate
with coefficients depending on the Mach number. That model is valid only lo-
cally, where the quadratic function values modeling the compressor efficiency
are positive. Such a model can be used only if it can be guaranteed that this
constraint will be respected during both simulation and identification.

Instead of a quadratic functional form a two-dimensional skewed Gaussian
is proposed here and is shown as a solid line on the right of Figure 15.4. The
Gaussian function decreases monotonically from the maximum point along all
directions but never crosses zero. The function is positive and unimodal, and
provides an acceptable fit locally and asymptotically. On the other hand, the
cubic multivariate polynomial ε = P (Φ, Ψ) from [7] is plotted as the dashed
line on the right of Figure 15.4. Note that the multivariate polynomial based
efficiency will become invalid if the component’s input values will be driven
too far from the region of the usual efficiency values ∈ (0.6, 1). It becomes
clear that choosing an unsuitable functional form can lead to large relative
errors which can lead to instability of the overall dynamic model (15.1) (see
discussion in Section 15.6 below).

From the compressor flow and efficiency examples, the nature of constraints
on both signal and parameters should be clear. It appears that some con-
straints can be satisfied implicitly selecting the functional forms carefully (as
was the case with compressor efficiency). Suitable functional forms should
exhibit following characteristics:

• have a justified asymptotic behavior for inputs approaching infinity along
all directions,

• have minimum complexity, minimum number of extremes,
• be defined for all input values, without singularities and with bounded

derivatives,
• satisfy as many of the prior assumptions implicitly as possible for any

parameter value from a defined admissible domain,
• be sufficiently representative of the physics of the component.

Using such functional forms and respecting all constraints on the param-
eters during the optimization greatly improves the identification algorithm
robustness and convergence properties.
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Fig. 15.4 Left: Curves representing fit of compressor flow model to map data. The
dashed curves represent a local optimum obtained if the numerical optimization is
started from an inadmissible initial condition, and the solid curves were started
from an admissible initial condition. Right: Curves representing fit of compressor
efficiency model to map data. The dashed line illustrates the cubic multivariate
polynomial in [7]. The solid line indicates the proposed monotonic and unimodal
skewed-Gaussian structure.

15.5.2 Identification of Overall Model Steady State
Input-Output Response

Following the successful identification of each of the static nonlinear compo-
nents of the control oriented model the next step is to ensure that the overall
model (15.1) accurately represents the data measured on the engine. As dis-
cussed previously, to simplify the task we will split the overall engine model
identification into two separate steps: fitting the steady-state response fol-
lowed by fitting the dynamic model response. For internal combustion engine
models it turns out that the majority of the parameters θ ∈ Rnθ in (15.1) may
be identified from steady-state data. For the the example in Section 15.7, 86
of the nθ = 88 parameters may be identified from the steady-state data. The
next subsection will discuss the identification of the remaining parameters to
determine the dynamic response.

Recalling the state-space model representation in (15.1) the static model
identification may be realized by modifying the ideal cost function in (15.3)
as follows:

min
θ, xk

∑
k

‖yk − g(xk, uk, θ)‖ subject to f(xk, uk, θ) = 0 (15.12)
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From (15.12) it should be clear that steady state data define all parameters of
the output function g at steady state and also defining the roots of f . On the
other hand the behavior of f in the neighborhood of its roots is undetermined
by the steady state data. The model transient behavior will be fit using the
techniques described in subsection 15.5.3 using parameters which change the
f slope in the neighborhood of its roots f = 0.

Note also that the unknown state vector xk is included as an argument of
the optimization. Given an initial parameter vector estimate θi and feasible
pairs xi

k, uk, i.e. steady state values for given states and inputs, the equality
constraint f = 0 can be approximated linearly around the feasible points:

xk − xi
k ≈ −

(
∂f

∂x

)−1
∂f

∂θ

∣∣∣∣∣
xi

k,θi

(
θ − θi

)
(15.13)

The expression for the state differential (15.13) can be substituted to the
linear approximation of the output equation. Then, we finally get the least
squares unconstrained optimization problem with respect to θ (and no more
xk) which approximates (15.12) locally.

min
θ

∑
k

∥∥∥g(xk, uk, θ
i) − yk + (Mk)xi

k,θi

(
θ − θi

)∥∥∥
Mk =

∂g

∂θ
− ∂g

∂x

(
∂f

∂x

)−1
∂f

∂θ

(15.14)

The approximation is based on the linear approximation of the norm ‖ · ‖
argument with respect to both states and parameters; essentially the Gauss-
Newton method. The matrix inversion in (15.14) should exist provided the
model steady state is uniquely determined by the values of inputs and pa-
rameters. We assume this condition is satisfied by the internal combustion
engines under normal operating conditions. The steady state pairs xi

k, uk can
be found simulating the engine model for a sufficiently long interval of time
with input values uk and taking the terminal state as xk. Theoretically, it
could be found minimizing the f(xk, uk, θ

i) norm with respect to xk. This
optimization typically terminates at a local extremum with dx/dt having a
nonzero norm value, i.e. not being at steady state. That is why the simulation
method is usually better. However, this method requires a stable model to
be defined by the initial estimates otherwise the method will fail because the
equality constraint dx/dt = 0 will be linearized at a point where it does not
hold.

The equation (15.14) defines the cost function local approximation. It ap-
proximates the gradient and Hessian matrix. These values can be used to
solve the original constrained problem (15.12) iteratively using a suitable nu-
merical optimization method. The identification algorithm minimizing the
weighted sum of steady state prediction errors can be given as follows:
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1. Initialize the estimates θi.
2. k iterates over the engine steady state data available:

a. Find model steady state xk and the prediction error δyk for the given
input value uk. This step involves model simulation.

b. Find the numerical derivatives of the model derivatives dxk/dt and
model outputs yk with respect to both states and parameters and
construct the matrix Mk in (15.14). This step is model linearization
with respect to both states and parameters.

3. Update estimates θi using a numerical optimization method, cost function
value J i, gradient hi, and Hessian H i. The diagonal matrix W defines the
weights.

J i =
∑

k

1
2
δy′kWδyk, hi =

∑
k

δy′kWMk, H i =
∑

k

M ′
kWMk.

(15.15)
4. Go to 2 or stop if ‖hi‖ ≈ 0

In practice, if the parameters θ are initialized reasonably (for example
by identifying the individual components as discussed in Subsection 15.5.1),
then the above algorithm typically results in obtaining parameter estimates
which are close to optimal for the chosen model structure.

15.5.3 Identification of Overall Model Dynamic
Input-Output Response

The remaining elements of θ in (15.1) that were not determined during the
steady-state identification described in Subsection 15.5.2 typically include
those parameters defining the turbocharger inertia, manifold volumes, ther-
mal capacities, sensor and actuator dynamics. Some of these physical proper-
ties may be known with reasonable accuracy prior to the dynamic identifica-
tion from engine geometry and other specifications. However, due to some of
the assumptions and simplifications of the mean value modeling approach it
is required to identify these parameters within reasonable bounds using tran-
sient data. It has been found that inside the typical bandwith of the feedback
controller the turbocharger inertia out of all the dynamic parameters has the
most significant contribution to the overall time constant of the model.

The dynamic parameters of θ define the derivatives of f around its roots.
It can be shown that these dynamic parameters of θ change neither the
function g nor roots of f in (15.1), which were matched to the steady state
data according to the previous Subsection 15.5.2. Hence, the identification of
dynamic parameters of θ can be done separately and the model steady state
will stay unchanged.

The approach to identify these parameters based on the dynamic data is
the following:
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min
θ, x(tk)

∑
k

(‖y(tk) − g(x(tk), u(tk), θ)‖ + γ ‖δx(tk)‖)

subject to
∫ tk

tk−1

f(x(tk−1), u(tk−1), θ) = x(tk) + δx(tk)
(15.16)

In our approach, the cost function value, gradient and Hessian are calcu-
lated recursively using an algorithm similar to the Extended Kalman Filter.
The continuity constraint on the state vector trajectory is treated as soft con-
straint on the error term δx(tk) as indicated by (15.16). This error term is
treated as process noise by the Kalman filter. Knowing the gradient and Hes-
sian, a convex optimization method can be employed. The problem structure
of the dynamic data fitting is more complex compared to the steady state
data fitting because it optimizes for both parameters and the whole state
trajectory. However, the problem is alleviated because the number of dy-
namic parameters is smaller compared to the number of parameters which
define the steady states. The example in Section 15.7 involved only two such
parameters. Moreover, the problem is nearly linear because the dynamic pa-
rameters are typically multipliers of the state derivatives. The convergence
properties are good as the model transient responses are usually sufficiently
close to the measured data after the steady state identification step. From
this point of view, splitting the identification into static and dynamic parts
is advantageous.

15.6 A Comment on Component versus Overall
Identification

The engine model is built from components as displayed on Figure 15.2 some
of which contain relatively complicated nonlinearities, such as thecompressor
introduced in Section 15.5.1. The input and output signals of these elements
are often measured. For this reason it seems natural to use the component
input and output signals to fit the component parameters. In this section we
will explain that this can compromise with the model accuracy.

The reason is that the mean value modeling approach neglects some phe-
nomena like small pressure drops, negligible heat transfers etc. Then, the
overall model behavior can be significantly affected even if the key compo-
nents are modeled most accurately. The second reason is that the modeling
errors can get amplified mainly by the model feedback structure as discussed
in Subsection 15.4.2. It is therefore necessary to study how the component
errors agglomerate in the overall model behavior.

It is well known that the negative feedback can attenuate the system sen-
sitivity to the parameters. This fact is used, for example, in feedback control.
However, the feedback can easily lead to the opposite effect of increasing
the system sensitivity to parameter values. As there exist feedbacks in the
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turbocharged engine model, the errors in component parameters can be ar-
bitrarily amplified in the overall model behavior. When used carefully this
feature can be exploited to advantage in model identification as it is possi-
ble to improve the overall model accuracy using small changes in the model
components, thus preserving the intuitive accuracy of the components.

Practically, this means that certain combinations of the component model
parameter values can appear almost equally good when the components are
fitted individually. When the engine model is built from such independently
fitted components, the overall model accuracy may be much worse compared
to the component level accuracy. The reason is that the vector of param-
eter errors can have an unfavorable direction in the parameter space. The
situation is most complicated when fitting models with both positive and
negative feedback loops. In such systems, some component qualities may in
fact have only marginal effects on the whole system, whereas others may be
extremely important because they get amplified. Hence, good component fit
does not necessarily mean a good prediction capability of the whole model
and vice versa. A typical turbocharged engine model behaves in this way.
One should try to achieve a good prediction capability of the whole model
as well as a good component level fit but one should not rely on the hypoth-
esis, which does not hold, that a good component fit (see Subsection 15.5.1)
automatically leads to a good overall model fit.

This problem is solved naturally if fitting the whole system model to all
engine data. Then, the sensitivity of the model prediction accuracy to var-
ious functions of model parameters is fully exploited. The parameters can
be optimized to achieve the best overall model accuracy. Let us call such an
identification method the overall identification in contrast to the component
identification, where the components are fitted independently using their lo-
cal input output data. We will look at these two methods using two examples,
which will show that both approaches offer some advantages but also have
some inherent issues.

First, we will present a simple example showing the component identifica-
tion does not guarantee reasonable prediction accuracy of the overall model.

Example 2. To compare component versus overall identification consider a
simple first order linear system with a feedback structure with input u(t) and
output y(t):

dy(t)
dt

= u(t) − z(t) (15.17)

z(t) = θy(t) (15.18)

The parameter θ can either be estimated locally from (15.18) or via its overall
effect on the system (15.17), (15.18).

If we first consider the local problem, then we can logically write the “com-
ponent” identification of y to z in (15.18) as an optimization at times tj:
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min
θ

∑
j

‖zmeas(tj) − θ ymeas(tj)‖ (15.19)

and if we further consider the case zmeas ≈ 0, then the optimal value for θ is
close to 0 and we can see from this expression that the cost function from y
to z in (15.19) is changed by an arbitrarily small amount for any θ satisfying
|θ| < ε for ε → 0.

On the other hand if we consider the overall behavior of the system (15.17),
(15.18) and instead examine the transfer function from u to y, then we find
that θ > 0,= 0, < 0 respectively correspond to stable, marginally stable, and
unstable systems - each of which represent very different overall system be-
haviors.

From the above example, we can see that the component-wise model iden-
tification does not guarantee small or even bounded prediction errors of the
whole model if feedback exists in the system structure. Now we will construct
a different example which shows that the overall model identification may re-
quire accurate initial conditions for the parameter values to converge to the
global optimum.

Example 3. Consider a cascade of n nonlinearities with input u1(t) and output
yn(t):

yn = fn(fn−1(. . . (f1(u1, θ1) . . . , θn−1), θn) (15.20)

where the kth nonlinearity is parameterized by θk. The nonlinearities can be
understood as n model components with local outputs yk, local inputs uk =
yk−1, and local vectors of parameters. Suppose the components’ input output
data measurements are available. The component identification is therefore
possible. This component method will use the gradients which define the yk

sensitivity to θk parameters evaluated at the current estimate θi
k:

∂yk

∂θk

∣∣∣∣
θi

k

(15.21)

On the other hand, the overall identification will in addition also consider
the effect of the parameter θk along the causal chain defined by the cascade.
These effects are neglected by the component gradients in (15.21). The impact
of parameter θk on the next outputs can be evaluated using the chain rule:

∂yk+m

∂θk

∣∣∣∣
θi

k

=

⎛⎝ 1∏
j=m

∂yk+j

∂yk+j−1

∣∣∣∣
yi

k+j−1

⎞⎠ ∂yk

∂θk

∣∣∣∣
θi

k

, 1 ≤ m ≤ n−k (15.22)

The component identification will converge if the initial θi
k estimate is close

enough to the global optimum, i.e. the negative cost function gradient vector
points to the global optimum. The sufficient condition for the overall model
identification is that all the gradients (15.22) have to be evaluated at points
close enough (in a set which depends on the problem solved) to the optimum.
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The gradients in (15.22) include the component output gradient (15.21) along
with additional gradients. Thus the set of convergent initial conditions of θi

k

for the overall model identification is a subset of the set of convergent initial
conditions for the component identification.

From this example, we can see that the global identification requires more
stringent sufficient conditions for convergence than does the component iden-
tification. In other words, it reinforces the intuitive notion that one must take
greater care in setting the initial conditions of the global identification than
the component identification. This fact is a key to the practical implementa-
tion of the proposed stepwise model identification approach outlined in this
work.

The component and overall identifications represent two extreme cases
of cost function formulations for identification of the model parameters θ
in (15.1). In this section we have presented a two-step model identification
approach that combines the good convergence of component identification
along with the accuracy potential of the overall identification approach. In
this way a practical nonlinear identification approach is achieved for highly
nonlinear engine models.

15.7 Modeling Results

This section shows the identification results achieved with the concepts pre-
sented above. The engine model used herein corresponds to a six cylinder
in-line engine with the layout shown in Figure 15.2. Some basic specifications
on the engine are given in Table 15.2.

Table 15.2 Engine specifications

Manufacturer MAN
Model D2676LOH27
Displacement volume 12.42 liter
Rated power output 353 kW @ 1900 rpm
Max torque 2300 Nm @ 1000-1400 rpm

The data used for the identification was obtained through a design of
experiment running the engine in open loop with no feedback control active.
Various combinations of actuator positions were recorded at six operating
points in the fuel/speed range resulting in 798 data points. The overall time
required to record this data was roughly 12 hours of test cell time.
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Problem dimensions were as follows:

Parameters identified nθ = 88
Inputs nu = 10
Measured outputs ny = 20
Steady state points nk = 798

The functional forms of model nonlinearities were selected according to
recommendations given in Section 15.5.1. Specifically, the compressor and
turbine efficiency functions are unimodal positive functions. All nonlinear-
ities are extrapolated linearly outside admissible input domains according
to (15.9). The identification was split into component, overall steady state
and dynamic as described in Section 15.5. The overall steady state identifica-
tion was based on the local approximation values given by (15.15) and opti-
mized by the trust region algorithm. The algorithm required approximately
10 – 20 iterations to reach the desired accuracy. The fit improvement gained
by doing the overall steady-state identification on top of the component iden-
tification was significant as can be seen in Figure 15.5. The model coeffi-
cient of determination defined as the square of the correlation coefficient
between data and prediction improved from 89% to 98% on average over all
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Fig. 15.5 Steady state data fit in 798 steady state points. Error bounds ±10% are
shown with red solid lines. Overall steady state fit shown in black, component fit
represented in gray.
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ny = 20 model outputs. Following the steady state identification the transient
behavior of the model was calibrated by tuning the dynamic parameters, i.e.
turbocharger inertia, manifold volumes etc. The resulting dynamic behavior
of the model in comparison to the recorded data at one operating point is
shown in Figure 15.6. Similar results are achieved at all operating points also
for steps in other actuator position so that the overall dynamic behavior of
the engine is captured well by the model.

Regarding simulation performance the overall computational time required
to calculate the 798 data points took 3.5 seconds while the simulation of the
FTP (1200 seconds in real-time) as an example of a full dynamic test cycle
was executed in 2.4 seconds on a standard personal computer.

Although only the data used for the identification are depicted in Figures
15.5 and 15.6 the model has also been verified for other validation data as well
and achieved good prediction accuracies. The model presented here was used
in the synthesis of a model based multivariable controller (as described in
Section 15.2) which performed successfully across the entire operating range
of the engine.
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Fig. 15.6 Dynamic data fit at 1700 rpm 55mg/stroke. Responses to partial opening
step in EGR valve position. Model predictions shown with dashed lines. The steady
state offsets correspond to accuracies shown in Figure 15.5.
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15.8 Conclusion

This chapter has discussed techniques for configuring and identifying models
for internal combustion engines in particular for their use in a model based
control design process. These control oriented models (COM) are based on
physical first principles parameterized with several tuning parameters and
as such can be assigned to the category of gray box models which typically
exhibit medium model complexity while still allowing for good prediction
accuracy even outside the range of data used for identification.

The model based control design process utilizing the COM synthesizes
a multivariable model predictive controller (MPC) of explicit architecture
which has low computational requirements in order to fit on state of the art
engine control units [18]. At the same time the controller implements practical
features of MPC such as constraints on system inputs and outputs as well as
simultaneous tracking of multiple system variables. The controller behavior
can also be influenced using specific weights on tracked variables as well as on
actuator commands in order to emphasize the tracking of certain controlled
variables while choosing specific actuators to carry out the majority of the
control activity.

During the development of the control oriented models and the accompa-
nying identification techniques the issue of constrained domains was raised.
Some of the engine component models that are familiar from the literature
were discovered to employ functional forms containing singularities and other
invalid solutions for input variables outside of the normal range or an inade-
quate choice of parameters. This can be problematic during simulations and
especially for developing robust automated model identification techniques.

In certain cases this problem was solved by modifying the functional form
to eliminate the undesired behavior. Where this approach was not possible
constraints on input signals and parameters were taken into account specifi-
cally during the identification.

Another challenge specific to engine models is the presence of feedback
loops through turbocharger shafts and EGR systems. As with any feedback
system certain choices of parameter values can cause the system to become
unstable. Due to this circumstance special caution has to be given when per-
forming the steady state identification of each individual component of the
engine model separately. Although the component accuracy might appear ac-
ceptable in isolation, the errors in the parameter estimates can get amplified
in the overall system behavior. To address this issue a steady state identifica-
tion approach was developed which fits the entire engine model as an entity
to ensure that the overall system behavior remains close the measurements.
The standard challenge with the overall identification of complex nonlinear
models is that it requires a good initial guess of the parameter values to guar-
antee the convergence to the global optimum. It was shown that this initial
guess, however, can be found directly from the identification of the individual
components.
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The steady state identification defines the majority of the model parame-
ters. The few remaining dynamic parameters can be identified in a separate
step leading the proposed identification methodology to be a three stage
process:

1. Steady state component identification
2. Steady state overall model identification
3. Dynamic overall model identification

With this identification procedure accuracy results have been presented
on the basis of a six cylinder commercial diesel engine with EGR and dual
staged turbocharging. Both the steady state as well as the dynamic model
response match the measured engine behavior accurately and exceed the usual
requirements for models developed specifically for controller design.
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Ralf Meyer at MAN Nutzfahrzeug AG who contributed with their expertise in

engine technology and to a large part made the results presented herein possible.

References

[1] Fan, J., Stewart, G.E.: Automatic tuning method for multivariable model pre-
dictive controllers. United States Patent Number: 7,577,483 (May 2006)

[2] Landau, I.D., Zito, G.: Narmax model identification of a variable geometry
turbocharged diesel engine. In: Proceedings of 2005 IEEE American Control
Conference, vol. 2, pp. 1021–1026 (2005)

[3] Gomez, J.C., Baeyens, E.: Identification of multivariable hammerstein systems
using rational orthonormal bases. In: Proceedings of 39th IEEE Conference on
Decision and Control, Sydney, Australia (December 2000)

[4] Guzzella, L., Amstutz, A.: Control of diesel engines. IEEE Control Systems
Magazine 18(2), 53–71 (1998)

[5] Guzzella, L., Onder, C.H.: Introduction to Modeling and Control of Internal
Combustion Engines. Springer, Heidelberg (2004)

[6] Hendricks, E.: A compact, comprehensive model of large turbocharged, two-
stroke diesel engines. SAE Technical Paper Series, 861190 (1986)

[7] Jensen, J.P., Kirstensen, A.F., Sorenson, S.C., Houba, N., Hendricks, E.: Mean
value modeling of a small turbocharged diesel engine. SAE Technical Paper
Series, 910070 (1991)

[8] Juditsky, A., Hjalmarsson, H., Benveniste, A., Delyon, B., Ljung, L., Sjöberg,
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Chapter 16

Modeling for HCCI Control

Anders Widd, Per Tunest̊al, and Rolf Johansson

Abstract. Due to the possibility of increased efficiency and reduced emis-
sions, Homogeneous Charge Compression Ignition (HCCI) is a promising
alternative to conventional internal combustion engines. Ignition timing in
HCCI is highly sensitive to operating conditions and lacks direct actuation,
making it a challenging subject for closed-loop control. This paper presents
physics-based, control-oriented modeling of HCCI including cylinder wall
temperature dynamics. The model was calibrated using experimental data
from an optical engine allowing measurements of the cylinder wall temper-
ature to be made. To further validate the model, it was calibrated against
a conventional engine and linearizations of the model were used to design
model predictive controllers for control of the ignition timing using the inlet
valve closing and the intake temperature as control signals. The resulting
control performance was experimentally evaluated in terms of response time
and steady-state output variance.

Keywords: Homogeneous Charge Compression Ignition (HCCI), modeling,
parameter identification, model predictive control.

16.1 Introduction

Homogeneous Charge Compression Ignition (HCCI), also referred to as Con-
trolled Auto-Ignition (CAI), holds promise for reduced emissions and in-
creased efficiency compared to conventional internal combustion engines. As
HCCI lacks direct actuation of the combustion phasing, much work has been
devoted to designing controllers capable of set-point tracking and disturbance
rejection. Ignition timing in HCCI engines is determined by several factors [1]
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including the auto-ignition properties of the air-fuel mixture, the intake tem-
perature, the amount of residual gases in the cylinder, etc. As a consequence,
there are many possible choices of control signals that can be used for con-
trolling combustion timing, such as variable valve timing, intake temperature,
and the amount of residuals trapped in the cylinder [1].

To facilitate model-based control design, both statistical and physical mod-
els have been considered [1]. Most control-oriented physical models of HCCI
are either formulated in continuous time or on a cycle-to-cycle basis [1]. The
models in the former category allow for a natural formulation, e.g., of flow
phenomena, while those in the latter take a form suitable for cycle-to-cycle
control design. This paper presents physics-based, cycle-resolved modeling of
HCCI including cylinder wall temperature dynamics. The model was initially
calibrated using data from an optical engine, allowing measurements of the
cylinder wall temperature to be made. To further validate the model, it was
calibrated against a conventional engine and used as basis for model-based
control design.

Heat transfer effects between the in-cylinder charge and the cylinder walls
are important for explaining HCCI cycle-to-cycle behavior [2]. As noted re-
cently, however, many modeling approaches for control only consider heat
transfer from the gases to the walls and assume a fixed cylinder wall temper-
ature [1]. Continuous-time models including cylinder wall temperature were
presented in [2], [3]. The former also presented results on model-based control.
The control results presented in this paper were obtained using linearizations
of the physical model. Model Predictive Control (MPC) [4] was used with
the crank angle of inlet valve closing, θIVC, and the intake temperature, Tin,
as control signals. The controlled output was the crank angle of 50% mass
fraction burned, θ50. The results are evaluated in terms of response time,
robustness towards disturbances, and combustion phasing variance.

Recent examples of cycle-resolved models of HCCI for control design in-
clude [5], [6], where [6] also presented experimental results of closed-loop
control. Continuous-time models including cylinder wall temperature mod-
els were presented in [3], [2]. The latter synthesized an LQ controller using
a cycle-resolved statistical version of the model and presented experimental
results. Fast thermal management and variable compression ratio using sev-
eral control methods was employed in [7]. Model predictive control of HCCI
engines based on statistical models was used in [8].

16.2 Modeling

This section describes a cycle-resolved, nonlinear model of HCCI incorporat-
ing cylinder wall temperature dynamics. It uses the same basic formulation
as the model in [6] with the inclusion of cylinder wall temperature dynam-
ics and a few other modifications. The considered outputs are the indicated
mean effective pressure and the crank angle where 50% mass fraction has
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burned. For more details, see [9]. The model structure is fairly modular in
the choice of control signals as it captures the dependence on the amount of
injected fuel, the amount of recycled exhausts, and the valve timings of the
inlet and the exhaust.

16.2.1 Cylinder Wall Temperature Dynamics

The cylinder wall was modeled as a single mass with a slowly varying outer
surface temperature Tc, a convective flow q̇a between the in-cylinder gases and
the cylinder wall, and a conductive flow q̇b through the wall, see Fig. 16.1. The
first law of thermodynamics applied to the gas when no work is performed
yields the expression Ṫ = −q̇a/mCv where T , m, and Cv are the temperature,
mass, and specific heat of the gas. The Newton law q̇a = hcAc(T − Tw) was
applied, where hc is the convection coefficient, Ac is the wall surface area
and Tw is the wall surface temperature. The convection coefficient is often
modeled using the following expression [1],

hc = 3.26B−0.2P 0.8T−0.55(2.28Sp)0.8 [W/(m2·K)] (16.1)

where B is the cylinder bore, P is the in-cylinder pressure, T is the gas tem-
perature, and Sp is the mean piston speed [10]. The time derivative of the
inner wall temperature, Tiw, is given by Ṫiw = (q̇a − q̇b)/mcCp where Cp is
the specific heat of the cylinder wall, and mc is the cylinder wall mass. The
conductive flow is given by q̇b = (Tw − Tc)kcAc/Lc where kc is the conduc-
tion coefficient and Lc is the wall thickness. Assuming that the steady-state
temperature condition Tiw = (Tw + Tc)/2 holds the temperature equations
may be written as

Ṫ = AhtT +BhtTc, (16.2a)

Aht =

[
−hcAc

mCv

hcAc

mCv

2 hcAc

mcCp
−2hcAc+kcAc/Lc

mcCp

]
, (16.2b)

Bht =
[

0
2 kcAc

LcmcCp

]
, T =

[
T
Tw

]
(16.2c)

T TiwTw Tc

q̇a

q̇b

Gas

Wall

Coolant

Fig. 16.1 Principle of the cylinder wall model.
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Since Tc is assumed to be slowly varying, it can be assumed constant over
a short time ti. The temperature state at ti, given an initial state T (0), can
then be computed as

T (ti) = ΦiT (0) + ΓiTc (16.3)

Φi = eAhtti , Γi =
∫ ti

0

eAht(ti−τ)Bhtdτ (16.4)

Eq. (16.3) was used to update the gas temperature and the wall tempera-
ture after mixing, after combustion, and after expansion to capture the time
constant of the cylinder wall temperature while keeping the complexity at
a tractable level. Since the integration time ti had to be adapted to each
instant and some of the parameters depend on the in-cylinder state, three
sets of matrices {Φi, Γi}, i = 1, 3, 5 were used, where i = 1 corresponded to
mixing; i = 3 combustion; i = 5 expansion. The cylinder wall temperature
was assumed constant between the heat transfer events.

16.2.2 Temperature Trace

Throughout the cycle, isentropic expansion and compression [11] was as-
sumed. The temperature TB and pressure PB after isentropic compression
or expansion from volume VA to a volume VB with initial temperature and
pressure TA and PA are given by

TB = TA

(
VA

VB

)γ−1

, PB = PA

(
VA

VB

)γ

(16.5)

where γ is the specific heat ratio. The temperature TB after isentropic com-
pression or expansion from a pressure PA to a pressure PB is given by

TB = TA

(
PB

PA

)(γ−1)/γ

(16.6)

16.2.2.1 Intake/Mixing

The gas temperature at the start of cycle k, T1(k), was modeled as the
weighted average of the intake temperature and the temperature of the
trapped residuals, cf. [6];

T1(k) =
Cv,inTin(k) + Cv,EGRχαT5+(k − 1)

Cv,in + αCv,EGR
, (16.7)
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where Cv,in and Cv,EGR are the specific heats of the fresh reactants and the
residual gases respectively and α is the molar ratio between trapped residuals
and inducted gases. The final gas temperature of cycle k − 1 is denoted
T5+(k − 1), and χ is a measure of how much the residual temperature has
decreased. The initial wall temperature of cycle k was set equal to the final
wall temperature of cycle k − 1;

Tw1(k) = Tw5+(k − 1) (16.8)

Eq. (16.3) with i = 1 was applied to yield new temperatures T1+(k) and
Tw1+(k); [

T1+(k)
Tw1+(k)

]
= Φ1

[
T1(k)
Tw1(k)

]
+ Γ1Tc (16.9)

16.2.2.2 Compression

Isentropic compression from the volume at inlet valve closing, V1(k), to the
volume at auto-ignition, V2(k), was assumed, yielding temperature T2(k) and
pressure P2(k).

T2(k) = T1+(k)
(
V1(k)
V2(k)

)γ−1

, P2(k) = Pin

(
V1(k)
V2(k)

)γ

(16.10)

where Pin is the intake pressure.

16.2.2.3 Auto-ignition

The crank angle of auto-ignition, θign(k), was modeled as in [12], so that the
Arrhenius type condition ∫ θign(k)

θIVC(k)

fk(θ)dθ = 1 (16.11)

was fulfilled with

fk(θ) = AaP
n
inVk(θ)γn exp

(
−EaVk(θ)1−γ

RT1+(k)

)
(16.12)

The parameter Aa is a scaling factor corresponding to the critical concentra-
tion of radicals required for auto-ignition to occur, Ea is the activation energy
for the reaction, n is the reaction sensitivity to pressure,R is the gas constant,
and Vk(θ) = V1(k)/V (θ). Note that the integrand is independent of species
concentrations. To obtain an explicit expression for θign, an approach similar
to that in [6] was taken. The integrand was approximated with its maximum
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value, which is attained at Top Dead Center (TDC). The corresponding crank
angle degree (CAD) was denoted θTDC, so that fk(θ) = fk(θTDC). The lower
integration limit was then shifted from θIVC to θTDC and the resulting integral
equation was solved for θign(k);

θign(k) = ΔθA +
1

fk(θTDC)
(16.13)

where ΔθA is an offset in CAD.

16.2.2.4 Combustion

The temperature after combustion was calculated as

T3(k) = T2(k) +
QLHV

(1 + α)(φ−1(ma/mf )s + 1)Cv
(16.14)

where QLHV is the lower heating value of the fuel, φ is the equivalence ra-
tio, and (ma/mf )s is the stoichiometric air-to-fuel ratio. The denominator
approximates the ratio between the total in-cylinder mass and the fuel mass
[9]. Eq. (16.3) was then applied with i = 3 and Tw3(k) = Tw1+(k) to find
new temperatures T3+(k), Tw3+(k). The pressure after combustion is then

P3(k) =
T3+(k)
T2(k)

P2(k) (16.15)

16.2.2.5 Expansion

The gas temperature and pressure after expansion, T4(k) and P4(k), were cal-
culated assuming adiabatic expansion from V2(k) to the volume at exhaust
valve opening, V4(k). At exhaust valve opening isentropic expansion from the
in-cylinder pressure to atmospheric pressure was assumed, yielding tempera-
ture T5(k). Finally, Eq. (16.3) was applied with i = 5 and Tw5(k) = Tw3+(k)
to obtain the final gas temperature T5+(k) and the final wall temperature
Tw5+(k).

16.2.2.6 Model Summary

Table 16.1 summarizes an engine cycle. The variables in each stage can be
determined from those of the previous steps.
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Table 16.1 HCCI Predictive Control Model Summary. Mapping the states from
the previous cycle, T5+(k − 1) and Tw5+(k− 1), and the inputs θIVC(k) and Tin(k)
to the states at the current cycle.

1. Intake/Mixing with heat transfer[
T1+(k)
Tw1+(k)

]
= Φ1

[
Cv,inTin(k)+Cv,EGRχαT5+(k−1)

Cv,in+αCv,EGR

Tw5+(k − 1)

]
+ Γ1Tc

2. Prediction of Auto-igntion and Compression
θign(k) = ΔθA + 1

fk(θTDC)

T2(k) = T1+(k)
(

V1(k)
V2(k)

)γ−1

, P2(k) = Pin

(
V1(k)
V2(k)

)γ

3. Combustion with heat transfer[
T3+(k)
Tw3+(k)

]
= Φ3

[
T2(k) + QLHV

(1+α)(φ−1(ma/mf )s+1)Cv

Tw1+(k)

]
+ Γ3Tc

P3(k) =
T3+(k)

T2(k)

4. Expansion

T4(k) = T3+(k)
(

V2(k)
V4(k)

)γ−1

, P4(k) = P3(k)
(

V2(k)
V4(k)

)γ

5. Exhaust with heat transfer[
T5+(k)
Tw5+(k)

]
= Φ5

[
T4(k)

(
Pin

P4(k)

)(γ−1)/γ

Tw3+(k)

]
+ Γ5Tc

16.2.3 Model Inputs and Outputs

The considered modeled outputs were the combustion phasing and the indi-
cated mean effective pressure. The crank angle where fifty percent of the fuel
energy has been released was chosen to indicate combustion phasing. The
crank angle of inlet valve closing and the intake air temperature were chosen
as inputs in the final closed-loop validation while the fuel amount was varied
in the calibration experiments.

The combustion duration is a function of the charge temperature, compo-
sition, and θign [12]. Around an operating point the combustion duration was
assumed constant, yielding the following expression for θ50, where Δθ is an
offset in crank angle degrees.

θ50(k) = θign(k) +Δθ (16.16)

The indicated mean effective pressure (IMEPn) was calculated from the gas
temperatures [11];

IMEPn(k) =
mCv

Vd
(T1+(k) − T2(k) + T3+(k) − T4(k)) (16.17)
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where Vd is the displacement volume. The complete model is on the following
form

x(k + 1) = F(x(k), u(k)) (16.18a)
y(k) = G(x(k), u(k)) (16.18b)

where

x(k) =
[
T5+(k)
Tw5+(k)

]
, y(k) =

[
IMEPn(k)
θ50(k)

]
, u(k) =

[
θIVC(k)
Tin(k)

]
(16.19)

and the function F(y(k), u(k)) is parametrized by the amount of injected fuel,
the amount of recycled exhaust gases (EGR), the intake pressure, etc. and
can be obtained by going through the stages 1-5 in Table 16.1.

16.2.4 State Selection

Using (16.3), (16.12), (16.13), (16.14), (16.16), (16.17), and the assumption of
isentropic compression and expansion, the temperature state can be uniquely
determined from the outputs [13]. This makes it possible to have IMEPn

and θ50 as states. Both quantities can be obtained from in-cylinder pressure
measurements. The model then takes the following form.

y(k + 1) = F̂(y(k), u(k)) (16.20)

This form was used in the control design descrined in Section 16.5.

16.3 Experimental Setup

Two different engines were used in this work. Data from an optical, single-
cylinder, engine was used for validating the model presented in Section 16.2
while a six-cylinder conventional engine was used for the control experiments.
The model was recalibrated to the conventional engine before being used for
control design. Both engines were equipped with cylinder pressure sensors
and operated using port fuel injection. All crank angles are given relative to
combustion top dead center.

16.3.1 Optical Engine

The optical engine was a Scania heavy-duty diesel engine converted to single-
cylinder operation. The engine was equipped with a quartz piston allowing
measurements of the wall temperature to be made using thermographic phos-
phors. For further details on the measurement technique, see [14]. Table 16.2
contains geometric data and relevant valve timings for the engine. During
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the experiments, the engine was operated manually and only the injected
fuel amount was varied in the experiments. The fuel used was iso-octane.

Table 16.2 Optical Engine Specifications

Displacement volume 1966 cm3

Bore 127.5 mm
Stroke 154 mm
Connecting rod length 255 mm
Compression ratio 16:1
Exhaust valve open 146◦ ATDC
Exhaust valve close 354◦ ATDC
Inlet valve open 358◦ ATDC
Inlet valve close 569◦ ATDC

16.3.2 Conventional Engine

The engine was a Volvo heavy-duty diesel engine. The engine and the control
system was described in detail in [15] and is based on the system used in
[16, 8]. The engine specifications are presented in Table 16.3. The fuel used
was ethanol.

Table 16.3 Conventional Engine Specifications

Displacement volume 2000 cm3

Bore 131 mm
Stroke 150 mm
Connecting rod length 260 mm
Compression ratio 18.5:1
Exhaust valve open 101◦ ATDC
Exhaust valve close 381◦ ATDC
Inlet valve open 340◦ ATDC
Inlet valve close variable

Controllers were designed in Matlab/Simulink and converted to C-code
using Real-Time Workshop [17]. A graphical user interface allowed enabling
and disabling controllers as well as manual control of all variables. The ex-
periments were performed at a nominal engine speed of 1200 rpm. A wide
selection of possible control signals were available. The control signals used
in this work were the crank angle of inlet valve closing (θIVC) and the in-
take temperature (Tin). In the robustness investigation in Section 16.6 the
possibility of varying the engine speed, the amount of injected fuel, and the
amount of recycled exhausts were utilized. The engine was equipped with a
long-route Exhaust Gas Recirculation (EGR) system.
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16.4 Calibration

The model was calibrated using measurement data from the optical engine
described in Section 16.3.1. Data from a positive and a negative step change
in the amount of fuel was available for calibration and validation. Further
validation was then done by evaluating the performance of controllers based
on linearizations of the model. Since the experiments were performed on the
conventional engine described in 16.3.2, the model was first recalibrated.

16.4.1 Calibration of Heat Transfer Parameters

The model was implemented in the Modelica language [18] and then trans-
lated into AMPL code [19] using the Optimica Compiler [20]. This allowed
the parameter calibration process to be cast as an optimization problem min-
imizing the error between the model output and the measured output while
respecting constraints on the parameter values. Since the model is cycle-
resolved it was implemented using difference equations describing the update
of each temperature and pressure state. The initial condition was the tem-
peratures of the gas charge and cylinder wall at the end of an engine cycle.
Modelica does not offer support for formulation of dynamic optimization
problems. The Optimica extension was used to allow constrained optimiza-
tion problems to be cast in terms of the variables of Modelica models. The
unknown parameters in the model could thus be assigned as optimization pa-
rameters and a cost function penalizing deviations from measurement data
was formulated. The Optimica extension translates the parameter identifi-
cation problem from the Modelica model and Optimica code to AMPL, a
mathematical modeling language aimed at large-scale optimization [19].

Only parameters connected to the heat transfer equations were optimized
initially, and calibration of the prediction of auto-ignition was done once
the temperature trace had been determined. Due to the structure of the
matrices in (16.3) the parameters can be lumped into the following products;
(hcAc)i, kcAc/Lc, 1/mCv, and 1/mcCp where i = 1, 3, 5. The optimization
parameters are then organized in a vector p containing these six products
and the integration times t1, t3, and t5, as well as initial values, x0, of the
states.

While some parameters can be calculated exactly, such as the wall area
at a specific crank angle, the scope of the model is to capture the main
characteristics of the temperature trace, meaning that each heat transfer
event represents the average heat transfer over a portion of the engine cycle.
Some remarks on the possibility of using pre-calculated average values are
presented in Section 16.4.3.

A stationary operating point was used for the calibration and the model
was then validated dynamically during step changes in the equivalence ratio.
The optimization problem can be written as
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minimize
p, x0

(IMEPm
n (k) − IMEPn(k))2 + δ1 (Tm

w (k) − Tw(k))2

subject to
x(k + 1) = F (x(k), u(k))

y(k) = G (x(k), u(k))
p ∈ P

x(k) = x0 ∀k

(16.21)

where the superscript ’m’ denotes measured values, P specifies the allowed
parameter values, δ1 is a weighting parameter, and the last constraint guar-
antees that the model is in steady state.

16.4.2 Calibration Results

Figure 16.2 shows the model outputs and the wall temperature during a
positive step in the equivalence ratio from approximately φ = 0.12 to ap-
proximately φ = 0.27. The model captures the qualitative behavior of all
three variables. Figure 16.3 shows the model outputs and the wall tempera-
ture during a negative step in equivalence ratio from approximately φ = 0.27
to approximately φ = 0.17. Only parameters related to the prediction of θ50
were altered from the previous step response. The model somewhat overesti-
mates the wall temperature and IMEPn at the lower load.

It should be noted that the measurement of the equivalence ratio is a
potential source of errors, as a sample of φ was obtained approximately every
20 engine cycles, which means that some transients in the model outputs may
be due to unmeasured variations in equivalence ratio.

The interaction of wall temperature and combustion phasing can be seen
clearly in both experiments, where the combustion occurs earlier as the tem-
perature increases and vice versa.

16.4.3 Calibration of Integration Times

The elements of the matrices in (16.3) all have a physical interpretation. This
can be utilized to reduce the number of parameters that need to be adapted
to a certain engine. In this section the possibility of using physics-based esti-
mates of the parameters is discussed. The only remaining tuning parameters
are then the integration times t1, t3, t5, and the initial temperature state.

16.4.3.1 Physics-Based Parameter Estimates

The specific heat of the charge and the wall, as well as the conduction coef-
ficient of the wall material can be found in, or calculated from, tables [11].

The gas mass can be estimated using the ideal gas law and knowledge of
the thermodynamic state at inlet valve closing. The wall mass and thickness
can be estimated using geometric data on the engine. The wall area, Ac is a
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Fig. 16.2 IMEPn, θ50 (relative to TDC), and Tw measured and model output
during a positive step in equivalence ratio [21].

function of the crank angle and can be expressed as a function of the volume
V (θ) as follows

Ac(θ) =
πB2

2
+ 4

V (θ)
B

(16.22)

The average area during each heat transfer instant could therefore be used.
As mentioned in Section 16.2.1, the convection coefficient, hc, is often

modeled using the Woschni expression in (16.1). It is suggested in [22] that
a more suitable choice for HCCI conditions is the Hohenberg expression [23]

hc = αsL
−0.2P 0.8T−0.73v0.8

tuned (16.23)

where αs is a scaling factor for matching the expression to a specific combus-
tion chamber geometry, L is the instantaneous chamber height, and vtuned

is a function of the mean piston speed, volume, temperature, and pressure.
A modified version of the Woschni expression was also presented in [24]. Re-
gardless of the expression used, average values of hc can be determined for a
specified crank angle interval.
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Fig. 16.3 IMEPn, θ50 (relative to TDC), and Tw measured and model output
during a negative step in equivalence ratio.

16.4.3.2 Optimization Method

The remaining parameters are the integration times, t1, t3, and t5. For
open-loop simulation, the initial state x0 also needs to be selected. If a
pre-determined method is used for prediction of auto-ignition, such as an
Arrhenius integral with parameters adapted to the specific fuel [1, 6], the
optimization criterion is

minimize
x0,t1,t3,t5

kN∑
k=k0

θ̃2
50(k) + δ1(IMEPm

n (k) − IMEPn(k))2

subject to
x(k + 1) = F (x(k), u(k))

y(k) = G (x(k), u(k))
x(k0) = x0

(16.24)

where k is the cycle index, δ1 ≥ 0 is a weight, θ̃50(k) = θm
50(k) − θ50(k), and

the last condition can be replaced with x(k) = x0 ∀k if only steady state
measurement data is used for the calibration. To allow for some variation in
the wall temperature, a regularized formulation can be used.
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minimize
x0,t1,t3,t5

kN∑
k=k0

θ̃2
50(k) + δ1(IMEPm

n (k) − IMEPn(k))2 + δ2(Δx(k))2

subject to
x(k + 1) = F (x(k), u(k))

y(k) = G (x(k), u(k))
x(k0) = x0

(16.25)

where Δx(k) = x(k) − x(k − 1) and δ2 ≥ 0 is a weight.

16.5 Control

The symbolic math toolbox in Matlab [25] was used to obtain linearizations
on the form

y(k + 1) = Ay(k) +Bu(k) (16.26)

where

A =
∂F̂(x(k), u(k))

∂x(k)
(x0, u0), B =

∂F̂(x(k), u(k))
∂u(k)

(x0, u0) (16.27)

where (x0, u0) is a stationary operating point. The control design was then
based on the linear models.

16.5.1 Predictive Control of Combustion Phasing

This section reviews the fundamentals of Model Predictive Control (MPC)
[4] and outlines the tuning of the controller.

16.5.1.1 Model Predictive Control

Model predictive control was shown to be a suitable control strategy for
HCCI [26] due to its MIMO-capabilities and its ability to handle explicit
constraints on control signals and outputs. In [8] similar closed-loop perfor-
mance was demonstrated using MPC, LQ, and PID controllers in certain
operating conditions. From a tuning perspective, however, the ability to en-
force explicit constraints on the control signals using MPC, is advantageous.
The following review is based on [4].

Consider the cost function

J(k) =
Hp∑
i=1

Y(i|k) +
Hu−1∑
i=0

U(i|k) (16.28)

where
Y(i|k) = ||ŷ(k + i|k) − r(k + i|k)||2Q,
U(i|k) = ||Δû(k + i|k)||2R

(16.29)
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and ŷ(k + i|k) is the predicted output at time k + i given a measurement at
time k, Δû(k + 1|k) is the predicted change in control signal, and r(k + i|k)
is the reference value at time k + i. The parameters Hp and Hu define the
length of the prediction horizon and the control horizon. At each sample, the
cost function in (16.33) is minimized by determining a sequence of changes
to the control signal Δu(k + i|k), i = 0 . . .Hu − 1, subject to the constraints

ymin ≤ y(k) ≤ ymax (16.30)
umin ≤ u(k) ≤ umax (16.31)

Δumin ≤ Δu(k) ≤ Δumax (16.32)

for all k. The first step of the optimal sequence is then applied to the plant
and the optimization is repeated in the next step yielding a new optimal
sequence [4].

16.5.1.2 Controller Tuning

The linear model in (16.26) was used to generate predictions. As only control
of θ50 was the control objective, there was no penalty on IMEPn, but it was
used as a measurement. A small weight was added to penalize θIVC − θr

IVC,
where θr

IVC is a set-point for the control signal, to obtain a slight mid-ranging
effect as there are several combinations of control signals that achieve the
same output. To avoid excitation effects related to the gas exchange, θIV C

was restricted to θIVC ∈ [550, 620]. The inlet temperature was restricted to
Tin ∈ [110, 135]. The set-point was held constant over the prediction horizon.
This results in the following cost function to be minimized each engine cycle

J(k) =
∑Hp

i=1 ||θ̂50(k + i|k) − r(k)||2Q1
+ ||θ̂IVC(k + i|k) − θr

IVC||2Q2
+

+
∑Hu−1

i=0 ||Δθ̂IVC(k + i|k)||2R1
+ ||ΔT̂in(k + i|k)||2R2

(16.33)
subject to the constraints

550 ≤ θIVC(k) ≤ 620 (16.34)
110 ≤ Tin(k) ≤ 135 (16.35)

for all k. To obtain error-free tracking, a disturbance observer was used [27].
The prediction horizon was set to 5 engine cycles and the control horizon was
set to 2 engine cycles. Increasing the horizons did not have any significant
impact on the results.

16.6 Experimental Results

A typical response to a sequence of steps with increasing amplitude is shown
in Fig. 16.4. The response time was less than 20 cycles for all steps. The
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Fig. 16.4 Response to steps of increasing amplitude. All set-point changes are
accomplished within 20 cycles [21].

intake temperature changed only slightly until the final step, where the inlet
valve reached a constraint. The inlet air temperature was governed by a
separate controller that manipulated a fast thermal management system [9]
and received its set point from the model predictive controller. This set point
along with the measured inlet temperature are included in Figs. 16.4-16.5.

16.6.1 Robustness Towards Disturbances

The robustness towards disturbances in the amount of fuel, the engine speed,
and the amount of recycled exhaust gases was investigated experimentally.
Fig. 16.5 shows the response as disturbances were added sequentially. At cycle
200 the engine speed was increased from 1200 rpm to 1400 rpm. The injected
fuel energy was reduced from 1400 J to 1200 J at cycle 700. Finally, the
amount of recycled exhaust gases (EGR) was increased from approximately
0% to 30% at cycle 1350. The bottom plot shows IMEPn which reflects the
impact of the disturbances in engine speed and fuel energy. The disturbances
were added without removing the previously added ones, so during the final
phase of the experiment, all three were in effect. The combustion phasing was
maintained relatively well through the whole sequence.
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Fig. 16.5 Response to disturbances in the engine speed, the amount of injected
fuel, and the amount of EGR. IMEPn is included to visualize the disturbances in
engine speed and fuel energy [21].

16.7 Discussion

Heat transfer effects between the cylinder wall and the gas charge is a good
candidate for explaining the slower modes of HCCI dynamics observed in
experimental data. The current model is cycle-resolved and therefore cap-
tures only the main dynamics of HCCI. A continuous-time formulation, as
suggested in [2, 3], allows for a more detailed heat transfer model but is less
suitable for control design. The heat transfer events in the current model
should be seen as averages over portions of the engine cycle. The integration
time t1, t3, and t5 are model parameters that determine the lengths of each
event, and were included as optimization parameters in the calibration. The
model captured the behavior of the studied outputs well when using data
from the optical engine. Closed-loop control using model predictive control
based on linearizations of the model also proved successful, further validat-
ing the model. The closed-loop system showed a fairly short response time.
For step changes of a few degrees around the linearization point in θ50 the
response time was approximately ten cycles. Only the larger steps (e.g., from
−2 to 4 and from 4 to −3 in Fig. 16.4) took around 15 cycles. The inlet valve
closing showed to be a sufficient control signal in many operating points.
An additional control signal is, however, needed to extend the range of the
controller. For example, this is apparent in the end of Fig. 16.4 and during
the EGR disturbance in Fig. 16.5. The closed-loop system showed good ro-
bustness to disturbances in engine speed, fuel amount, and EGR level. The
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EGR seems to have the greatest impact on θ50 and there was a clear tran-
sient occurring in response to the increase. A possible cause for this is that
the thermal properties of the charge are altered by increasing the amount of
residuals. Also, as seen in Fig. 16.5, the change in EGR is not reflected in
IMEPn, which is used as measurement in the controller.

16.8 Conclusion

This paper has presented physics-based modeling of HCCI including cylin-
der wall temperature dynamics and model-based control design. The wall
temperature model was based on a single zone model and accounted for con-
vection between the charge and the wall as well as conduction through the
wall. The wall temperature was updated three times per engine cycle corre-
sponding to intake, combustion, and expansion. The model was calibrated
using experimental data from an optical engine allowing measurements of
the cylinder wall temperature to be made. The resulting model captured the
main dynamics of combustion phasing, indicated mean effective pressure, and
cylinder wall temperature. To further validate the model, it was calibrated
against a conventional engine and linearizations of the model were used to
design model predictive controllers for control of the combustion phasing.
The crank angle of inlet valve closing and the intake temperature were used
as control signals. The resulting control performance showed response times
of approximately ten cycles for step changes in the reference around the
linearization point. The closed-loop system also showed robustness towards
disturbances in engine speed, fuel amount, and amount of recycled exhausts.
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Chapter 17

Comparison of Sensor Configurations for
Mass Flow Estimation of Turbocharged
Diesel Engines

Tomáš Polóni, Boris Rohal’-Ilkiv, Daniel Alberer, Luigi del Re,
and Tor Arne Johansen

Abstract. The increasing demands on quality of power, emissions and over-
all performance of combustion engines lay new goals for the hardware and the
software development of control systems. High-performance embedded con-
trollers open the possibilities for application of numerical methods to solve
the problems of modeling and control of combustion engines. Algorithms
for estimation of state and parameters are essential components of many
advanced control, monitoring and signal processing engine applications. A
widely applicable estimator is given by the Extended Kalman Filter (EKF)
which defines a finite memory recursive algorithm suited for real-time im-
plementation, where only the last measurement is used to update the state
estimate, based on the past history being approximately summarized by the
a priori estimate of the state and the error covariance matrix estimate. The
proposed EKF uses an augmented air-path state-space model to estimate
unmeasurable mass flow quantities. The EKF algorithm based on the aug-
mented state-space model considerably reduces the modeling errors compared
to the open loop estimator simulation and compared to the EKF without the
augmentation which is demonstrated on a standard production Diesel engine
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data. The experimental validation of the observed state quantities is per-
formed against the measured pressures and turbocharger speed data. The
estimated mass flow quantities are indirectly validated through the air com-
pressor flow that is directly validated against air mass flow sensor data. Two
two-sensor setups are considered in this study. In the first experiment the
intake manifold pressure and the turbocharger speed is used. The second ex-
periment uses the intake manifold pressure and the exhaust manifold pressure
as the measurement information for the EKF. The second experiment gives
more precise mass flow estimate in term of less bias on the estimates, but
more variance due to the high frequency exhaust manifold pressure variations
caused by the exhaust valves.

17.1 Introduction

The quality of control, monitoring or fault diagnoses of combustion engines
relies on real-time information of the physical quantities from different places
in the combustion engine. In the ideal case, to effectively control the torque
and emissions, several mass flow sensors would be suitable to have in the
intake, exhaust and exhaust gas recirculation (EGR) manifolds. The number
of sensors placed in the combustion engines is, however, limited due to their
cost and location feasibility. The combination of measured signals with the
physical model is a standard approach of model-based filtration to extract
unmeasurable physical quantities of the combustion engine. Mean-Value En-
gine Modeling (MVEM) is a state of the art physical modeling approach of
the most important combustion engine phenomena for control oriented pur-
poses [8, 5, 13]. The dynamics is based on the mass and energy balances
with the filling and emptying phenomena of the intake and the exhaust man-
ifolds [9] and turbocharger dynamics [15, 21]. Several researchers proposed
different observer strategies to estimate unmeasurable mass flows of the tur-
bocharged Diesel engine with the state-space model representation. The mass
flow into the cylinders is an important quantity in order to characterize torque
and emissions. The mass flow observer problem depends on the sensor con-
figuration considered. The problem of mass flow estimation mainly focuses
on in-cylinder flow where nonlinear adaptive schemes [22][23], high-gain and
sliding mode schemes [24] or a set-membership algorithm [14] scheme were
applied. The mass flow estimation as the replacement of mass flow sensor
measurement at the beginning of the intake duct is proposed by [16]. The
alternative approach is to use in-cylinder pressure information to compute
the air mass flow [4], however the method is not yet fully developed for the
engine transient operation.

In the references [22][23], the estimators are based on the intake mani-
fold pressure and the intake manifold temperature measurements. The intake
manifold temperature is however a slow measurement with a standard pro-
duction temperature sensor. With inclusion of a proper model of the sensor
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dynamics this temperature information should be able to improve the ob-
server performance, or at least not degrade it. The paper [24] gives a review of
approaches which focus on different sensor setup configurations mainly with
a combination of two sensors from the standard production sensor group: air
mass flow (MAF), intake manifold pressure (pi), exhaust manifold pressure
and temperature sensor. The estimation approach based solely on pressure in-
formation measured in the intake and exhaust manifolds is suggested in [16].
The combination of a MAF sensor with a MAP sensor is proposed in [14].

In automotive and combustion engine applications a systematic approach
for a state estimation is the Kalman Filter (KF) and its modification for
nonlinear systems, the Extended Kalman Filter (EKF) [7]. The application
of the EKF for the mass flow estimation of a turbocharged Diesel engine with
EGR is reported in [6, 10, 18] and the air mass-flow system fault detection
in [17]. One of the basic estimation problems is the mass flow bias [11] which
is related to the model mismatch. A constrained derivative-free approach to
mass flow estimation through unscented Kalman Filter is reported in [1],
where the authors use the MAF and the pi sensor as the measurements.

The main motivation for this work was to apply the EKF for mass flow
estimation with standard production Diesel engine sensors and to explore
the usability and applicability of such a state estimator. The novel result in
this study is the application and comparison of the EKF with two two-sensor
measurements with the design of model error bias compensation using an
augmentation of the model. The first sensor setup consists of intake manifold
pressure and the turbocharger speed measurement while the second is based
on pressure measurements in the intake and exhaust manifolds similarly re-
cently also studied in [11].

17.2 Turbochared Engine System Description and
Mean-Value Engine Model

The simplified schematic turbocharged Diesel engine setup considered in this
study is shown in Figure (17.1). According to this figure, the engine is mod-
eled with the compressor (c), turbine (t), final volume intake manifold (i),
final volume exhaust manifold (x), intercooler (ic), EGR cooler (co), EGR
pipe and the engine cylinders (e). The model has five states. The first four
states represent the mass dynamics and they are: pi intake manifold pres-
sure [kPa], mi intake mass [kg], px exhaust manifold pressure [kPa] and mx

exhaust mass [kg]. The fifth state is the turbocharger speed ntc [rpm]. The
inputs are EGR valve position Xegr [%], VGT actuator position Xvgt [%],
injected fuel mass Wf [kg.s−1] and the engine speed ne [rpm].

The engine model is represented by the following mass and energy balance
differential equations in the intake and exhaust manifolds and by the torque
balance at the turbocharger shaft [13]
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Fig. 17.1 Schematic Diesel engine model representation

ṗi =
Rκ

Vi

(
WciTci −WieTi +WxiTxi −

Q̇1

cp

)
(17.1)

ṁi = Wci −Wie +Wxi (17.2)

ṗx =
Rκ

Vx

(
(Wie +Wf )Te − (Wxi +Wxt)Tx − Q̇2

cp

)
(17.3)

ṁx = Wie +Wf −Wxi −Wxt (17.4)

ṅtc =
(

60
2π

)2 1
J

(
Pt − Pc

ntc

)
(17.5)

The symbols in these equations are either input variables, state variables,
constants or functions of the five states and inputs. The index associated with
each variable defines the location of the variable. In the case of two indexes
the first one is the upstream and the second one is the downstream location.
The notation is as follows. The mass flows are denoted as W [kg.s−1]. The
EGR mass flow is modeled as Wxi where alternatively the backflow can be
considered as Wix however, under standard operating conditions Wix = 0.
The temperatures [K] in the intake and exhaust manifolds are Ti and Tx.
The differences of the static and dynamic pressures and temperatures are
neglected because of the low mass-flows. The constant parameters for the
model are the intake manifold volume Vi [m3], exhaust manifold volume Vx

[m3], specific heats at constant pressure and volume [J.kg−1.K−1] cp, cv,
isentropic exponent of air κ = cp

cv
, specific gas constant of air R = cp − cv

and the turbocharger inertia J [kg.m2]. The heat loses in the Eq. (17.1), Q̇1

and Eq. (17.3), Q̇2 are assumed to be zero. For the intake manifold, this is a
reasonable assumption where the temperature is usually lower than 400 K,
however in the case of exhaust manifold the heat loses are significant. The
exhaust gas heat loss is implicitly captured in the steady state (look-up table)
out-flow engine temperature model Te that is discussed later.

The following equations summarize the dependencies of intermediate vari-
ables in Eq. (17.1)-(17.5). Some of these dependencies are expressed as
the look-up tables obtained by fitting the steady-state experimental engine
data to the second order polynomial surface with parameter vector Θ. The
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others are obtained by physical relations. The air mass-flow from compressor
to the intake manifold Wci, pressure after compressor pc and the compressor
efficiency ηc are mapped as [12]

Wci = fWci(pi, ntc, ΘWci) (17.6)

pc = fpc(Wci, ntc, Θpc) (17.7)

ηc = fηc(Wci, pi, Θηc) (17.8)

with fitted polynomial surfaces shown in Figures 17.3-17.5 of the turbocharged
passenger car Diesel engine shown in Figure 17.2. The temperature after the
compressor is computed

Tc = Ta +
1
ηc
Ta

[(
pc

pa

)κ−1
κ

− 1

]
(17.9)

where Ta is the ambient temperature. The following mappings for the tem-
perature after the intercooler Tci and the engine volumetric efficiency ηv are

Tci = fTci(Wci, Tc, ΘTci) (17.10)

ηv = fηv (ne, pi, Θηv ) (17.11)

with fitted polynomial surfaces shown in Figures 17.6, 17.7. The mass flow
from the intake manifold to the engine cylinders is

Wie =
mineVd

Vi120
ηv. (17.12)

Fig. 17.2 Experimental test bench with a turbocharged passenger car Diesel
engine
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The temperatures in the intake and the exhaust manifolds are

Ti =
piVi

miR
(17.13)

Tx =
pxVx

mxR
(17.14)

The EGR flow Wxi is modeled by the orifice equation that is characterized
by the effective flow area

Aegr = a2X
2
egr + a1Xegr (17.15)

where a2 and a1 are polynomial coefficients and by nonlinear term Ψegr that
reflects the pressure conditions upstream and downstream at the orifice [9]

Ψegr =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
√

2κ
κ−1

[(
pi

px

) 2
κ −

(
pi

px

)κ+1
κ

]
if pi

px
≥

(
2

κ+1

) κ
κ−1√(

κ 2
κ+1

) κ+1
κ−1

otherwise

(17.16)

Wxi =
Aegrpx√
RTx

Ψegr (17.17)

The temperature of the mass that flows out of the cylinders Te, EGR mass
temperature Txi and the mass flow from the exhaust manifold to the turbine
Wxt are

Te = fTe(Wf ,Wie, ΘTe) (17.18)

Txi = fTxi(Tx,Wxi, ΘTxi) (17.19)

Wxt = fWxt(Xvgt, px, ΘWxt) (17.20)

with fitted polynomial surfaces shown in Figures 17.8-17.10. The power of
the compressor is defined as

Pc = Wcicp
1
ηc
Ta

[(
pc

pa

)κ−1
κ

− 1

]
(17.21)

The power of the turbine is calculated as

Pt = Wxtcp
1
ηt
Tx

[
1 −

(
pt

px

)κ−1
κ

]
(17.22)

where the turbine efficiency

ηt = fηt

(
pt

px
, ntc, Θηt

)
(17.23)
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is mapped with the turbine pressure

pt = b3W
3
xt + b2W

2
xt + b1Wxt + b0 (17.24)

where b0, . . . , b3 are the polynomial coefficients.
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Fig. 17.10 Turbine flow

17.3 Open Loop Observer

The precision of the MVEM depends on its structure and parameters. The
imprecision is given by the finite mean-value model structure that with lim-
ited accuracy gives a true picture of physical relations between different sub-
systems of the turbocharged Diesel engine. The identification of the maps
of the MVEM is experimentally performed at the engine steady state condi-
tions. The identification in steady state conditions introduces certain system-
atic errors due to not taking into account the dynamic effects of the modeled
variable. This will lead to errors of modeled states compared to true engine
states. To see the performance of the air-path model given by Eq. (17.1)-
(17.5) the observer is compared in open loop against real measured data
from the turbocharged Diesel engine shown in Figures 17.11-17.16.

The engine is operated under standard laboratory conditions. A driving
cycle is performed at the engine to record the data of the intake manifold
pi, exhaust manifold px, turbocharger speed ntc and the intake mass flow
sensor data. One sampling interval is T=0.1 [s]. In the open loop mode the
observer is not using any measured information to compute the estimated
states except the model inputs (where ne is a measurement). In the open
loop mode, the states are purely numerically simulated through the engine
model from the given initial conditions of states and the given inputs. The
inputs for the engine and the model are the percentages of open positions
of vanes Xvgt and EGR valve Xegr, displayed in Figure 17.11, fuel injection
Wf , displayed in Figure 17.12 and the load which is directly reflected by the
engine speed displayed in Figure 17.13. During the open loop performance of
the observer, first three measurements pi, px and ntc are used to validate the
model.

The open loop observer gives biased estimates as can be expected. The
comparison of the estimated intake manifold pressure in open loop with the
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measured intake manifold pressure is shown in Figure 17.14. The computed
state is shifted up and gives higher intake pressure than the real one. The
resulting comparison of the exhaust manifold pressure open loop and mea-
sured is shown in Figure 17.15. The modeling errors are less evident for this
state. The open loop and measured data comparison is for the turbocharger
speed shown in Figure 17.16. Similarly, as in the case of intake manifold pres-
sure, also the turbocharger speed state estimate is obviously diverted from
its measurement. The open loop observer indicates with which states the
modeling errors are associated with. One way to remove these errors is to
consistently inspect the parameter identification of the maps, to inspect the
methods and conditions of the experiments under which the maps were ob-
tained and identify more accurate maps. This is a considerable task and does
not account for structural model errors. Another way to compensate for these
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systematic modeling errors is to augment the model with bias parameters to
be on-line identified by the observer. The number of such bias parameters
is limited by the observability i. e. by the number of measurements avail-
able and by the structure of the equations [10]. Two measured variables will
be further processed by the observer which means that, at most, two biases
can be added. The system is open loop asymptotically stable and the es-
timates would converge if there were no model errors. Two measurements
give two additional equations that allow two unknowns (two bias variables)
to be introduced and solved. A possible augmentation of the model where
xs = [pi,mi, px,mx, ntc]T = [x1, x2, x3, x4, x5]T is in the form

ẋ1 =
Rκ

Vi
(WciTci −WieTi +WxiTxi) + wi + z1,1 (17.25)

ẋ2 = Wci −Wie +Wxi + z1,2 (17.26)

ẋ3 =
Rκ

Vx
[(Wie +Wf )Te − (Wxi +Wxt)Tx] + z1,3 (17.27)

ẋ4 = Wie +Wf −Wxi −Wxt + z1,4 (17.28)

ẋ5 =
(

60
2π

)2 1
J

(
Pt − Pc

ntc

)
+ wtc + z1,5 (17.29)

ẇi = z2,6 (17.30)
ẇtc = z2,7 (17.31)

where one added bias term wi based on the open loop observer results is
associated with the intake manifold pressure state and another one wtc is
associated with the turbocharger speed state. A compact form is

ẋs = f̃c(xs, w, u) + z1 (17.32)
ẇ = z2 (17.33)
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where the continuous function f̃c has the mapping properties f̃c : Rns ×
Rnw × Rnu → Rns , ns is the size of the state vector xs, nw is the size of
the bias vector w and nu is the size of the input vector u. The bias vector is
w = [wi, wtc]T , the state process noise vector is z1 = [z1,1, z1,2, z1,3, z1,4, z1,5]T

and the augmented state (bias) process noise vector is z2 = [z2,6, z2,7]T . The
augmented state vector x ∈ Rns+nw is defined by

x =
[
xs

w

]
. (17.34)

The state and bias equations can be combined as

ẋ = fc(x, u) + z (17.35)

where the continuous function fc has the mapping properties fc : Rnx ×
Rnu → Rnx , nx being the dimension of the augmented state vector x and
z = [z1, z2]T . The observation equation may be written as

y = hc(x, u) + v (17.36)

where y ∈ Rny is a vector of measurements, hc : Rnx × Rnu → Rny is a
continuous measurement function and ny is a number of measured states.
The measurement errors are modeled with the noise term v ∈ Rny . The most
frequent situation encountered in practice is when the system is governed
by continuous-time dynamics and the measurements are obtained at discrete
time instances. For the problem formulation we consider the numerically
discretized dynamic nonlinear system described by the equations

xt+1 = f(xt, ut) + zt (17.37)
yt = h(xt, ut) + vt (17.38)

for t = 0, 1, . . ., where xt ∈ Rnx is the state vector, ut ∈ Rnu is the input
vector and zt ∈ Rnz is a process noise vector. The numerical discretization
algorithm will be discussed in the following section. The state vector is ob-
served through the measurement equation (17.38) where yt ∈ Rny is the
observation vector and vt ∈ Rny is a measurement noise vector.

17.4 Extended Kalman Filter

The EKF is perhaps the most often applied algorithm for the estimation of
state and parameters of nonlinear dynamic systems and the following algo-
rithm is in the literature known as continuous-discrete or hybrid EKF [7].
The dynamic system is given by Eq. (17.37) and Eq. (17.38). The main as-
sumption about the process and the measurement noise is that they have the
white noise properties of a Gaussian distribution with zero mean
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zt ∼ N(0, Qt) vt ∼ N(0, Rt) (17.39)

where Qt is a process noise covariance matrix and Rt is a measurement
noise covariance matrix. The initial condition of the state vector is x0 ∼
N(x̂+

0 , P
+
0 ). The estimate of the state vector at t = 0 begins with the initial

state vector estimate and with the initial covariance matrix of the initial state
vector estimate error

x̂+
0 = E[x0] (17.40)

P+
0 = E[(x0 − x̂+

0 )(x0 − x̂+
0 )T ] (17.41)

From time instance t−1, the dynamic system is simulatively propagated one
step ahead as

x̂−t = f(x̂+
t−1, ut−1) (17.42)

where t = 1, 2, . . .. This one step computation is an a priori state estimate.
The time update of the covariance matrix estimate is given by

Ṗ = Z(x̂)P + PZT (x̂) (17.43)

where

Z(x̂) =
∂fc(x)
∂x

∣∣∣∣
x=x̂

. (17.44)

The covariance matrix estimate of the state vector x̂−t estimation error is
achieved by simulative propagation of Eq. (17.43)

P−
t = g(P+

t−1, Z(x̂+
t−1)). (17.45)

The EKF gain matrix of time instant t is

Kt = P−
t L

T
t [LtP

−
t L

T
t +MtRtM

T
t ]−1 (17.46)

and the obtained measurement yt is used for state vector estimation (a pos-
teriori estimate)

x̂+
t = x̂−t +Kt[yt − h(x̂−t )] (17.47)

The covariance matrix is computed as

P+
t = [I −KtLt]P−

t [I −KtLt]T +KtMtRtM
T
t K

T
t +Qt (17.48)

where

Lt(x̂−t ) = ∂h(xt)
∂xt

∣∣∣
xt=x̂−

t

Mt(x̂−t ) = ∂h(xt)
∂vt

∣∣∣
xt=x̂−

t

(17.49)
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The numerical differential computations are the bases of dynamic state
propagation Eq. (17.42), covariance matrix time update Eq. (17.45) and Ja-
cobian matrix evaluation Eq. (17.44). In this study, the standard Matlab
algorithm ode23 is used to propagate Eq. (17.42) and Eq. (17.45) which is
a variable step explicit Runge-Kutta method [3]. The Jacobian is computed
via an adaptive-step routine called numjac [19, 20] to evaluate Eq. (17.44).

Implementation of the EKF on a real ECU (Electronic Control Unit) poses
some additional challenges and a tradeoff between computational complex-
ity and numerical accuracy. Computations of Jacobian should either exploit
the polynomial structure of the maps, or structural zeros in the Jacobian if
finite differences are used. Robust numerical implementation of the EKF like
Bierman’s algorithm must be considered [2].

17.5 Estimation Results

The estimation of states and observation of the unmeasurable mass flows of a
turbocharged Diesel engine is performed at the transient dynamic operation
data from the test driving cycle. In this study, two estimation experiments
were performed with different sensor setups to find out which sensor combi-
nation gives the most accurate estimates. The inputs for the EKF are shown
in Figures 17.11-17.13. The computation of mass flow estimations is based on
MVEM equations presented in earlier section. The mass flow computations
are based on the state vector estimate computed by the EKF. After obtaining
the estimated state vector from the EKF x̂s = [p̂i, m̂i, p̂x, m̂x, n̂tc]T , the mass
flows are computed as follows

Ŵci = fWci(p̂i, n̂tc, ΘWci) (17.50)

Ŵie =
m̂ineVd

Vi120
ηv (17.51)

Ŵxi =
Aegr p̂x√
RT̂x

Ψ̂egr (17.52)

Ŵxt = fWxt(Xvgt, p̂x, ΘWxt) (17.53)

The considered sensors for the EKF estimation were the intake manifold
pressure pi, exhaust manifold pressure px and the turbocharger speed ntc. The
only mass flow which can be validated using validation measurements on the
engine is the air mass-flow from the compressor to the intake manifold. Even
this MAF measurement is performed somewhat upstream of the compressor
and not right after the compressor. Nevertheless, the distance is small, i.e.,
the inertia in between the two positions is low, and it is still reasonable to
compare Ŵci (Eq. (17.50)) with the MAF sensor. It is assumed here that if
the Ŵci is accurate, then the other mass flows (Eq. (17.51)-(17.53)) are likely



17 Comparison of Sensor Configurations for Mass Flow Estimation 317

to be accurate as well. The performance of the EKF without a state-space
model augmentation with two bias terms, as proposed by Eq. (17.25)-(17.31),
was also performed. The results were just a little better than the open loop
observer with similar plots as the open loop observer. Also the experiment,
not reported in this study, was performed with one-sensor and one estimated
bias setup, where only the turbocharger speed measurement was used. The
resulting mass flow estimates were not accurate enough and similar results
can be expected with any one-sensor configuration.

In the following subsections two two-sensor observers are evaluated. Two
kind of measurements are considered, the measurement and the evaluation
measurement. The measurement was directly used and processed by the EKF
while the evaluation measurement was used to test and verify how good is the
estimate of a particular state or variable. The matrices of the EKF were set as
follows. The initial covariance matrix of the initial state vector estimate error
was chosen as P+

0 = diag[102, 10−2, 102, 10−2, 102, 102, 102], the process noise
covariance matrix Qt = diag[102, 0, 102, 0, 102, 103, 103] and the measurement
noise covariance matrix Rt = diag[102, 102].

17.5.1 Two-Sensor Observer: pi, ntc

The first EKF estimation procedure is based on the information measured in
the intake manifold pi and the turbocharger speed ntc. These two measure-
ments form the vector of measurement yt = [pi, ntc]T . The intake manifold
pressure, shown in Figure 17.17, has an unbiased estimate because informa-
tion about the intake manifold pressure is directly processed by the EKF.
The intake manifold mass mi is unmeasurable and its estimate is shown in
Figure 17.18. The exhaust manifold pressure is the noisiest measurement in
the air-path of a Diesel engine due to engine cycle pressure waves. The ex-
haust manifold pressure measurement was not processed by the EKF and so
it served as the evaluation measurement. The estimated manifold pressure
is slightly biased below the measured signal as can be seen in Figure 17.19.
The estimate of the exhaust manifold pressure mx is shown in Figure 17.20.
The turbocharger speed measurement is a smooth signal which in this sen-
sor setup was used by the EKF. The tight turbocharger speed estimate with
almost no error is shown in Figure 17.21. The process noise that involves
the model mismatch is compensated by the bias terms added to the intake
manifold pressure equation wi and by the turbocharger speed bias wtc added
to the turbocharger speed equation. The estimated bias terms are displayed
in Figure 17.22. The estimated mass flows for which no evaluation measure-
ments exist are shown in Figure 17.23. The evaluated flow from the compres-
sor to the intake manifold Wci is compared with the MAF measurement in
Figure 17.24. The Wci quantity is more precisely estimated for the engine
speed above 2000rpm where the down speeding and lower speed is accompa-
nied by more error between the measurement and the estimate.
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Fig. 17.17 Measured and estimated intake manifold pressure

0 100 200 300 400 500 600
0.005

0.01

0.015

0.02

 

 

sampling intervals

In
ta

k
e

m
a
ss
x̂

2

Fig. 17.18 Estimated mass of intake manifold
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Fig. 17.19 Evaluation measurement and estimated exhaust manifold pressure
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Fig. 17.20 Estimated mass of exhaust manifold

0 100 200 300 400 500 600
0

1

2

3

4

5

6

7

8

9

10
x 10

4

 

 

sampling intervals

T
u
rb

o
-c

h
a
rg

er
sp

ee
d
x̂

5

Measurement
EKF

Fig. 17.21 Measured and estimated turbocharger speed
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Fig. 17.22 Estimated biases
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Fig. 17.23 Estimated mass flows
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Fig. 17.24 Evaluation measurement and estimated compressor flow

17.5.2 Two-Sensor Observer: pi, px

The second EKF estimation procedure is based on the pressure information
measured in the intake manifold pi and in the exhaust manifold px. The
vector of measurement is yt = [pi, px]T . Introducing the exhaust manifold
pressure information to the observer causes the noise disturbance and ex-
pectingly, more noisy estimates. The filtered intake manifold pressure with
the measured pressure signal used by the EKF is shown in Figure 17.25. The
estimated mass in the intake manifold in shown in Figure 17.26. The exhaust
manifold pressure estimate with measurement processed by the EKF and
the estimated mass in the exhaust manifold are displayed in Figures 17.27
and 17.28. Both pressures were filtered satisfyingly good in comparison with
their measurements, however both pressure signals were directly processed
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by the EKF. In this sensor setup, the EKF was not making the adjustments
of the state vector based on the turbocharger speed measurement and so it is
considered as the evaluation measurement. The turbocharger speed estimate
is shown in Figure 17.29 where some tracking error is present during down
speeding and lower speed. The estimated biases are displayed in Figure 17.30.
In Figure 17.31 the estimated mass flows from different locations are dis-
played. The measurement noise distortion of the estimates is more evident
here than in previous sensor setup. In the last Figure 17.32, the estimated
compressor air mass-flow with the evaluation measurement is displayed. In
this case, the estimated air mass-flow has almost no tracking error during
down speeding and in lower speed regimes, however the measurement noise
and the process noise introduce greater variance.
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Fig. 17.25 Measured and estimated intake manifold pressure
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Fig. 17.26 Estimated mass of intake manifold
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Fig. 17.27 Measured and estimated exhaust manifold pressure
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Fig. 17.28 Estimated mass of exhaust manifold
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Fig. 17.29 Evaluation measurement and estimated turbocharger speed



17 Comparison of Sensor Configurations for Mass Flow Estimation 323

0 100 200 300 400 500 600
−3

−2

−1

0

1

2

3

4
x 10

5

 

 

sampling intervals

B
ia

s
es

ti
m

a
te

s
ŵ
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Fig. 17.30 Estimated biases
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Ŵxt

Fig. 17.31 Estimated mass flows
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Ŵ

c
i
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Fig. 17.32 Evaluation measurement and estimated compressor flow
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17.6 Conclusion

The main idea behind the applied state estimator is to estimate mass flow
quantities which can not be measured. The EKF is applied in this study
to combine the model with the measured pressure information from the in-
take manifold, exhaust manifold and the measured turbocharger speed of a
production passenger car Diesel engine. The combination of the production
sensors can form the measurement vector to be processed by the EKF. Two
two-sensor alternatives were considered. The first approach uses the combina-
tion of the intake manifold pressure and the turbocharger speed, the second
approach uses the combination of the intake manifold pressure and the ex-
haust manifold pressure. The first sensor configuration lead to slightly biased
estimates of the exhaust manifold pressure and the compressor air mass-flow.
The second sensor configuration improved the offset of the estimates, how-
ever introducing the exhaust manifold pressure to the observer increased the
variance of the estimates. The estimation of the mass flows does not rely on
the intake mass flow sensor (MAF) which can be an advantage toward the
MAF and thus can be seen as an alternative to using a physical MAF sensor.
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Chapter 18

Optimal Finite and Receding Horizon
Control for Identification in Automotive
Systems

Ilya Kolmanovsky and Dimitar P. Filev

Abstract. The paper illustrates the use of optimal finite horizon and re-
ceding horizon control techniques to generate input excitation to enhance
parameter identification in automotive systems. Firstly, it is shown that a
Design of Experiments (DoE) problem of determining transient trajectories
for off-line engine parameter identification can be posed as an optimal con-
trol problem, where either the determinant or the trace of the inverse of
Fisher information matrix is minimized. Then an approach to adaptation of
parameters in transient feed-forward compensation algorithms is discussed.
Both Fisher information matrix computation and parameter update law uti-
lize output sensitivity with respect to parameters being identified. Finally,
a receding horizon optimal control framework for on-line parameter identi-
fication is considered where through an appropriate formulation of the cost
function being minimized, it is shown that the system can be controlled to
maintain tracking performance, satisfy constraints, and generate persistent
excitation for parameter identification. For illustration, we use throughout an
example based on the identification of transient fuel model parameters. An
additional example of fast engine steady-state mapping is discussed to suggest
another application of the receding horizon approach to on-line parameter
identification.
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18.1 Introduction

In this paper we discuss several techniques relevant to parameter identifica-
tion and to the Design of Experiments (DoE) in automotive engines and other
automotive systems. Traditionally, many of the engine model parameters are
determined in the calibration phase using steady-state mapping and regres-
sion techniques. Other parameters, such as parameters in a transient fuel
model of gasoline engines, are determined using collected data from transient
tests in the calibration phase. Parameter identification may also be employed
on-board of the vehicles to improve and adopt the compensation algorithms
to specific vehicle characteristics.

The determination of input trajectories that are best suited for transient
data collection and parameter identification in the calibration phase may
be viewed as an optimal control problem, which can be solved numerically.
Along these lines, in Section 18.2, we describe an approach to determining
such optimal trajectories based on numerically minimizing the determinant
or the trace of the inverse of the Fisher information matrix. In Section 18.3,
we propose an approach to identifying model parameters by adapting on-
line tunable parameters in the inverse model which is used for feedforward
control. This approach, which is similar to the sensitivity-based identifica-
tion method of [5], avoids the need to model and simultaneously identify
parameters in output dynamics provided these dynamics satisfy appropriate
conditions. sensitivity-based method, similar to the one in [5], for directly
tuning parameters in transient feed-forward compensation algorithms during
engine calibration phase. This approach is robust to uncertainties in exhaust
mixing and UEGO sensor dynamics. In Section 18.4, we formulate a receding
horizon approach to on-board parameter identification, wherein the control
signal is determined so that to best estimate unknown states and parameters,
while maintaining adequate tracking performance and probabilistically enforc-
ing pointwise-in-time constraints. This approach is particularly suitable for
on-board parameter identification, as it ensures fast parameter convergence
and avoids unacceptable degradation in tracking performance that may neg-
atively affect the driver.

The developments in this paper are based on an earlier work reported in
the conference papers [4], [12]. Related open-loop optimal control problems
were studied in the book [11] and briefly considered in [6] (p. 403).

We use transient fuel identification as an example throughout, and we
discuss fast engine mapping as another potential application for the receding
horizon control approach. The transient fuel dynamics are significant in port-
fuel injected engines, the fuel is injected into the intake ports, typically during
the exhaust stroke when the intake valves are closed. A portion of the injected
fuel vaporizes and is immediately drawn into the cylinder when that cylinder
intake valves open. The remainder of the injected fuel replenishes the liquid
fuel puddle which is formed on the walls of the ports and on the intake valves.
A fraction of that puddle evaporates and is drawn into the engine cylinder on
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the next engine cycle but a fraction of it remains in the liquid puddle. The
Aquino’s model [1] is often used to represent transient fuel dynamics. This
model is combined with a first-order lag which captures the exhaust mixing
and UEGO sensor dynamics. The model has the following form

ṁp = −mp

τ
+X ·Wfi

Wfc =
mp

τ
+ (1 −X) ·Wfi,

φ̇m + aφm = a

(
Wfc

Wac

)
,

(18.1)

where mp is the total mass of fuel puddles of all cylinders, Wac is the airflow
into the engine cylinders, Wfi is the mass flow rate of injected fuel, Wfc is the
mass flow rate of fuel entering the engine cylinders, X , τ are the parameters
in the Aquino’s model (which depend on engine operating condition), φm is
the measured fuel-to-air ratio and 1/a is the time constant of the combined
exhaust mixing and UEGO sensor dynamics. During either identification or
direct adaptation, trajectories of the injected fuel rate and measured fuel-
to-air ratio are first shifted in time to compensate for the delay (which is a
known function of engine speed and air flow rate through the engine); for this
reason our formulation (18.1) does not have to explicitly include a delay. The
Aquino’s model can be also converted to an event-based model reflecting the
behavior of the fuel puddles associated with the individual cylinders,

mp(l + nc) = mp(l) −
mp(l)
τ

· 4 · tevent +X ·Wfi(l) · tevent,

mfc(l + nc) =
mp(l)
τ

· 4 · tevent + (1 −X) ·Wfi(l) · tevent,

mp(lk) =
X ·Wfi(lk) · τ

4
, tk = lk · tevent,

φm(l + 1) = e−ateventφm(l) + (1 − e−atevent)
mfc(l)
mac(l)

,

mac(l) = Wac(l) · tevent,

(18.2)

where tevent = 30
N is the duration of a single engine event for a four cylinder

engine (nc = 4), l is the event number and N is the engine speed.

18.2 Optimization of Identification Trajectory

In this section we consider a problem of optimizing the system trajectory
to enhance identifiability of parameters of a given model from output mea-
surements. The setting of this problem, including the assumptions on model
representation ability and measurement noise, which justify the subsequent
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treatment, are similar to the ones in [3, 11]. The problem itself is related to
design of experiments and input design in system identification [9].

18.2.1 General Methodology

Suppose a relevant model is given by

ẋ = f(x, u, θ),
y = h(x, u, θ),
x(0) = g(θ),

(18.3)

where x is a vector state, u is a vector control input, y is a scalar measured
output, θ is a vector of constant parameters, and x(0) is the initial state
of the system. The sensitivity of the output with respect to the parameter
satisfies

∂̇x

∂θ
=
∂f

∂x

∂x

∂θ
+
∂f

∂θ
,

∂y

∂θ
=
∂h

∂x

∂x

∂θ
+
∂h

∂θ

∂x

∂θ
(0) =

∂g

∂θ
,

(18.4)

where all partial derivatives are evaluated at the nominal trajectory x(t),
induced by the control input u(t) and nominal parameter value θ.

Suppose our goal is to select the control input u(t), 0 ≤ t ≤ T , which
provides optimal excitation to the system (18.3) to best identify the value
of θ. One approach, which can be used for this purpose (see e.g., [3] and
references therein), is to minimize a trace or a determinant of the inverse of
the Fisher information matrix. The Fisher information matrix is defined as

F =
∫ T

0

(
∂y

∂θ
(t)

)T

R−1

(
∂y

∂θ
(t)

)
dt, (18.5)

where R = RT > 0 is a weight matrix and the cost which is minimized has
the form,

I = det
(
F−1

)
or I = trace

(
F−1

)
. (18.6)

As in the case of classical optimal DoEs, this approach aims to minimize
the variance of the parameter estimates induced by measurement noise or by
unmodelled additive perturbations.

Minimizing the cost of the type defined in (18.6), (18.5) is an optimal
control problem which can be solved numerically. Subsequently, we employ a
linear B-spline to approximate the control input,
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u(t) =
J∑

j=0

αjΦ(
t

T

J − 1
2

+
1 − j

2
), (18.7)

Φ(t) = 1 − 2|t| for |t| ≤ 0.5 and Φ(t) = 0 for |t| > 0.5, and we treat the
values, αj , j = 0, · · · , J , of the B-spline at the equally spaced knot points as
optimization variables. With this representation, (18.7) defines a piecewise
linear function passing through the knot points. While linear B-splines pro-
vide a convenient and simple parametrization of the input, other choices of
the parametrization (see e.g., [13]) can also be considered.

18.2.2 Optimal Trajectories for Transient Fuel
Identification

A typical approach to identify parameters in the model (18.1) or (18.2) relies
on the use of fuel step inputs and least squares optimization to match modeled
and measured fuel-to-air ratio. Figures 18.1 and 18.2 illustrate the results of
fitting X and τ in the model (18.2), for given 1/a, so that the air-to-fuel
ratio response matches measured data at 1500 rpm, tevent = 0.02 sec). These
Figures point to the conclusion that multiple sets of X , τ and 1/a can provide
a close match of experimental data, and that X and τ may not be correctly
determined if 1/a is not accurately known.
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Fig. 18.1 The minimum least-squares cost (top), optimal X (middle) and optimal
τ (bottom) as functions of the assumed value for 1/a for step input identification.
Artificial bounds 0.01 ≤ X ≤ 0.6, 0.01 ≤ τ ≤ 1.4 were imposed.
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Fig. 18.2 Measured (solid) versus modeled air-to-fuel ratio (dashed) in response
to the step in the fueling rate assuming 1/a = 0.1 (left) and 1/a = 0.15 (right)
and optimal X and τ . Specifically, X = 0.35, τ = 0.23 if 1/a = 0.1 and X = 0.11,
τ = 0.3 if 1/a = 0.15.

It is thus of interest to investigate a choice of input which improves si-
multaneous identifiability of X, τ and 1/a. We used the approach based on
minimizing costs in (18.6), where y = φm andWfi = u·Wac·φd, and φd = 1

14.6
is the desired fuel-air ratio. Note that u can be viewed as a fuel injector rate
multiplier. We selected T = 5 sec, imposed bounds 0.9 ≤ u(t) ≤ 1.1, and
chose J = 50 so that with the B-spline parameterization of u(t) the fueling
rate is the same for all cylinders in the same engine cycle at the engine speed
of interest (1200 rpm). Further, we constrained two knots of u(t) at the be-
ginning and five knots at the end of the interval to 1, to start and end at
nominal conditions. The results of the numerical optimization on the basis
of the model (18.1), assuming nominal model parameters X = 0.2, τ = 0.3,
1/a = 0.15, are shown in Figure 18.3 and 18.4. The optimal trajectory for
u(t) consists of a sequence of steps and impulses when either the trace or the
determinant of the inverse of the Fischer information matrix are minimized.
Unfortunately, as Figure 18.5, obtained on the basis of the model (18.2) with
the fueling trajectory resulting from minimizing the trace of Fischer infor-
mation matrix, shows even the optimal fueling trajectories are not able to
significantly improve the simultaneous identifiability of X, τ and 1/a. It is
nevertheless interesting that a rapid increase in optimal τ occurs when a
starts to exceed the nominal value of 0.15, and this property may be useful
in pinpointing the value of a.
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Fig. 18.3 Optimal trajectories of fuel injection rate multiplier, fuel puddle mass
and air-to-fuel ratio resulting from minimizing the determinant of the inverse of the
Fischer information matrix at 1500 rpm.
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Fig. 18.4 Optimal trajectories of fuel injection rate multiplier, fuel puddle mass
and air-to-fuel ratio resulting from minimizing the trace of the inverse of the Fischer
information matrix at 1500 rpm.

18.3 Parameter Identification by On-Board Tuning of
an Inverse Model

18.3.1 General Methodology

Consider the model (18.3) and an iteratively tuned inverse model for the
control input parameterized as

u(t) = u(x̂k(t), θ̂k, yd(t)), (18.8)
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Fig. 18.5 The minimum least-squares cost (top plot), optimal X (middle plot) and
optimal τ (bottom plot) as a function of the assumed value for 1/a. Fuel injection
rate determined from minimizing the trace of Fischer information matrix. Artificial
bounds 0.6 ≥ X ≥ 0.01 and 1.4 ≥ τ ≥ 0.01 were imposed. Dashed lines show
nominal parameter values.

where θ̂k is an estimate of the parameter during the k-th parameter ad-
justment iteration; x̂k is the estimate of the state resulting by integrating
(18.3) with θ = θ̂k and with u(t) defined by (18.8) over the kth time interval
tk ≤ t ≤ tk+1 over which the data are collected1 to yield an improved pa-
rameter estimate, θ̂k+1; and yd is the desired value of the output. Note that
different trajectories for yd may be employed over different time intervals,
tk ≤ t ≤ tk+1.

Define
ek(t) = e(t; θ, θ̂k) = yk(t) − yd(t), (18.9)

where yk(t) is the measured output from the real system excited by (18.8)
over the time interval tk ≤ t ≤ tk+1. Note that (18.9) represents the deviation
of the measured output from the desired output over the kth time interval.

We assume that if there is no parameter mismatch, i.e., if θ̂k = θ, then
the control (18.8) results in the exact output tracking so that yk(t) = yd(t),
e(t; θ, θ̂k) = 0, tk ≤ t ≤ tk+1. Using Taylor’s series expansion, it then follows
that

ek(t) = e(t; θ, θ̂k) = e(t; θ̂k, θ̂k) + Lk(t)(θ − θ̂k) +O(||θ − θ̂k||2)
= Lk(t)(θ − θ̂k) +O(||θ − θ̂k||2),
tk ≤ t ≤ tk+1

(18.10)

1 At the beginning of the time interval tk ≤ t ≤ tk+1 the system needs to be
brought in to the same initial condition x(tk) = g(θ) while the estimator for x̂
must be started with the initial condition x̂(tk) = g(θ̂k).
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where
Lk =

∂y

∂θ
|θ=θ̂k

,

is the sensitivity (row vector) of the output of (18.3) with respect to the
parameter θ evaluated at the current parameter estimate, θ̂k, and where the
control input u(t) is defined by (18.8). Note that the control input remains
fixed, as a function of time, in computing this output sensitivity.

Using (18.10), we can try to reduce the error by finding a new guess, θ̂k+1,
for θ. For instance, we can minimize a cost function

I(θ) =
∫ tk+1

tk

(ek(t) − Lk(t)(θ − θ̂k))2dt+ (θ − θ̂k)TRk(θ − θ̂k), (18.11)

with respect to the choice of θ = θ̂k+1. The matrix Rk is the weight which
determines the aggressiveness of the parameter adjustment. The solution
to minimizing (18.11) produces the following update law for the parameter
estimate,

θ̂k+1 = θ̂k + (Γk +Rk)−1 ·
∫ tk+1

tk

Lk(t)Tek(t)dt,

Γk =
∫ tk+1

tk
Lk(t)TLk(t)dt.

(18.12)

Note that (18.12) improves the parameter estimate by convolving the mea-
sured error, ek(t), with the output sensitivity with respect to the parameter,
Lk(t), which is evaluated at the parameter estimate, θ̂k. The matrix Γk may
be viewed as an adaptation gain, and it is related to the Fischer information
matrix (18.5) for the system ẋ = f(x, u(x̂, θ̂, yd), θ), y = h(x, u(x̂, θ̂, yd), θ),
at θ = θ̂, where ˙̂x = f(x̂, u(x̂, θ̂, yd), θ̂), x̂(θ) = g(θ̂) and where yd is viewed
as an adjustable input which can, in fact, be selected to minimize the trace
or the determinant of Γk.

The convergence mechanism and robustness properties of (18.12) were ex-
amined in [4]. It was argued that updates (18.12) can lead to the error reduction
even if ek in (18.12) is contaminated by measurement noise or if it is replaced
by ẽk, where ẽk = H [ẽk] is a filtered version of ek through the additional and
possibly uncertain dynamics,H , satisfying appropriate passivity assumptions.
For instance, in the transient fuel identification case, H may account for first
order uncertain exhaust mixing and UEGO sensor dynamics, which, based on
the discussion in Section 18.2, can obscure the actual transient fuel parame-
ters. With the approach of tuning parameters in the inverse model, the need
to simultaneously identify parameters of H is avoided.

18.3.2 Identifying Transient Fuel Parameters

We define the adaptation procedure, based on the model (18.1) without ex-
haust mixing/UEGO sensor dynamics. We let y = Wfc, u = Wfi, x = mp,
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θ = [θ1, θ2]T,θ1 = X , θ2 = 1
τ . Thus in the model (18.1), f = −θ2 ·mp + θ1u,

h = θ2 ·mp + (1− θ1) · u, g = θ1
θ2

·Wfi(tk), and yd(t) = Wfd(t) is the desired

cylinder fueling rate, defined as Wfd(t) = Wac(t)
14.64 , where Wac(t) is the cylinder

air flow rate controlled by adjusting throttle and valve timing. The transient
fuel compensation algorithm in the form (18.8) can be expressed as

u(t) =
Wfd(t) − θ̂2m̂p(t)

1 − θ̂1
,

where θ̂1, θ̂2 are estimates of θ1 and θ2, respectively.
We defined ẽk(t) = Wac(t) · φm(t) −Wfd(t), tk ≤ t ≤ tk+1, where φm is

the measured fuel-to-air ratio modeled as in (18.1) with a = 1/0.3. Consis-
tently with our preceding discussion, we used ẽk in place of ek in (18.12).
A trajectory for the desired cylinder fuel flow rate, Wfd, was defined as
shown in Figure 18.6-top. It corresponded to the cylinder air flow trajec-
tory, Wac = 14.6 · Wfd. The weight Rk in the cost (18.11) was chosen as
Rk = 10−2 · I. The simulated trajectories in Figure 18.7 correspond to pa-
rameter values θ1 = 0.4, θ2 = 1/1.2, while the initial parameter estimates
were set far apart to θ̂1(0) = 0.2 and θ̂2(0) = 1/0.3, and they demonstrate
rapid convergence of the air-to-fuel ratio error and of the parameter estimates
within just four iterations of our algorithm. Similar results are obtained if the
values of parameter values and parameter values are interchanged as θ1 = 0.2,
θ2 = 1/0.3, θ̂1(0) = 0.4 and θ̂2(0) = 1/1.2.
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Fig. 18.6 The time histories of (a) Wfd; (b) the cylinder air-to-fuel ratio Wac
Wfc

(solid) and desired air-to-fuel ratio (dashed); (c) θ̂1 (solid) and θ1 (dashed); and (d)
θ̂2 (solid) and θ2 (dashed). Here θ1 = 0.4, θ2 = 1/1.2, θ̂1(0) = 0.2 and θ̂2(0) = 1/0.3.

An experimental assessment of our algorithm has been performed on an
engine in a dynamometer. There were several differences in the algorithm we
implemented experimentally. First, the error, ẽk was defined as the measured
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Fig. 18.7 The time histories of (a) Wfd, (b) the cylinder air-to-fuel ratio Wac
Wfc

(solid) and desired air-to-fuel ratio (dashed); (c) θ̂1 (solid) and θ1 (dashed); and (d)
θ̂2 (solid) and θ2 (dashed). Here θ1 = 0.2, θ2 = 1/0.3, θ̂1(0) = 0.4 and θ̂2(0) = 1/1.2.

fuel-to-air ratio by UEGO sensor, and assumed to be equal to the in-cylinder
fueling rate divided by the airflow, compensated for the delay, td, and lost
fuel fraction (or equivalent steady-state offset in air charge), LFF,

ẽk =
Wfc(t− td)(1 − LFF )

Wac(t− td)
− 1

14.6
,

where 14.6 is the stoichiometric air-to-fuel ratio value. The td and LFF have
been estimated prior to the application of the algorithm. Second, our defini-
tion of the parameter θ2 was θ2 = τ as opposed to θ2 = 1

τ . Third we defined
separate sets of parameters X and τ to capture tip-in (Xa, τa) and tip-out
(Xd, τd) behavior of the engine, consistently with the existing structure in the
Engine Management System (EMS). The adaptation algorithm was adjusted
to accommodate these differences and logic was added to adapt tip-in param-
eters only from the tip-in portion of the trajectory and tip-out parameters
only from the tip-out portion of the trajectory. Furthermore, to simplify the
on-line implementation we used a slightly modified algorithm which uses a
constant gain and avoids gain calculation via matrix inversion in (18.12).

The requested torque profile consisting of multiple repetition of tip-ins
and tip-outs (tk+1 − tk = 15 sec) was commanded. The requested torque was
translated into the cylinder air flow request and, ultimately, into commands
to engine actuators to deliver this air flow request. The cylinder air flow
estimate, Wac, was also calculated within EMS. The desired cylinder fuel
flow rate was then defined as Wfd = Wac

14.6 to match stoichiometric air-to-fuel
ratio value of 14.6. In our implementation we sampled the fuel-to-air ratio
data so that to always select them for the same cylinder in each engine cycle;
this helped reducing the influence of cylinder-to-cylinder differences.
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The experimental results are shown in Figure 18.8. The parameters ”taua”
and ”taud” plotted in Figure 18.8 were defined as ”taua” = 1

1−e
−tevent

τa

and

”taud” = 1

1−e
−tevent

τd

where tevent is the duration of a single engine event,

consistently with the existing structure in the Engine Management System
(EMS).

Fig. 18.8 The time histories of normalized air-to-fuel ratio (i.e., air-to-fuel ratio
divided by stoichiometric value), tip-in compensation parameters Xa, ”taua” and
tip-out compensation parameters Xd, ”taud”. The algorithm is manually enabled
around 58 sec.

In lieu of using (18.12) there is an alternative approach, which is based on
perturbation of the current parameter estimates vector to compute a numer-
ical approximation of the gradient of the cost in (18.11), and then perform a
gradient descent step to update the parameters. With this approach, sensi-
tivity computations, reliant on the nominal model of transient fuel behavior
and current parameter estimates, are not required. The algorithm settings are
the parameter perturbations amounts for the purpose of the gradient approx-
imation and the gain multiplying the estimate of the gradient to determine
the amount of parameter estimate adjustment. Given that we have two ad-
justable parameters, the most basic approach to estimate the gradient is to
utilize four parameter perturbations. Figure 18.9 illustrates this approach in
simulations. Recognizing that the performance of our direct adaptation algo-
rithm and this gradient search algorithm can be quite dependent upon each
algorithm settings, our observation based on the simulations was nevertheless
that the total time spent is less with the direct adaptation algorithm.



18 Optimal Control Approaches to Automotive Identification 339

0 50 100 150 200
14

15

16

17

A
/F

0 50 100 150 200

0.2

0.3

0.4

θ 1

0 50 100 150 200
0

2

4

θ 2

t

Fig. 18.9 The time histories obtained through the gradient search algorithm of
(a) the cylinder air-to-fuel ratio ( Wac

Wfc
(solid) and desired air-to-fuel ratio (dashed)

in the top plot; (b) θ̂1 (solid) and θ1 (dashed) in the middle plot; and (c) θ̂2 (solid)
and θ2 (dashed) in the bottom plot.

18.4 Receding Horizon Control For Tracking with
On-Line Parameter Identification

18.4.1 General Methodology

We consider state and parameter estimation problems for a class of discrete-
time nonlinear systems in the general form,

x(t+ 1) = f(x(t), u(t), ν(t)),
y(t) = h(x(t), ξ(t)). (18.13)

Here x(t) is a vector of dynamic states and parameters in the system which
needs to be estimated, u(t) is a vector of control inputs, y(t) is a vector
of measurements, and ν(t), ξ(t) are process and measurement noise vectors,
respectively. In our formulation, the unknown parameters are treated as states
with constant dynamics.

Since f and h in (18.13) are nonlinear, they are linearized to enable the
application of the Extended Kalman Filter (EKF) to predict the error co-
variance. The approximations of the state and output measurement are as
follows,

x(t+ k + 1) ≈ f(x̂−(t+ k), u(t+ k), 0) + A(t+ k) · (x(t + k) − x̂−(t+ k))
+ V (t+ k) · ν(t+ k),

y(t+ k) ≈ h(x̂−(t+ k), 0) + H(t+ k) · (x(t+ k) − x̂−(t+ k))
+ G(t+ k) · ξ(t+ k),
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where A(t + k) is the linearized dynamics system matrix, H(t + k) is the
linearized output matrix, and V (t + k), G(t + k) are the linearized process
and measurement noise matrices at x = x̂−(t + k), u = u(t + k), ν = 0
and χ = 0. The x̂−(t + k) denotes the predicted state estimate computed
according to (18.13) with ν = 0.

The signals ν(t) and ξ(t) are assumed to be zero mean, independent white-
noise processes: ν(t) ∼ N(0, Σν), ξ(t) ∼ N(0, Σξ). The a priori error covari-
ance matrix, P−(t+k), and the a posteriori error covariance matrix, P+(t+k),
are predicted using EKF equations:

P−(t+ k + 1) = A(t+ k)P+(t+ k)A(t+ k)T + V (t+ k)ΣνV (t+ k)T,

K(t+ k) = P−(t+ k)HT(t+ k)·

·
{
H(t+ k)P−(t+ k)HT(t+ k) +G(t+ k)ΣξG

T(t+ k)
}−1

,

P+(t+ k) =
(
I −K(t+ k)H(t+ k)

)
P−(t+ k).

(18.14)
Since (18.13) is nonlinear, the linearized dynamics, output and noise matrices
depend on the control input. Therefore, P−(t+ k) and P+(t+ k) depend on
the chosen control sequence.

The receding horizon optimization [2, 8, 10] is applied to a cost function
which penalizes the tracking error, the control effort, and the predicted state
error subject to constraints. For instance, the cost minimized at a time instant
t can have the following form,

J =
T∑

k=0

{
(x̂−(t+ k) − xd)TQ(x̂−(t+ k) − xd) + (u(t+ k) − ud)T

R(u(t+ k) − ud) + trace(SP+(t+ k)) } ,
(18.15)

where Q, R and S are weighting matrices of appropriate dimensions, and xd,
ud are the desired values of the state and of the control input, respectively.
The first term in the cost encourages tracking, the second term in the cost
discourages large control effort, while the third term in the cost encourages
rapid convergence of the estimation error. More general formulations of the
cost (18.15) may use time-dependent weights and, if a preview is available,
time-dependent set-points, xd(k), ud(k).

The cost is minimized on-line with respect to the control sequence
{u(t), · · · , u(t+ T )}. The optimal value of the cost, J∗(x̂(t), P (t)), is a func-
tion of the estimate of the state of the system at the time instant t, x̂(t), and
the error covariance matrix estimate, P (t), at the time instant t. To predict
x̂−(t + k), P+(t + k), we initialize x̂−(t) = x̂(t) and P−(t) = P+(t) = P (t)
and perform the updates according to (18.14). After the optimization is com-
pleted, the control u(t) is applied to the system, the output, y(t + 1), is
measured, the estimate x̂(t+ 1) is updated as
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x̂(t+ 1) = x̂−(t+ 1) +K(t+ 1) · (y(t+ 1) − h(x̂−(t+ 1), 0)), (18.16)

the assignment P (t+1) = P+(t+1) is made, and the same process is repeated
at the time instant (t+ 1).

During minimization of (18.15) pointwise-in-time constraints can be prob-
abilistically enforced. For instance, suppose a scalar variable z = Lx is to be
maintained between the limits,

zmin ≤ z = Lx ≤ zmax. (18.17)

The constraint (18.17) induces the following constraint,

zmin +
nσ

2

√
LP̄−(t+ k)LT ≤ Lx̂−(t+ k) ≤ zmax − nσ

2

√
LP̄−(t+ k)LT,

(18.18)
where P̄−(t+ k) is generated according to P̄−(t+ k + 1) = A(t + k)P̄−(t+
k)A(t + k)T + V (t + k)ΣνV (t + k)T, P̄−(t) = P (t) and larger values of nσ

tend to discourage more the occurrence of constraint violation. Note that
since the estimate x̂(t) is obtained from (18.16), x̂−(t) = x̂(t) can violate the
constraints. Since the control sequence {u(t), u(t + 1), · · · , u(t + T )} being
determined during the receding horizon optimization does not affect the value
of x̂−(t), the constraint (18.18) should, as a practical measure, only be applied
for k > 0 to avoid infeasibility.

Remark 1: If dynamics of certain states are unaffected by process noise and
these states are accurately measured (i.e., their measurements are unaffected
by the measurement noise), only a reduced-order EKF is necessary for the
remaining states. For systems in which such a state decomposition into “noise-
free” states and “noise-affected” states holds, pointwise-in-time constraints
on noise-free states can be enforced deterministically. Clearly, control input
constraints can also be enforced deterministically.

Remark 2: The covariance matrix, P (t), may need to be reset if the error
between the measured output and estimated output grows due to unmodelled
changes in the system. Such a reset re-institutes aggressive excitation to the
system and results in more rapid estimation of states and parameters. Abrupt
change detection algorithms, such as CUSUM, may be used to determine on-
line when a reset of P (t) is necessary.

Remark 3: For systems linear in unmeasured states an alternative formulation
of the Kalman filter for conditionally Gaussian processes (see e.g., [6], p. 490)
may be used to avoid approximation errors in the covariance matrix, caused
by the linearization in the EKF formulation. This approach can be used in
conjunction with systems that can be put in the following form (compare with
(18.13): x(t+1) = A(y(t))x(t)+V (y(t))ν(t), y(t) = H(y(t))x(t)+G(y(t))ξ(t).
The predicted error covariance matrix can still be determined according to



342 I. Kolmanovsky and D.P. Filev

(18.14), with A(t + k) = A(y(t + k)), V (t + k) = V (y(t + k)), H(t + k) =
H(y(t + k)) and G(t + k) = G(y(t + k)) and where y(t + k) needs to be
predicted.

18.4.2 Estimating Transient Fuel Model Parameters

Adopting the Aquino’s model (18.1) for the fuel puddle behavior, and ac-
counting for engine cycle delays, exhaust transport delays as well as fuel-to-air
ratio sensor dynamics one can consider the following model,

mp(t+ 1) = τmp(t) +Xmf,inj + ν1(t),
τ(t + 1) = τ(t) + ν2(t),
X(t+ 1) = X(t) + ν3(t),

z1(t+ 1) =
(1 − τ)mp(t) + (1 −X)mf,inj(t)

ma,c(t)
,

z2(t+ 1) = z1(t),
z3(t+ 1) = λuz3(t) + (1 − λu)z2(t),

y(t) = z3(t) + ξ1(t).

(18.19)

Here ma,c(t) denotes the air-flow into the engine cylinders during the tth
engine cycle (which is assumed to be accurately known), and λu is the
time-constant of the fuel-air ratio sensor. The system (18.19) is in the
form (18.13) with x = [mp, τ,X, z1, z2, z3]T. The process noise ν1 can cap-
ture modelling inaccuracies, while ν2, ν3 capture drift in the values of τ
and X , respectively. The measurement noise is ξ1. The noise statistics are
Σν = diag(0.012, 0.0152, 1, 0.0152) and Σξ = 0.012.

The cost function being minimized has the form (18.15) with

R = 1, Q = diag(
1

100
, 0, 0, 0, 0, 0), S = diag(0, 1000, 1000, 0, 0, 0).

The horizon T = 6, chosen in part because it was a short horizon still ex-
ceeding the time delay of the model, appeared to be effective in simulations.
The control constraints were imposed in the form 0.9 ·mf,d ≤ u ≤ 1.1 ·mf,d,
where mf,d is desired fuel flow (which is equal to the air flow multiplied by the
stoichiometric fuel-air ratio). Although not done here, additional constraints
on the deviations of the in-cylinder fuel-air ratio or engine torque could also
have been imposed with the help of our framework.

The resulting time histories of the parameter estimates and of the control
input are shown in Figure 18.10. The control input resulting from the reced-
ing horizon optimization is seen to effect aggressive excitation of the fueling
trajectory which results in rapid parameter estimation. The aggressiveness
of the excitation can be reduced by increasing the control weight to R = 10.
As can be seen from Figure 18.11 fast parameter convergence is still retained
even with lower excitation levels.
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Fig. 18.10 Left: Actual (dashed) and estimated (solid, “o”) τ and X for R = 1.
Right: control input (i.e., injected fuel mass), u, for R = 1. The control constraints
are shown by the dashed lines.
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Fig. 18.11 Left: Actual (dashed) and estimated (solid, “o”) τ and X for R = 10.
Right: Control input (i.e., injected fuel mass), u, for R = 10. The constraints are
shown by the dashed lines.

18.4.3 Steady-State Engine Mapping

During mapping, a system, such as an internal combustion engine, is driven
through a sequence of operating points, and the response data, such as engine
air charge, torque, fuel consumption and emissions, are recorded. From the
collected data, static regression models are generated for one or more of the
responses. The models are typically of the form

y = φT(v)z + ξ, (18.20)

where y is a scalar modelled response,

φ(v) = [φ1(v), · · · , φm(v)]T,
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is a vector of known basis functions, v is the vector of system operating condi-
tions, z is the vector of coefficients to be estimated and ξ is the measurement
noise. If v1, · · · , vn are operating points at which data, y1, · · · , yn, have been
collected, then the least squares estimator of z has the form

ẑ = (ΦTΦ)−1ΦTY,

where
Φ = [φ(v1), · · · , φ(vn)]T, Y = [y1, · · · , yn]T.

Suppose that ζ(t) ∼ N(0, σ2) then the estimation error covariance satisfies
E[(z − ẑ)(z − ẑ)T] = σ2(ΦTΦ)−1. The methods of optimal Design of Ex-
periments (DoE) often select the location of the operating points v1, · · · , vn

within an admissible region so that the size of (ΦTΦ)−1, as measured by the
determinant or by the trace of that matrix, is minimized.

The dynamics of the system, as it is driven through the selected operating
points, or the associated cost (e.g., control effort or time involved) are not
taken into account in the traditional DoE approaches. These dynamics and
cost can be included in deciding on the operating points to follow with our
receding horizon approach. We also note that our approach permits to simul-
taneously consider and identify multiple scalar models of the form (18.20),
where each model can have different number and types of basis functions.

To illustrate the basic ideas, we consider an example where the objective is
to simultaneously estimate the coefficients z1, z2, z3, z4 and z5 in two scalar
regression models of the form,

y3 = 1 · z1 + v1 · z2 + sin(v2) · z3 + ξ3,
y4 = v2 · z4 + z5 + ξ4,

(18.21)

with Σξ3,ξ4 = diag(0.32, 0.32) . We consider the following model for the op-
erating point change dynamics,

v(t+ 1) = v(t) + u(t) + Γ (u(t))ν(t), (18.22)

where u(t) is viewed as the control input. The function Γ (u) can be used
to model the degradation in the operating point error for larger values of
||u||, reflecting the perspective that lower accuracy is expected if the operat-
ing points, between which the transition is taking place, within a given time
window, are further apart. For instance, we hypothesize that not achieving
stabilized engine temperature conditions during engine mapping may be ac-
counted for via an appropriate model of Γ (u(t)). Augmenting the constant
dynamics of the coefficients, z(t+ 1) = z(t), and defining x = [vT, zT]T, we
obtain a system in the form (18.13).

Since the dynamics (18.22) and the outputs (18.21) are linear in unmea-
sured states, Remark 3 applies and an alternative formulation of the Kalman
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filter can be used instead of EKF to accurately predict error covariance
matrix.

If Γ (u) = 0 and v is measured exactly, Remark 1 applies and a reduced
order EKF can be implemented just for the elements of z based on the output
measurements y3 and y4. This approach was followed and the cost function
(18.15) was defined with R = diag(0.01, 0.01), S = diag(1, 1, 1, 1, 1) and
Q = 0. The constraints of the form v(t) ∈ [0.5, 6] × [−π, π] were imposed.
Since the dynamics of v are not affected by process noise and v is accurately
measured, these constraints can be enforced deterministically. The resulting
time histories of v, u and ẑ for T = 4 are shown in Figures 18.12-18.13,
respectively. As can be seen, the constraints are enforced and rapid parameter
convergence is achieved.
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Fig. 18.12 Left: The trajectory of v1(t) and v2(t) on the v1-v2 plane in the case
Γ (u) = 0. The rectangle is the region allowed by the constraints. Initially, v1(0) = 2,
v2(0) = 0. Right:The time histories of the control inputs, u1 and u2
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Fig. 18.13 Left: The time histories of the parameter estimates, ẑ1(t), ẑ2(t) and
ẑ3(t) in the case Γ (u) = 0. True parameter values are shown by the dashed lines.
Right: The time histories of the parameter estimates, ẑ4(t), and ẑ5(t).

We next considered the case when Γ (u) = 0.2 · diag(1, 1)||u|| �= 0,
Σν = diag(1, 1) and for the measured outputs, y1 = v1 + ξ1, y2 =
v2 + ξ2, y3 and y4 in (18.21), the measurement noise statistics were Σξ =
diag(0.12, 0.12, 0.32, 0.32). The cost function (18.15) was defined with R =
diag(0.01, 0.01), S = diag(1, 1, 1, 1, 1, 1, 1) and Q = 0. In this case, we used an
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implementation based on a full order EKF and enforced the constraints prob-
abilistically according to (18.18) with nσ = 3. Figures 18.14-18.15 confirm
that the constraints are satisfied and fast parameter convergence is achieved.
As can be seen from Figures 18.14 and 18.12, the system now explores the
operating points near the constraint boundary cautiously and slowly, in order
to guard against process noise causing constraint violation.
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Fig. 18.14 Left: The trajectory of v1(t) and v2(t) on the v1-v2 plane in the case
Γ (u) �= 0. The rectangle is the region allowed by the constraints. Initially, v1(0) = 2,
v2(0) = 0. Right:The time histories of the control inputs, u1 and u2.
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Fig. 18.15 Left: The time histories of the parameter estimates, ẑ1(t), ẑ2(t) and
ẑ3(t) in the case Γ (u) �= 0. True parameter values are shown by the dashed lines.
Right: The time histories of the parameter estimates, ẑ4(t), and ẑ5(t).

18.5 Concluding Remarks

We reviewed finite horizon and receding horizon control problems which arise
in identification of engine parameters. We firstly showed that an optimal con-
trol problem can be formulated and solved numerically to determine tran-
sient trajectories for engine parameter identification. The approach is based
on minimizing the determinant or trace of the inverse of Fisher information
matrix.

We next considered the identification of parameters in transient models,
and considered applying the adaptation to the parameters in the inverse
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model. With this approach, the need to simultaneously identify un-modeled
output dynamics, satisfying appropriate assumptions, may be avoided while
often it is the inverse model which is of the primary interest anyway as it can
be used in the transient compensation algorithms.

Finally, we demonstrated that a receding horizon optimal control prob-
lem can be formulated and solved numerically to generate control signals
which enhance on-board parameter identification, maintain acceptable track-
ing performance and probabilistically enforce pointwise-in-time constraints.
To achieve these results, the receding horizon cost functional optimized on-
line includes a penalty on the error covariance matrix predicted using EKF
update equations.

We have applied the preceding theoretical approaches to a problem of
transient fuel identification based on the classical Aquino’s model. We ob-
served that exhaust mixing and sensor dynamics may obscure identifiability
of parameters in the transient fuel model and the parameter identifiabil-
ity can be poor even with the optimal trajectories. Fast convergence of the
air-to-fuel ratio error and parameter estimates with our proposed parameter
adaptive algorithm were compared with a gradient search algorithm which
required larger total amount of time to reduce errors to similar levels. These
approaches may be used with higher fidelity transient fuel models. In addi-
tion, we have discussed an application of receding horizon optimal control
framework to determine engine mapping points.
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